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ABSTRACT. Measurements have been made on the magnitude of the discrepancies to 
be expected in the practical application of maximum usable frequency (M.U.F.) calculations. 
The maximum usable frequencies for radio transmission over distances of 1000 km. and 
2500 km. have been deduced from continuous observations at sunrise and sunset of the 
relative field strength of signals received at Slough from short-wave broadcasting stations. 
located near Berlin and Moscow respectively. It was found that the discrepancy between 
mean calculated and observed values of M.U.F. amounted to —3°%, for 1000 km. and to 
—11% for 2500km. From a critical examination of the results it is concluded that a 
large proportion of these errors, particularly for the distance 2500 km., was due to inade- 
quate knowledge of the ionosphere characteristics near the mid-point of the trajectory, and 
that the real errors of the mean calculated values probably do not exceed +2°% at 1000 km. 


and +3°%, at 2500 km. 


§1. INTRODUCTION 


N practical radio-communication problems, an accurate knowledge of the 
[esimm usable frequency which can be transmitted from one point to 

another is of major importance. Several methods of calculating this quantity 
from vertical-incidence ionospheric data are available (Smith, 1938; Millington, 
1938; Appleton and Beynon, 1940), and curves of the maximum usable frequency 
(M.U.F. curves) now form part of the regular ionospheric data issued from 
observatories. Qualitative information obtained from the practical application 
of these curves indicates that there is often considerable discrepancy between 
these calculated values of the M.u.F. and the experimental values; in particular, 
it appears that frequencies considerably in excess of the values calculated from 
vertical-incidence data can often be satisfactorily transmitted from one point to 
another. In seeking for the explanation of this apparent divergence between 
theory and experiment it is instructive to note the simplifications and assumptions 
usually involved in these calculations. ‘The following briefly summarizes the 
major sources of error involved in calculating and applying M.U.F. curves. 

(a) The application of vertical-incidence ionospheric data to oblique-trans- 
mission problems usually depends directly or indirectly on two fundamenta! 
theorems due respectively to Breit and Tuve (1926) and to Martyn (1935). In the 
original form these theorems were stated only for the case of a plane earth and 
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ionosphere, and for distances of transmission greater than about 600 km. Som 
modifications must be introduced to compensate for the effect of the curvatur 
of the earth and ionosphere. An exact compensation would complicate th 
mathematical analysis too considerably, so that practical solutions are alway 
subject to some degree of approximation. i 9 

(b) The calculations are normally concerned with ordinary-ray transmission, ( 
the effect of the earth’s magnetic field being subsequently added as a comparatively] 
small correction term. The magnitude of this correction will depend on many} 
factors, such as the ratio of the frequency to the gyro-frequency, and the distance} 
and direction of transmission. | 

(c) It is usually assumed that for that part of the trajectory which lies within} 
the ionosphere there is no horizontal gradient of ionization. 

(d) In applying M.U.F. curves to practical cases, the ionospheric character- 
istics at the mid-point of the trajectory have usually to be interpolated from the} 
characteristics measured at a limited number of observing stations. Some part] 
of any discrepancy between calculated and observed values of the M.U.F. may thus 
be the result of inadequate knowledge of the controlling ionospheric conditions. 

A really accurate test of the theoretical analysis underlying the calculation of 
the M.U.F. will require oblique-incidence pulse experiments over long distances 
of transmission, together with simultaneous normal-incidence observations at one 
or more intermediate stations slong the path. Unfortunately, under present 
circumstances, this is not possible, but some interesting practical information can} 
be obtained from observations on signals received from distant short-wave 
broadcasting stations. The experiments described in this paper compare observed 
and calculated maximum usable frequencies over sender-receiver distances off 
1000 km. and 2500 km. for a practical case in which normal-incidence ionospheric} 
data are available only at one end of the transmission path. An estimate of tha 
accuracy which is obtained over these distances should prove useful in predict 
the accuracy which is normally to be expected in oblique transmission over 
greater distances. 
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§2. THEORETICAL CONSIDERATIONS 


Further reference will now be made to three of the points noted above con- 
cerning the calculated values of the M.U.F. | 


(a) Effect of the earth's magnetic field 

In all the calculations involved in the present experiments a simple | 
approximation has been adopted. It is assumed that in east-west transmission | 
of frequencies near 10 Mc./s. over a distance of 1000km., the m.u.r. for the 
extraordinary component exceeds that for the ordinary ane: by 0-2 Mc./s. |} 
For the Moscow-Slough transmissions the corresponding figure is taken to be} 
0-3 Mc./s. These values represent the order of the separation between the. 
maximum usable frequencies of the two magneto-ionic components deduced from | 
a simplified theoretical consideration of the factors involved. | 


(b) Controlling tonospheric conditions 


In the experiments described here, the senders are located to the east of the 
receiver, and vertical-incidence ionospheric data are available at the receiving site 
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only. Now for transmission paths along a parallel of latitude, when no direct 
ionospheric data are available, it is customary to assume that the variation in 
ionospheric characteristics with longitude is the same as, or at least similar to, the 
diurnal variation which is observed at any fixed station at that latitude. This is 
probably a reasonably valid assumption when dealing with sender-receiver 
distances up to about 1000km., but for longer distances it may be expected to 
become progressively less and less accurate. In the present case this assumption 
is initially made, and subsequently it is reconsidered in the light of the actual 
results. 


(c) Calculated values of the m.v.r. 

The experimental results have been considered in relation to the analysis for a 
parabolic type of layer described in papers by Appleton and Beynon (1940, 1942). 
The important points involved in calculating the M.v.r. by this method are 
briefly given below. 

For a parabolic type of reflecting layer the vertical-incidence relation between 
equivalent height of reflection h’ and frequency f can be represented by the 
equation 
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f° is the ordinary-ray critical frequency, and y,, and Ay are constants of the layer 
which can readily be determined from the experimental veriical-incidence (h’, f) 


h’ ==)/) = 


»} 


where 


‘curve. When f°, y,, and 4) are known, the maximum usable frequency for any 


distance of transmission can be read from a graph. It can readily be shown that 
the value of the calculated M.u.F. depends principally upon the magnitude of 
(Vn +o), and only to a very much lesser extent on the individual values of y,, and 
hy. The vertical-incidence critical frequency f° can usually be measured to 
within +071 Mc./s., and (y,, +) can be determined to within+10km. Iff® y,, 
and h, are parameters of the controlling part of the ionosphere, a single calculated 
value of the maximum usable frequency for distances of about 1000 and 2500 km. 


- should then be accurate to within about +3% and +4% respectively. 


§3. EXPERIMENTAL PROCEDURE 


The first observations were made in November 1942 on the signal received 
at Slough (lat. 51°30’N., long. 0°33’W.) from the Zeesen high-frequency 
broadcasting stations presumed to be situated at Kdénigswusterhausen (lat. 
52° 18’N., long. 13°37’E.). Some of the reasons which prompted a study of 
transmissions from these senders are given below. 

(a) The transmission path lies approximately in an cast-west direction. j 

(b) The distance of Zeesen from Slough (990 km.) is not too large, and this 
made it probable that the controlling ionospheric conditions at the mid-point of 
the trajectory could be related to ionospheric conditions at Slough. 

(c) The frequencies of the Zeesen senders were such as to ensure that one or 
more observations of the m.uU.F. could be made during each sunrise or sunset 


period. 
34-2 
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(d) At this latitude, ionospheric conditions are particularly suitable at the! 
mid-winter period for experiments of the kind to be described below. There is a} 
maximum diurnal change in region-F, ionization and a minimum occurrence “ 


abnormal or intense region-E ionization. 
The success of these initial experiments over 1000 km. prompted the extension, 
of the observations to signals received from the short-wave broadcasting station 


situated near Moscow (lat. 55°45’ N., long. 37° 37’ E.). The distance Moscow- 
Slough (2500km.) is still well within the limit for single-hop transmission by | 


region F,, and the frequency of transmission was such as to ensure that signals 


from this station regularly became critical during the winter sunrise period. | 


Observations necessarily had to be confined to the sunrise period, since it was 
found that in the afternoon transmissions on this frequency ceased before the 


frequency became critical. Observations on the Moscow signals were commenced 


in January 1943 and continued during the two succeeding winter periods. 


For the Moscow-Slough path, the controlling point in the ionosphere is 


located at lat. 54°30’N., long. 17°30’E. In the absence of direct normal- 


incidence ionospheric data it would thus seem appropriate to use mean data} 


deduced from normal-incidence observations at Slough (lat. 51° 30’ N., long. 
0° 33’ W.) and from Burghead (lat.57°42’N., long. 3°30’ W.). We shall there- 
fore assume initially that the longitude variation in ionospheric characteristics 
near the parallel of lat. 54° 30’ N. follows the mean of the diurnal variations 
observed at Slough and Burghead. 


Measurements of the maximum usable frequency were obtained from a 


continuous record of the field strength of the received signal during the sunrise and 


sunset periods. Accurate observations were made of the time at which the strong 
ray transmission gave place to weak scatter signals at sunset or vice versa at sunrise. 


Normally it was quite easy to ascertain this critical time to within a minute or so, |} 
and at this instant the frequency of the transmission under observation was also |} 
the m.u.F. for that particular distance and direction of transmission. These lf) 
field-strength observations were obtained automatically in the form of ink records |} 
of the voltage variations in the diode detector circuit of a commercial communi-_ . 


cation receiver. Preliminary tests indicated that the receiver was particularly free| 
from frequency drift and that the tuned frequency remained accurately constant | 
for many hours at a time. Even so, a careful check was maintained on the tuning | 


of the receiver during the critical periods of the measurements. The aerial | 


system was not calibrated, so that absolute field-strength values were not known, 
but the records gave relative values of the signal strength, this being all that was 


required. From measurements with a standard-signal generator it is estimated | 


that the field strength of the received signal generally changed by a factor of at least 
20 to 1 during the complete change from ray signal to “scattered” signal or vice 
versa. ‘Tracings of actual records showing the transition from one type of trans- 
mission to the other are shown in figures 1 (a) and 2(a). During the critical periods 
the automatic record was supplemented by aural observations of the received 
signal. ‘Throughout the experiments, a careful watch was maintained on iono- 
spheric conditions at Slough. These vertical-incidence observations consisted 
in visual measurements of the critical frequency of region F, at 15-minute intervals 
with a photographic (h’,f) record once every 30 minutes. 
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$4. EXPERIMENTAL RESULTS 
(a) Zeesen—Slough results 


These observations were made during the two periods 30 November 1942 to 
12 December 1942 and 26 January 1943 to 12 February 1943 on the 9°65 Mc./s. 
and 11°86 Mc./s. Zeesen senders. During this period a very large number of 
transitions from the one type of transmission to the other were observed, but for 
reasons which will become clear from the discussion given below, only those 
observations which should be associated with the normal sunrise and sunset 
changes in region F, are considered. The results are summarized in table 1, 
together with the calculated values of the maximum frequency. The longitude 
difference between the mid-point of the trajectory and that of Slough corresponds 
to a time delay of 28 minutes, so that the calculated values given in the table are 
those deduced from normal-incidence observations at Slough 28 minutes after 
the entry or exit of the ray signal, as the case might be. During both periods of 
observation, forty reliable measurements were obtained of the transition, and of 
this number, eight which could not be related to the vertical-incidence obser- 
vations made at Slough were rejected. The term ‘‘no correlation”’ indicates that 
the M.U.F. calculated from Slough data was either stationary or varying in the 
wrong sense at the appropriate time with respect to the observed transition. 


(b) Moscow—Slough results 

These observations were made during three winter periods : January—February 
1943, December 1943 to February 1944, and December 1944 to February 1945. 
During this period a total of 80 reliable observations of the critical times were 
obtained. ‘Typical samples of 10 results from each period are given in table 2, 
- together with the calculated values of the M.U.F. It will be noted that the average 
results in all three groups of observations show a divergence of 9 to 11 °% between 
calculated and observed values. 


§5. DISCUSSION OF RESULTS 


(a) Zeesen—Slough observations 

It has already been noted that in radio-communication problems it is only in 
very isolated cases that direct ionospheric measurements are available for the 
mid-point of a trajectory, and in the practical application of normal-incidence data 
to communication problems it is usually necessary to make some assumptions 
_ about the variation in ionospheric characteristics between the actual ionospheric 
stations. In east-west transmissions, such as those considered in this paper, we 
are particularly interested in the accuracy with which the variation with longitude 
can be deduced from the diurnal variation observed at a single fixed station, but 
few direct measurements have yet been made to examine this point. Schafer and 
Goodall (1939), however, have made some simultaneous critical-frequency 
measurements at Washington and Deal, U.S.A. These two stations are 300km. 
apart, Deal being N.E. of Washington, and the published curves of these authors 
show that detailed fluctuations in the critical-frequency values are often repeated 
at Washington some time after occurring at Deal, but these results do not indicate 
accurately the time which elapses between the repetition of such fluctuations at the 
two stations. In the present experiments, a comparison between the field-strength 
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records and the vertical-incidence ionosphere measurements at Slough yields | 
some interesting information on this point. 


Table 1. Observations at Slough on signals from Zeesen 


Estimated 
Entry | Exit : sender- 
Calculated | Difference P z 
ercentage receiver 
Date Freq. of rays obtay M.U.F. calc.—obs. 8 


i differenc distance 
(Mce./s.) | signal | signal (Mc./s.) (Mc./s.) ifference ao 


(G.M.T.) vide§O | 


Results for period 30 November 1942 to 12 December 1942 


30.11.42| 11-86 | 0824 12 Ole rg 04 +0°8 980 
11-86 1426 12-2 +0:3 +2°5 950 
9-65 1554 9:8 +0-15 +1:5 965 
1.12.42] 11-86 0921 11:8 —0-1 —0-°8 1000 
11:86 1408 11-2 —0:7 —5:9 1080 
11:86 1422 |” 11-0 —0:9 —7°5 1100 
9-65 1544 9-8 +0-15 +1:5 970 
2.12.42 9-65 0750 9-05 —0-6 —6:2 1085 
11-86 1427 11-3 —0°6 —5:0 1065 
3.12.42} 11-86 0909 12-1 +0:-2 +1:7 965 
11:86 1304 11-6 —0:3 —2:5 1030 
11-86 1341 No correlation 
9-65 1505 10-05 +0-4 +4-1 930 
4.12.42] 11-86 1440 11-1 —0°8 —6:7 1090 
5.12.42 9-65° | 0806 10-2 +0:55 +5:6 905 
11-86 0845 11-8 —0-1 —0°8 1000 
7.12.42 9-65 0814 9°5 —0:15 —1:5 1010 
11:86 0840 11-6 —0:3 —2:5 1030 
11-86 1454 11-7 —0:2 —1:7 1015 
9.12.42 9-65 Ss No correlation 
11-86 1427 No correlation 
10.12.42| 11-86 0919 1US7/ —0-2 —1:7 1015 
12.12.42 9-65 0852 10:1 +0:45 +4-6 920 
11-86 0946 11:4 —0°5 —4-2 1055 
Results for period 26 Fanuary 1943 to 12 February 1943 
26.1.43| 11:86 1328 10:1 —1°8 —15-1 1215 
9-65 1548 9-0 —0:65 — 6:7 1090 
28.1.43} 11-86 0846 10:3 —1:6 —13-4 1190 
1.2.43 9-65 | 0820 No correlation 
11-86 0931 1109" —0-9 —7°5. 1100. 
2.2.43 9-65 0801 No correlation 
9-65 0819 8-4 —1:25 — 13-0 1185 
9-65 1551 10-1 +0:45 +4:6 920 
3.2.43 9-65 0840 No correlation 
5.2.43 9-65 0938 9-75 +0-1 +1:-0 975 
8.2.43 9-65 0759 9-4 —0-25 —2-6 1030 
9.2.43 9-65 0752 9-6 —0:05 —0:5 1000 
11:86 0936 No correlation 
10.2.43 9-65 0754 8:65 —1-0 —10:3 — 1145 
11.2.43 9-65 0733 8-2 —1:45 —15-0 1215 


12.2.43 9-65 0812 No correlation 
| 


Dable2 


Samples of M.U.F. observations at Slough on signals from Moscow. 
Frequency of transmission 10°44 Mc./s. 


creat pee Calculated M.U.F. 
enna! (mean of Slough and Burghead BTCC 
Date of ray signal : : error 
(c ) ionospheric data) = 
Mer (Me) (%) 
Results for period January—February 1943 
18.1.43 0700 | 10-5 0 
20.1.43 0643 9:3 —11 
21.1.43 0718 8:8 —16 
9.2.43 0550 8:3 —20 
11.2.43 0549 8-6 —18 
16.2.43 0521 8°5 —19 
19.2.43 0544 9-3 —11 
23.2.43 0518 8-1 —22 
Dien AS 0546 10:5 0 
27.2.43 0548 10-5 0 
Average error —11-7 
Average error of 17 calculated values in this period —11% 
Results for period December 1943—February 1944 
20.12.43 0628 8-7 —17 
22.12.43 0655 10-1 = § 
4. 1.44 0637 9-3 —11 
13. 1.44 0641 9-3 —11 
19. 1.44 0655 10-6 ae 
21. 1.44 0633 8:8 —16 
25. 1.44 0626 10:3 — 1 
27. 1.44 0631 9.0 —14 
1. 2.44 0623 10-3 — 1 
10. 2.44 0630 8-4 —20 
Average error — 9:3. 
Average error of 20 calculated values in this period — 9% 
Results for period December 1944—February 1945 
11.12.44 0636 9-7 = 7 
19.12.44 0651 9-6 — 8 
6. 1.45 0630 no -5 — 9 | 
16. 1.45 0631 8-9 —15 
20. 1.45 0616 10:2 ; — 2 
D5) 14-5 0612 ess —11 
30. 1.45 0645 Dey) —12 | 
3. 2.45 0615 93 —11 
10. 2.45 0607 8-4 —20 | 
16. 2.45 0558 Qe — § | 
Average error —10 
Average error for 43 calculated values in this period —11% 
Average error for 80 calculated values in all three periods —11% | 
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In some cases it is clear that the longitude variation in the ionosphere | 
characteristics corresponds very closely with the local time variation observed at — 
a fixed station, and in many other cases it is equally clear that there may be differ- [jp 


ences which are significant in relation to experiments of this kind. Figures 1 (a) 


and 1 (b) show an example of thedetailed correspondence between the field-strength 


measurements on the Zeesen transmissions and the ionosphere characteristics 
observed at Slough. During the morning of 7 December 1942 the ray signal | 
from Zeesen on a frequency of 11-86 Mc./s. was observed to come up sharply at | 


0840c.m.T. The ray signal disappeared with almost equal abruptness at 


0854G.M.T. and reappeared again at 0924G.m.t. The vertical-incidence | 
critical frequency observed at Slough over this period is shown in figure 1 (d) and — 
the calculated maximum usable frequency for a distance of 990 km. is shown in | 
figure 1(c). Comparing figures 1 (a) and 1(c), it is clear that the oblique phenomena _ 


can be closely correlated with the ionosphere measurements made at the Slough 
end of the transmission path. The time delays between the actual entry, exit and 
re-entry of the ray signal and the times calculated from Slough data are 30, 26 and 


22 minutes respectively. Assuming that local time and longitude variations in | 


ionosphere characteristics are equivalent, the time delay corresponding to one-half 
the total transmission distance should be 28 minutes, so that in this particular 
example the observed time differences are quite near the expected value, but we 
shall see that this is not always the case. In the course of these experiments, 
comparatively small local irregularities in the ionosphere often caused the oblique 
signal to appear and disappear for short periods. On some days, particularly 
during the second group of observations, the signal often came up and disappeared 
again six or seven times during a period of afew hours. This is well illustrated in 
figure 2(a), which shows the field-strength record of the 11-86 Mc./s. signal on 
28 January 1943. ‘The M.u.F. curve calculated from Slough data is shown in 
figure 2 (b), and, for convenience, the times at which the ray signal was present are 
also indicated in this figure. It will be noted that during the period of this record 
the ray signal appeared and disappeared no fewer than eight times. Most of these 
transitions can be correlated with maxima in the calculated M.v.F. values, but 
the time delays are clearly much larger than the 28 minutes which are normally 
assumed for this path length. A large proportion of the discrepancy between the 
calculated and observed M.u.F. for the sunrise period of this particular day (see 
table 1) can be ascribed to the fact that the time delay was of the order of 60 minutes 
rather than the assumed value of 28 minutes. 

In the light of this discussion we now reconsider the observations given in 
table 1. The results for the period 26 January 1943 to 12 February 1943 differ 
from those for the earlier period in three main points :— 


(a) The upper frequency (11-86 Mc./s.) was only received on very few 
occasions, and most of the observations were thus of necessity confined to the 
frequency 9-65 Mc./s. 


(6) The discrepancy between calculated and observed values in this group of 
observations is considerably greater than that observed in the earlier period. 


(c) There is an increased number of cases of “no correlation” with vertical- 
incidence Slough data. 
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Figure 1. Observations made at Slough, 7 December 1942. 
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Figure 2 (a\. Signal from Zeesen (11:86 Mc./s.) recorded at Slough, 25 January 1943. 
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Figure 2 (6). Correlation of maxima in M.U.F. curve with observed 11-86 Mc./s. ray signal. 
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Periods at which ray signal was observed are indicated thus <- 
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Figure 3 shows the mean diurnal variation of critical frequency measured at 
Slough for the days in each of two periods of observation. It will be noted that 
smaller values of critical frequency were observed during the second period. At | 
this time, the critical frequency seldom increased sufficiently to permit observation ) 
of a ray signal from the 11-86 Mc./s. sender, and often the 9-65 Mc./s. ray signal — 
was only just in. During such critical conditions, the reception or otherwise of a 
ray signal would depend on comparatively small irregularities in the ionosphere, 
and it was not to be expected that such small variations in ionosphere structure 
would be a simple function of solar angle. Now the M.U.F. calculations given }} 


JAn. (9FS 
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Figure 3. Mean values of for at Slough. . Figure,4. Monthly mean values of Re 
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here really assume that ionospheric conditions are a simple function of solar angle, 
and it is thus not surprising that these calculations should show the greatest 
error on days when the M.U.F. was only slightly larger than the frequency of 
communication. 

From many comparisons similar to those given above, it can be concluded that 
the time delay between corresponding ionosphere changes at points 500km. 
apart, along a parallel of latitude at 514° N., may be anything up to one hour or 
longer. ‘The assumption of a fixed delay of 28 minutes, which has been made in 
the earlier part of this paper, is only valid when ionospheric conditions are changing 
quite rapidly, as is generally the | case over the winter sunrise or sunset periods. 
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The experimental results for the Zeesen—Slough path may be summarized as 
follows. 

Of the twenty-one values given in the first part of table 1, eight show an 
average positive error of 28% and thirteen an average negative error of 3-6%,. 
It would appear that negative errors were slightly more probable than positive 
errors, but many of the errors are small and the relative numbers may not be 
significant. ‘The arithmetic mean of these twenty-one calculated values differs 
from the observed value by —1:2% (probable error +0:6%). This group of 
results suggests that for this distance and direction of propagation the systematic 
discrepancy between calculated and observed values of the M.U.F. does not exceed 
2%-. It will be noted that in nine cases the discrepancy between calculated and 
observed values exceeds the estimate of +3% given in §2(c). 

In the second group of observations there are only two cases in which the 
calculated M.U.F. exceeded that observed. . These two positive errors have an 
average value of 2°8%, whereas the nine remaining negative errors have an average 
value of 9°3%. The arithmetic mean of the eleven calculated values is in error 
by —7:1%. 

Considering all thirty-two observations together, we find that in ten cases the 
calculated M.U.F. exceeded that observed, the average discrepancy being 2:8%. 
In twenty-two cases the calculated M.U.F. was smaller than that observed, the 
average discrepancy being —6:0%. The average error (positive and negative) 
is about 5%. The arithmetic mean of the thirty-two calculated values is less than 
that observed by 32%. ; 


(b) Discussion of Moscow—Slough results 
Table 2 shows that in each period the average calculated value of the M.U.F. 
for the Moscow-—Slough path, based on mean ionospheric data from Slough and 
Burghead, is some 11% too small. 
We may note three possible causes for this discrepancy: 
(i) For this distance of transmission the theoretical analysis may actually 
be in error by this amount. 
(ii) At the critical sunrise period there might be appreciable lateral 
deviation of the incoming signal from the great-circle path. 


(iii) The error may arise partly or entirely from incorrect assumptions 
about ionospheric conditions at the mid-point of the oblique path. 


In considering these possibilities, it must be noted that an error of 11% is 
several times the magnitude of the error which we would have anticipated from 
the results for a distance of 1000 km., and would represent an extremely rapid rise 
in the divergence between theory and experiment when the distance is increased 
from 1000km. to 2500km. From the theoretical relationship between M.U.F. 
factor and distance for a “ parabolic”’ reflecting layer, we should not expect the 
error at 2500 km. to be more than 1 or 2% larger than that observed for a distance 
of 1000 km. | 

The possibility of appreciable error due to abnormal lateral deviation of the 
signal at sunrise was investigated by taking bearing observations over the critical 
period on an Adcock direction finder. Tests on a sample of eight days, on each 
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of which the calculated M.U.F. was much smaller than that observed, indicated 


conclusively that at the time of entry the ray signal was not deviated significantly 
from the true bearing value, and it would appear that in these particular experi- 


ments, this possibility is not a serious disturbing factor. 
In considering the third possibility, we first note the results of a sample of 


observations on Moscow signals received at Burghead. The distance Moscow-_ 


Burghead (2460 km.) is only 2°% less than the distance Moscow—Slough, so that the | 


theoretical analysis should be equally accurate over the two paths. On the other 
hand the latitude of the mid-point of the Moscow—Burghead trajectory is practi- 


cally equal to that of Burghead, and it should thus be possible to deduce iono- | 


spheric conditions at the mid-point from normal-incidence observations at 


Burghead alone. For measurements made at Burghead, there is thus reason to | 


expect better agreement between theory and experiment than was noted in the 
case of the observations made at Slough. A group of ten such observations was 
made at Burghead in December 1943 and January 1944. _In this case it was found 
that the mean calculated M.U.F. was 23° smaller than that observed. ‘This very 
large error, under conditions in which we should have expected an error sub- 
stantially smaller than 11°%, suggests at once that in these experiments it is 


invalid to assume close correspondence between the local time variation and the |} 


longitude variation in ionosphere characteristics. It is also relevant to note that 


the error for these measurements at Burghead is almost exactly twice the magnitude |] 


of the error noted for the results given in table 2. 


During the period of these Burghead observations a careful watch was also |) 


made at Slough on the time of entry of the Moscow ray signal. It was found that 


the mean time difference between the entry of the ray signal at Slough and Burg- | 
head was exactly equal to the time difference between sunrise at the two sites. |] 
Since the distances of Slough and Burghead from Moscow are practically equal, |] 


it could be inferred from this observation that, at the time of the experiments, 
ionosphere conditions governing the maximum usable frequencies for these two 
trajectories must have been identical. 

The third point of interest is that for the 80 observations summarized in table 2, 
the mean M.U.F. calculated on Slough data alone is 10-63 Mc./s. (probable 
error +0-1 Mc./s.) and is thus within 3°% of the correct value. 

A little consideration of the three results given above will show that all three 
are quantitatively consistent with the conclusion that at the time of these experi- 


ments, ionospheric conditions governing the value of the M.U.F. at the mid-point ' 


of the Moscow-Slough trajectory, were very similar to those observed at Slough 
rather than to conditions midway between Slough and Burghead. Since these 
experiments were completed, substantial support for the correctness of this 
conclusion has come in the form of direct normal-incidence critical-frequency data 
from the ionospheric station recently in operation at Moscow. Figure 4 shows the 
diurnal variation in monthly mean values of ff, measured at Slough, Burghead 
and Moscow for January and February 1945. Data from Moscow for December 
1944 are, unfortunately, not available, but it is clear from the curves for January 
and February that over the period with which these experiments are concerned 
the monthly mean values of f2, observed at Moscow are practically identical with 
the values observed at Slough. 
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Further confirmation of this type of variation in f? with longitude is provided 
when we examine critical-frequency data from other stations near this latitude but 
located further east. Thus if we consider data from Sverdlovsk (55, S0ANE, 
60° 37’ E.) we find the winter values of f?, at this station to be even higher than 
those observed at Moscow or at Slough. This marked longitude variation in 
critical frequency forms the subject of recent papers by Kessenikh and Bulatov 
(1944) and by Appleton (1946). It thus seems reasonable to assume that at the 
time of these experiments, near the mid-point of the Moscow-Slough path, 
conditions closely approximated to those given either at Moscow or Slough and, 
subject to this assumption, the mean observed value of the m.u.F. for 80 
observations agrees with the mean calculated value to within 3°. 


§6. ESTIMATION OF THE DISTANCE BETWEEN 
SENDER AND RECEIVER 


In a paper by Appleton and Beynon (1942) a graphical representation has been 
given of the relation between M.U.F. factor and distance of transmission for a wide 
variety of ionospheric conditions. (The ‘‘m.u.F. factor” is the ratio of the 
M.U.F. to the normal-incidence critical frequency.) Hence if the M.u.F. factor 
be measured, it is a simple matter, from the curves, to estimate the distance 
between sender and receiver. At first it might appear that if the distance from the 
sender to receiver is unknown, then it will be impossible to measure the M.U.F. 
factor, since this implies a knowledge of ionospheric conditions at the mid-point 
of the trajectory. In the case of an east-west transmission path, however, we can 
overcome this difficulty by again assuming that the variation of ionosphere 
characteristics along the transmission path corresponds closely to the diurnal 
variation observed at vertical incidence at one end of the path. It is clear that 
these estimates of distance will be subject to similar errors as were the calculated 
values of the M.uU.F. The actual estimates of sender-receiver distance for the 
Zeesen—Slough transmission path are given in the last column of table 1. For the 
whole group of thirty-two observations the mean calculated distance is 1036 km. 
The actual distance from Slough to Zeesen is 990 km., so that the actual error of 
the arithmetic mean is +46km. or +4:6%. It is likely that if more accurate 
ionospheric data were available for the mid-point of the trajectory, then the 
accuracy of observations of sender-receiver distance made in this way would be 
considerably improved. If we consider the first group of results only, the mean 
calculated distance is 1005 km., so that the actual error in this case is only 15 km. 
or +1:5%. . 

It may be noted that for ranges beyond about 1000km., and for agiven accuracy 
in estimating the maximum usable frequency factor, there is theoretically a 
steady deterioration with increasing distance in the accuracy of a single estimate of 
sender-receiver distance. Thus an error of 2° in the M.U.F. factor for the 
Moscow-Slough path corresponds to a distance error of about 100km. 


§7. CONCLUSIONS 
One of the objects of these experiments was to investigate the magnitude of 
the errors to be expected in a practical application of maximum usable frequency 
calculations. In the present experiments, full normal-incidence ionospheric 
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data were available for one end of the transmission path and the transmitters were | 
located in a direction approximately east of the receiving site. ‘The conditions | 
were thus rather more favourable than can be expected in the general application | 
of such calculations. Nevertheless the results indicate that even for a trans- | 
mission path of 1000km., and with full normal-incidence ionospheric data for | 
one end of the path, the diverg2nce between individual calculated and observed 
values may occasionally amount to 15%. Results for the longer path of 2500 km. 
show differences of up to 25°% between calculated and observed values in individual 
cases. In the case of the experiments over 1000km., the fact that positive and 
negative errors were equally frequent suggests that there is no serious error in 
the analysis underlying the M.U.F. calculation. In the case of the measurements 
over 2500km., the mean of 80 calculated values was 11% less than the observed 
value., The calculated value exceeded the observed value in seven cases only. 
There is evidence, however, that this discrepancy is almost entirely due to in- 
correct assumptions about ionospheric conditions near the mid-point of the tra- 
jectory. If such data are available it seems likely that the discrepancy between 
calculated and observed values of the maximum usable frequency for a distance of 
2500 km. would not exceed 3%. 
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Mr. R. DEHN. With reference to the agreement of observations of overhead con- 
ditions of the ionosphere with those obtained from records of signals received and reflected 
at a distance equivalent to some 25 or 30 min. in time, would these conditions of the 
ionosphere be preserved for a longer period of time ? That is, would the agreement be 
observable over greater distances ? 


Mr. F. A. KircHen. Could prediction of maximum usable frequencies be made as 
much as twelve months ahead, following the correlation of distance factors with sunspot 
variation ? 


Mr. R. Naismiru. A forecast of maximum usable frequencies for a period of twelve 
months ahead involves two quite separate requirements : an estimate of the ver -ical incidence 
conditions twelve months ahead; and an estimate of the maximum usable frequency from 
given vertical incidence conditions. 

The authors have succeeded in supplying a very satisfactory solution to the latter re- 
quirement and have shown that the resultant error can be less than 3 %. 

An illustration of the comparative accuracy of the former may be given from current 
data. In any estimate of the vertical incidence critical frequency, account must be taken 
of the variation in the solar cycle among other factors. It is well known that the ionization 
in region F, varies in sympathy with the solar cycle when average values are coinsidered 
It may be assumed, therefore, that the ionization over the world would vary fairly uniformly 
due to this cause. Noon values of ionization for region F, in different parts of the world 
were compared for September 1945 and September 1946 (the latest month for which data 
are available), and it was found that whereas a 10% increase occurred in one part of the 
world, a 90% increase occurred in another. On present knowledge this large variation 
was quite unpredictable, and illustrates one of the difficulties in producing a forecast of 
ionospheric conditions so far ahead. 


Dr. F. T. Farmer. I would like to know whether the calculations described take 
into account the earth’s magnetic field for the ordinary wave, or whether it is only allowed 
for in calculating oblique frequencies for the extraordinary wave. 


AUTHOR’s reply. In reply to Mr. Dehn, it is possible that certain forms of ionospheric 
variation would persist for longer periods. ‘Thus the detailed fluctuation in the sunrise 
change shown in figure 1 (p. 529) might occur at widely separated stations. Clear evidence 
of such correlation was noted only in the Zeesen—Slough experiments. In the case of the 
Moscow-—Slough observations the repetition of detailed ionospheric changes was not obvious, 
but it is possible that a careful examination of the records would yield further information 
on this matter. 

Concerning Mr. Kitchen’s point, I think that Mr. Naismith has largely provided the 
answer. ‘The main purpose of these papers was not to discuss prediction, but I may say 
that some predictions of the maximum usable frequency have been made for six months 
ahead, and, subject to a proportionate decrease in accuracy, an extension to a period of 
‘twelve months could, no doubt, be made. However, Mr. Naismith has already pointed 
out some of the difficulties involved. 

In reply to Dr. Farmer, the effect of the magnetic field of the earth was not included 
in the calculations relating to the ordinary wave. 
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ABSTRACT. A brief review of the subject is followed by proofs that the mean free path 
of sound in an enclosure is equal to 4(Volume/Surface Area) for rectangular, spherical, and 
cylindrical rooms of any dimensions. 
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N some methods (Eyring, 1930) of calculating the reverberation time of I) 
] ons in an auditorium in terms of the dimensions of the room and the 

absorptive properties of the walls, it is necessary to make use of a formants | 
the mean free path of sound, i.e. the mean distance travelled by all “rays of 
sound between successive impacts with the walls. Pa | 

Jaeger (1911), applying a method similar to that used in the kinetic theory of : 
gases, obtained for this mean free path the value 4V/S, where V represents the | 
volume and S the internal surface area of the room. Jaeger’s method shows that | 
the value should be independent of the shape of the room and the position of the |} 
source, if uniform distribution of the sound energy is assumed: that is, if sound | 
is travelling with equal intensity in all directions, through all points in the enclosure, | 
at any instant considered. 

Schuster and Waetzmann (1929) calculated the mean free path for rooms of 
certain simple shapes. ‘Their values, which Eyring (1930) obtained at almost the 
same time by more approximate methods, are: 


Cube M.F.P.=2V3V/S =3:5V/S, 
Cylinder (height=diameter) M.F.P.= 3 V2V/S =42V/8, 
Sphere M.F.P. =diameter =6 V/S. 


These values, however, were calculated by choosing arbitrarily the position of the |} 
source, or the direction of emission of the sound, so the energy distribution 
would not be uniform. 1 

Knudsen (1932) carried out experiments designed to show that for rooms of the |} 
usual shapes the mean free path of sound is independent of the shape. With the |] 
help of a flash-lamp and mirror, he used light rays in place of sound, in scale |} 
models of the auditoria considered, and traced the paths followed by successively |) 
reflected rays emitted in a limited number of evenly distributed directions, and | 
averaged the distance travelled between reflections, taking the same number of | | 
reflections for each emitted ray. His results agree to a good approximation in |} 
most cases with Jaeger’s formula 4V/S. | 

It is the purpose of this paper to show, by direct averaging, that the mean free | 
path of sound in (a) any rectangular enclosure, (b) a spherical enclosure, (c) any 
cylindrical enclosure, is 4V’/S. 


§2. OUTLINE OF METHOD 

When a uniform source of sound has been active in an enclosure for an appreci- 
able time, the sound energy density may be assumed uniform throughout, i.e. 
the energy is travelling uniformly in all directions from all points in the enclosure 
(with the exception of certain special cases in which “ focusing” occurs). Again, 
the coefficient of absorption is assumed to be sufficiently low for many reflections 
to take place, and the sound disturbance between reflections is assumed to travel in 
straight lines with constant speed until its energy is dissipated. 

Now the sound energy may be considered to consist of very small units, or 
quanta, which move in straight lines with speed c between impacts with the walls, 
and which do not interfere with each other’s motion in any way. (It is not 
suggested that these quanta are indivisible units.) 
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Suppose that, in a very small interval of time after the energy density has 
become uniform in the sense indicated above, 47n “quanta” (i.e. 2 per unit solid 
angle) leave each of a large number of points which are uniformly distributed 
throughout the enclosure with volume density p. 

The method consists in finding t=e total number of impacts with the interior 
surfaces of the room made by all these quanta during a finite time 7 immediately 
following that short interval, and dividing the total distance 42mpcT, covered by all 
of the quanta, by this number of impacts. For convenience, the number of 


impacts, and the distance covered, per second, have been used in the following 
proofs. 


§3. RECTANGULAR ENCLOSURE 


Dimensions of room are a, b, h, with 
axes of coordinates parallel to edges of 
/ room as shown. 

Speed of each quantum =c, 
A quantum projected from any point 
S$ in the direction (@, ¢) has velocity 
components c sin 6 cos ¢, c sin @ sin 4, 
ccos6@, in the x, y, z directions. 
In the «x-direction the distance 
travelled’ between. impacts with walls ; Figure 1. 
is a. 


Number of impacts per sec. with walls perpendicular to the x-axis is _ 
(c a) sin@ cos ¢. 
Similarly, numbers of impacts per second with y-walls and z-walls are 
(c/b)sin@sin¢ and (ch) cosé. 
Total number of impacts made per second by one quantum 
=(c/a) sin@ cos ¢+(c 6) sin @ sin f + (c/h) cos 6. 
Now the elementary solid angle with its axis in the (6, ¢) direction is 
. sin@ . dé. dd, 


and the number of quanta projected from one point in the (6,¢) direction may 
) therefore be taken as 


nsin@. dé. dd. 


Total number of impacts per second made by quanta from one point is 
Ce ce , c 
8n [ | © sinficosd-+ $ sindsind-+ cos0 | sin# . dB. dé, 
Baa) 0 a b h 


jand by direct integration this becomes 
2nm [cla+elb+e/h] 
=2nmc . (bh +ha+ ab)/abh. 


But area of walls =2(bh+ha+ab)=S and volume of room = abh =), 
... Number of impacts per second made by quanta from one point 


=anc, S/V. 
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The total number of quanta projected from this point is 47, and each travels |) 
a distance c per second. i 
Total distance covered per second by these quanta is 47c. 

Mean distance travelled between impacts 

=4nnce+nne. S|/V=4.V/S. 

This is independent of the position of the point of projection, and is, therefore, |} 
the same for all such points. 
.. Mean free path=4V/S. 


§4. SPHERICAL ENCLOSURE 

Radius of sphere=a. 

g-axis is a diameter, and O the centre. 

Consider first a quantum projected with 
speed ¢ in (8,¢) direction from a point S on 
the z-axis at distance b from the centre. After 
reflection, this quantum will describe a number 
of equal chords, each of length 


2V a? —b? sin 0. 
Number of impacts made per second 
by this quantum 
=¢|(2V a? — b? sin? 6). 
As before, msin@.d0.ddé quanta are 


projected into the elementary solid angle whose axis is in the (6,4) direction. | 
Total number of impacts made per second by all the 47m quanta projected | 


Figure 2. 


from S 
=[ | oe nesin@ . dé. dd 
0 2V at —b* sin® 6 b? sin? @ 
He sin 6. d6 
0 V (a? — 5?) + 6? cos? 6 
ees —sinh-! ( cos a) | 
b V a? — Bb? 0 
2mnc b 
Tees sinh-1 ae 
7NC a+b 


= hanes aie 


This expression represents the number of impacts made per second by 47 | 
quanta. i} 


The total distance covered by them per second is 47nc. 
AF Mean distance travelled batween impacts by all quanta projected from) 
a+b 
=a 
By substituting a series of values for 4, it is seen that the value of this mean free| . 
path varies with the point of projection, having values ranging between 0 and 2a. 


4b' log, — 
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If 60, the mean free path becomes 


4b 
ee ee 
Ga ea 
ie. 2a. or. 6) S: 


This agrees with the result obtained by Schuster and Waetzmann for a sphere, 
and it can be seen that if the source of sound is located at the centre of the sphere 
all the “ rays”’ will be reflected back to this point, and the uniform distribution of 
energy will never be attained. ‘This is a special case of ‘‘ focusing’, and a formula 
obtained by placing the source at the centre of the sphere cannot be applied to the 
general case. 

If the source is at any point other than the centre, the energy distribution will be 
uniform when the source has been sounding long enough for a considerable number 
of reflections to have occurred—the condition assumed throughout—and the 
points of projection of the “‘ quanta’’, as explained above, will then be distributed 
over the whole volume. 

Suppose that there are p such points of projection per unit volume. ‘Then the 
number lying at a distance between 5 and b+ db from O is p.47b?. db. 

The number of impacts made per second by quanta projected from one such 
point has been shown to be 

mC a+b 
Fe - 102, paae 
Number of impacts made per second by quanta projected from all points 
in the enclosure is 
a 
[7 tog, 5 .p 4b? . db, 
which reduces to 47?pnca? =mpnc . S, where S is the surface area. 

But the total number of quanta is pV .47n, so the total distance covered per 
second is 4zpnc . V. 

Mean free path =4zpne. V+mpne. S=4V/S. 


§5. CYLINDRICAL ENCLOSURE 


Figure 3. 


Cylinder of height / and radius a. Axis of cylinder is 2-axis. 


25=2 
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Consider a quantum projected with speed c in the (4, 4) direction from the |} 
point S, at a distance 5 from the x-axis. For convenience in reference, let S lie | 


on the oe 
Component velocity parallel to the z-axis=ccos 0. 


Distance traversed between impacts in this direction =h. 
-. Number of impacts made per second with ends of the cylinder 


=(c/h) cos 0. 
Component velocity perpendicular to the z-axis, i.e. in x-y plane, 
=csiné. 
Projection of path on this plane consists of a series of equal chords, each of }) 
length i} 
2V a? —b sin? ¢. 
Number of impacts made per second with curved walls 
csin@ 
= 2V a? —b sin? 
Total number of ee made per second by one quantum 
csin@ 
2V a? —b? sin? 6 
As before, msin@.d6.dé quanta are projected into the elementary solid 
angle with its axis in the (0, d) direction. 
Total number of impacts made per second by quanta projected from S 


ware" TeCos O csin@ 
= + ——— | sind. do. 
ane h wep} nd ee 


m2 (72 (sin 20 1—cos 26 
=8er | : { 2a We Bee 
2acn qf ie OP ae 
vy ee: 9 Va—B sind’ 
This expression PE the number of impacts made per second by the 
47n quanta projected from S. 
Suppose, as before, that the points of projection are uniformly distributed with 
volume density p. 
*. The number of such points at distances from the axis of the cylinder 
between 5 and b+db is 


5 cos 0+ 


p.2mnh.b. db. 


Total number of impacts made per second by quanta projected from all 
points in te 


ae +7cn 
‘ cy he fa Pe Pe sin? Dae SOR as 


7/2 a 
= 27*pcna* + 27? pcnh i | ees , 
Jo JoVa?—bsin?d 
which on integration becomes 
mpcn[2ra? + 2rha]=zpcn . S, 
where S is the surface area. 
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This is the total number of impacts made per second. 
But total number of quanta is pV. 47n, so that the total distance ‘travelled 


per second is 
pV . 4anc. 


.. Mean free path=4apnc . V~zpne. S=4V/S. 
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ABSTRACT. It is found that the radii of the rings of Debye-Scherrer electron-diffraction 
photographs obtained from gold leaf are not in exact agreement with the theoretical values. 
This is ascribed to the crystal lattice being distorted by surface-tension forces. 


SelPee UNGER. © Dil COIN 

HE radii of the Debye-Scherrer rings of electron-diffraction patterns are 
generally assumed to agree exactly with the predictions of simple theory. 
So far as we are aware, no attempt has been made to make measurements of 
higher accuracy than one or two parts in a thousand. Usually, the rings have 
a radius of the order of one or two cm. and are measured with a travelling 
microscope having 10-micron divisions ; most observers are satisfied if their 
readings agree to within a few divisions. ‘There are two main reasons for failure 
to obtain a higher accuracy. First, plates with a finer grain and microscopes with 
higher magnification than usual are required. Secondly, if attempts are made to 
test precision by measuring the radius of a single ring in different azimuths or by 
‘comparing the relative radii of different rings, discrepancies are observed which 
appear to indicate measurement errors of the order of a few parts in a thousand. 
However, as a result of extensive measurements and stringent statistical tests, we 
have established that the present practical limit of precision is really of the order of 
one part in ten thousand, and that the apparent discrepancies alluded to are due to 
features of the diffraction pattern which are not dealt with by present theories. 
These peculiarities are of two kinds: the rings are not exactly circular and their 

radii are not given exactly by Bragg’s law. 
Ina recent paper (Rymer and Butler, 1945 a), we have given a general discussion 
of the problem of measuring ring radii and have presented some evidence in 
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support of our claim to be able to make measurements of high accuracy. Some }|/ 
of the purely instrumental effects responsible for the abnormal radii and non- | 
circular form of rings are discussed in another paper (Rymer and Butler, 1945 b);) 
the analysis of these features provides an independent check on the precision of |} 
measurement. | 
Our present purpose is to discuss a peculiarity of the diffraction pattern of gold 
leaf which is revealed by these high-precision measurements: that the relative | 
radii of the rings differ from the expected values by amounts of the order of 
0-05 per cent. In view of the crucial importance of an accurate estimate of the | 
precision of measurement, we give a brief description of the experimental technique |} 
and we present additional evidence showing the accuracy attained. | 


1 
| 


§2. EXPERIMENTAL | 

The diffraction camera used was of the type described by Finch, Quarrell and | | 
Wilman (1935) with minor modifications. The high-tension supply was a half- |} 
wave rectifier set with the output fed through a saturated diode. An additional |}} 
500-pr. condenser connected across the camera discharge tube served to reduce |} 
voltage fluctuations. Oscillographic examination showed that the ripple voltage |} 
was 75 volts r.m.s. at 100c.p.s. when the discharge tube was taking its normal load 
of $ ma. at 50kv. 

Particular care was taken to eliminate stray alternating magnetic fields by the |] 
use of compensating coils carrying currents of suitable magnitude and phase. 
Tests with a search coil and oscillograph showed that the alternating magnetic 
field at the axis of the camera nowhere exceeded a peak value of 10y. It has been 
shown (Rymer and Butler, 1945 b) that the slight broadening of the rings intro- 
duced by the combined action of alternating fields and high-tension ripple is 
incapable of introducing errors into the radius measurements of more than $y. 

Ilford Thin Film Half Tone plates were used with a borax fine-grain developer. 
The uniformity of this plate and the fineness of the grain combine to make it 
superior for this purpose to any sofar tried. Plates with coarser grain, such as 
Ilford Ordinary or Special Rapid, are quite unsuitable for precision work. Tests 
show that with a constant intensity of electrons of about 50 kv. energy, the density 
produced on a Thin Film plate is accurately proportional to the exposure time up 
to densities of at least unity; since the reciprocity law holds for electrons (Becker |] ) 
and Kipphan, 1931), the density is proportional to the intensity. This is a matter {i} 
of importance, since otherwise systematic errors can occur in the measurement 
of the ring radius (Rymer and Butler, 1945 a). 

The width of the beam where it strikes the photographic plate has been |], 
measured (Rymer and Butler, 1945b) and found to be 40. The width of the}}) 
diffraction rings produced by gold leaf is of the order of 200 p, and is therefore due |}, 
almost entirely to broadening by the crystal ; there is therefore little to be gained by 
further attempts to sharpen the electron beam. That the broadening is due to the 
finite size of the crystals rather than to a variable lattice constant is suggested by the 
data of table 1, which show that the ring width is independent of the radius. 


Table 1. Plate C/279. Gold-leaf specimen. | Widths of diffraction rings 


Indices 1a 200 220 311 
Width (microns) 140 116 110 130 
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Measurements of the ring radii were made with an instrument reading to one 
micron (Rymer and Butler, 1944) which can be used as a travelling microscope or 
as a non-recording microphotometer and is fitted with a divided head which 
permits azimuths of radii measurements to be determined to 0°-5. Corrections 
have to be applied to the measured radii to allow for the following effects: 


(a) Errors of microphotometer screw. 
(6) Background density due to incoherent scattering of electrons. 


(c) Curvature effect: the intensity is enhanced on the inner side of a diffraction 
ring owing to its shorter perimeter. 


(d) Finite length of microphotometer slit. 


The method of determining these corrections has previously been described 
(Rymer and Butler, 1945 a). 


§3. PRECISION OF MEASUREMENT 


Before presenting the results of measurements on gold specimens, it is desirable 
to discuss the evidence of the accuracy of the technique provided by substances 
which do not exhibit any peculiarities. Our belief in the reliability of our measure- 
ments is based on the agreement between the values of the standard deviation as 
computed by the following completely independent methods: 


(a) Analysis of the scatter of repetition readings. 
(6) Analysis of the scatter of measurements of the radius of a single ring in 
different azimuths when allowance is made for instrumental effects. 


(c) Comparison of the variation of the ellipticity of the diffraction rings due to 
stray magnetic fields with theoretical predictions. 


(d) Comparison of the mean radii of diffraction rings with theoretical values. 


This is illustrated by measurements made on Plate No. D/137 of a sodium chloride 
specimen (figure 4). 

(a) The plate was measured with the microscope by making three settings on 
each ring and repeating the process in each of eighteen equally spaced azimuths. 
From the scatter of each group of three settings from their mean, the standard 
deviation of a single setting on the (111), (200), (220) and (420) rings is found to be 
2:6, 2:2, 2:2 and 2:9 respectively. The average standard deviation of a single 
setting is thus 

iol Daw AL MESON OLD aly a on ES dts (1) 

(b) The radius of the (200) ring was measured in azimuths 0, 20, 40,.... 340 
degrees using the microscope, the mean of three readings being taken in each case. 
Table 2 shows the results, the radii being given in microns. 


Table 2. Radius of (200) ring =8790 + following 


Azimuth 0 20 40 60 80 100 120 140 160 
Radius 33 26 21 18 9 5 10 22 ZS 
Azimuth 180 200 220 240 260 280 300 320 340 
Radius 37 41 53 60 65 68 51 50 okey: 


* Throughout this paper, + indicates standard deviation. 
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Fitting a Fourier series to these results gives * 
Radius = 8825-20 — 26-40 sin (0 + 1:78)° + 2:49 sin (20 + 327:79)°. *...... (2) 


The first harmonic is trivial, being due to measurements being made from a point | 
which is not quite the centre of the pattern. The second harmonic is due to the | 
presence of stray magnetic fields (Rymer and Butler, 1945b). From the differ- 
ences between the radii given by equation (2) and the numbers in table 2, we obtain _ 
the standard deviation of any radius measurement as 3-75 +0-73u. Since each — 
radius measurement is the mean of three readings, the standard deviation ofa single | 
reading must be 1/3 times this: 


$.D:=6-49-1-27 2): (3) 


(c) Theoretically, the amplitude of the second harmonic in the expression for _ 
the radius should be proportional to the mean radius, while the phase should be the _ 
same for all rings (Rymer and Butler, 1945b). Table 3 gives the amplitude and |f/ 
phase of the harmonic for four rings. | 


Table 3 
Tee Amplitude Phase Mean radius BO ECO 
(microns) (°) (microns) Radius 
111 3-2 244-1 7645-6 4:19 x 10-4 
200 2:35 327-8 8827-1 2:83 
220 7-0 290-0 12477-0 5-61 
420 8-7 * 280:3 19731:3 4-41 


The larger harmonics naturally give more accurate values for the amplitude/radius. 
We therefore weight the results in proportion to the radius, obtaining for the mean 
amplitude/radius 4-40 x 10-4. From the differences between this and the numbers 
in the fifth column of table 3 it can be deduced that the standard deviation of a 
single harmonic is 1:18 + 0-481. Now it can be shown that the standard deviation 
of the amplitude of a harmonic computed from N radii measurements is \/(2/N) 
times the standard deviation of a single radius measurement. Since there are 
18 radii measurements, and each is the mean of three readings, we obtain for the 
standard deviation of a single reading 


$.D/=6:15225120 = i (4) 


An estimate of the precision can also be made from the phase angles of the 
second harmonic. ‘The weighted mean phase is 285°-72. Now the standard 
deviation of the phase (measured in radians) is equal to the standard deviation of 
the amplitude of the harmonic divided by the amplitude. Using this relation, it 
can be calculated from the data of table 3 that the standard deviation of the ampli- 
tude of a single harmonic is 2-23 + 0-91 u, corresponding to a standard deviation 
of a single reading of 

S.D.=11-60 + 4-73 p. 
* It must be emphasized that the fact that the coefficients in this series are given to the Scone 
decimal place does not imply that their value is necessarily known even to the first decimal place, 
The coefficients have been calculated to the second decimal place merely in order to avoid any 


possibility of “ rounding-off”’ errors in the determination of the standard deviation. Similar 


remarks apply to ail figures quoted in this paper. The only valid estimate of accuracy is based on a 
calculation of the standard deviation. 
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(d) If dis the interplanar spacing, R the radius of the diffraction ring, L the 
distance from specimen to photographic plate and the wave-length of the 
electrons, then theoretically 


We 
LS Maes sd ee OI Rey (6) 


For several reasons this relation does not hold exactly, but the values of AL 
calculated from this equation vary systematically with the ring radius according to 
the relation (Rymer and Butler, 1945a and b) 

AL= (AD) BR nan nee (7) 
where B is a constant. In our first paper (19454) we have shown that the 
experimental results for the plate under discussion fit these equations, the stan- 
dard deviation of a single AL determination being 2-2 x 10~2cm?, while 
(AL) = 2-48093 x 10-8cm: Since the average radius R is 1:2170.cm., this gives 
for the standard deviation of a mean radius 1-09. <A rather more satisfactory 
procedure is to weight the (AL) determinations in proportion to the radius. 
When this is done, and the constants of equation (7) are determined by the method 
of least squares, it is found that the standard deviation of the mean radius of a ring 
is 0:87+0-43. This is made up of two parts: random errors in the individual 
radii measurements and errors in the determination of the systematic corrections. 
If the latter are neglected, we obtain for the standard deviation of a single reading 

Ss Dike OBO Sal ise a ve | eee (8) 


This is almost certainly too high as the error in the systematic corrections is 
unlikely to be entirely negligible. A reasonable estimate (Rymer and Butler, 
1945 a) of this latter error is 0-77 4. Using this value, the standard deviation of a 
single reading becomes 

0 le Oe ee eee (9) 

The higher value of the standard deviation derived from the study of the 
amplitude and phase of the second harmonic (equations (4) and (5)) may be due to 
_ the stray magnetic fields not being linear functions of position as is assumed in the 
theory which predicts that the amplitude should be proportional to the radius 
and that the phase should be the same for all rings. Unpublished results from a 
large number of photographs of many substances indicate that in general the 
diffraction rings are not circular and that the expression for the radius given by 
equation (2) should be extended by the addition of higher harmonics whose 
origin will be discussed in a later paper. Owing to the presence of these 
harmonics, the estimate of the standard deviation given in equation (3) is too high. 
Comparing the results for the standard deviation of a single reading given by 
equations (1), (3), (4), (5) and (9), we see that this quantity is certainly less 
than 6 and that a very fair estimate is 3 p. 

Naturally, few plates have beeen studied so exhaustively as the one discussed. 
Less complete measurements have been made on many plates for the study of 
special features, and these all confirm the estimate given of the precision of measure= 
ment for rings of this width. Since the width of the rings and general quality of 
the plate under discussion is very little different from that of the gold-leaf diffraction 
patterns to be discussed (compare figure 4 with figures 5 and 6), we may take 3 was a 
reasonable estimate of the standard deviation of a single reading for the latter plates. 
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§4. GOLD-LEAF DIFFRACTION PATTERNS | 
When an attempt is made to fit equations (6) and (7) to measurements of gold- | 


leaf diffraction patterns, discrepancies are immediately observed. ‘The nature | 


of these can be illustrated by the results for a typical plate (figure 5) of a diffraction 
pattern of a specimen of gold leaf which had been thinned in potassium cyanide | 
solution. ‘Table 4 gives the mean radius R of the first four diffraction rings and the 
values of XL calculated from them by means of equation (6), the lattice constant of | 
gold being taken as 40700. and the camera length L as 47cm. Figure lisa | 
graph of AL against 1/R?. The dotted line has been fitted by the method of least |f} 
squares, the different points being given weights proportional to R, and has the | 
equation (R in cm.) 


XL =(22836-47 413-77) R?) > 10-2 cn eee (10) | 
The values of AL calculated from this are listed in table 4 under (AL),a. (eqn. (10)), | 


Table 4. Plate No. D/268 


Indices R AL (AL )ealc. (AL )eale. 
" (microns) 1028? cme (eqn. (10)) (eqn. (11)) 
111 9724°8 22847°-8 22851 -03 2284767 
- 200 11232-4 53-0 4738 44-94 
220 15879-0 39:5 41-93 40-84 


311 18623 -9 40°8 40-44 39-62 


and from the differences between these and the observed AL it can be calculated 
that the standard deviation of each radius determination is 2°50+41:25u. Of 
this amount, 0-77 arises from the error in the systematic corrections (Rymer 
and Butler, 1945a). Also, a radius determination is the mean of 54 readings, for 
the plate was measured along 18 equally spaced azimuths and in each case three 
settings were made on the rings. Hence the standard deviation of a single 
setting must be 1/54 \/2.502—0-772=17:5+8-8y. This is distinctly greater than 
the expected value of 3 py. 

Examination of figure 1 suggests that the points corresponding to the (111), 
(220) and (311) rings lie much more nearly on a straight line than do all four points. 
The full line has been fitted to these points by the method of least squares and has 
the equation 

AL = (2283673 + 10:35/R2) x 10-2 cm? (11) 


The values of AL calculated from this are listed in table 4 under (AL) aie, (eqn. 11), 
and from the differences between them and the observed AL it can be calculated 
that the standard deviation of a radius determination (allowing for errors of the 
systematic corrections) is 1-03 4, corresponding to a standard deviation of a single 
setting of 7-5+5-3. ‘This is much closer to the expected value. On the other 
hand, equation (11) implies that the observed value of AL for the (200) diffraction is 
(8-07 + 2:76) x 10-*cm? larger than would be expected. 

We have so far measured over a dozen diffraction patterns of gold leaf prepared 
under various conditions, and in every case the value of AL calculated from the (200) 
diffraction ring is higher than would be expected from the results for the remaining 
rings. In table 5 the magnitude of this anomaly is given in the third column. 
The form of the variation of the anomaly with the wave-length of the electrons is 
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Table 5. (200) diffraction anomaly 


Anomaly 


Plate No. (AL)o : Anomaly Cin Remarks 
@Omscem=2) (ClLOmztem-) (x 10-4) 

D/257 22510:32 8°73 3-88 1938 gold. Amalgam rings 
D/268 22836-73 8-07 3°53 1945 gold. 

D/258 23349 -32 TA 3-09 1938 gold. Amalgam rings 
D/117 23738°42 9-04 3°81 1938 gold. Annealed 
C/251 25454-40 25 4-81 1938 gold. 

C/276 25742:35 11-26 4-37 1938 gold. 

D/269 29847 -74 10-98 3-68 1938 gold. 

D/261 30282-10 Pay 4-20 1945 gold. 


22850 


XL 10" em 


22840 


Figure 1. 
Log,.AL 


Figure 2. 


shown in figure 2, which is a graph of the logarithm of the anomaly against the 
logarithm of the corresponding (AL),._ The straight line has been fitted by the 
method of least squares and has the equation 
logy) A = —5-174+(1-40 40-42) log g(AL)o. «se eee (12) 
Within the limits of experimental error, the anomaly is proportional to (AL). 
Values for the ratio of the two are listed in the fourth column of table 5; their 
mean value is 
Anomaly /(AL),=(3-92 40:20) x10". cae (13) 
The gold specimens were prepared from two samples of gold leaf purchased in 
1938 and 1945 respectively. Comparison of table 5 with figure 2 shows that there 
is no perceptible difference between the results for the two samples. An analysis 
of the latter sample showed it to contain 0:09°, copper and 0-02% silver. As it is 
not possible to obtain gold leaf of greater purity than this, the effect of impurity 
was examined by obtaining diffraction patterns from a less pure gold leaf containing 
2:55% silver and 1-35°% copper. The results for plates from this are given in 
table 6 and are plotted in figure 2 as crosses. It is clear that the addition of 
impurity, far from being the cause of the anomaly, actually tends to reduce it. 


Table 6. Results for impure gold leaf 


(AL)o Anomaly 

Plate No. (10-2 cm?) (10-12 cm?) 
D/293 25534-2 ei 
D/294 25290°8 3-0 


D/305 25460-4 7-0 


548 T. B. Rymer and C. C. Butler 


We have attempted to investigate this point further by obtaining diffraction 
patterns from gold films prepared by electro-deposition by the method of Finch 
and Sun (1936); such films might be expected to be more free from imputities 
than the best commercial gold leaf. There was an indication that the (200) 
anomaly was somewhat larger for such specimens, but it was impossible to be 
certain as the crucial (200) ring was always weak and the determination of the 
correction for background density consequently liable to large error. 

The majority of the results of table 5 and figure 2 were obtained from gold leaf 
which had not been annealed. Plate D/117, however, was obtained from a 
specimen which had been annealed at 340° c. for 22 hours after thinning in 
potassium cyanide solution. Since the result for this plate is not sensibly different 
from that of the others, we may conclude that the anomaly is not due to any strain 
in the crystal which can be removed by annealing at this temperature. . 

The majority of the plates showed no trace of any amalgam rings (figure 5). 
However, two plates showed marked amalgam rings (figure 6). Since the values 
of the anomaly for these plates are not perceptibly different from its values for the 
remaining plates, we may conclude that traces of amalgamation can hardly be 
responsible. 

It may be concluded that the (200) diffraction anomaly observed with gold-leaf 
specimens is a feature of the pure gold lattice, and that it does not arise from any 
strains which can be removed by annealing. It would have been of interest to 
examine specimens of gold evaporated on to cellulose; unfortunately, the diffrac- 
tion rings obtained from such specimens are so broad that it is impossible to make 
measurements of sufficiently high precision. 

As an additional test, measurements have been made on patterns from a 
specimen the plane of which was not perpendicular to the electron beam. Tabie 7 
shows that such a tilted specimen yields a value for the ratio of the anomaly to 


(AL)) which is not sensibly different from the average value (3-92) for the other 
plates. 


Table 7. Effect of tilting specimen 


Angle of (AL) Anomaly Anomaly 
BiateNe: tilt (°) (10-2 cm?) (10-22 em?) QL)o 
D/280 65 23126-0 7°75 $508)5) SNS 


In this section, we have regarded our results as indicating that the value of 
(AL) calculated from the (200) diffraction ring is higher than would be expected. 
Consideration of figure 1 shows that this is not the only possible explanation. 
The small difference in the abscissae of the points representing the (220) and (311) 
rings makes it equally possible to regard these two and the (200) point as lying ona 
straight line, in which case the value of AL for the (111) ring is abnormally low. 


According to the theory presented in the next section, there is no essential difference © 
between these two interpretations. 


§5. INTERPRETATION OF ANOMALY 
The anomalies discussed in the preceding section might be attributed to one or 
more of the following causes: (a) refraction of the electrons at the surface of the 
gold crystallites, (6) variation of the angle of diffraction from the Bragg value in 
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accordance with the dynamical theory, (c) deformation of the crystals from exact 
cubic form. 

(a) The effect of refraction can be shown to be two-fold: the rings are 
broadened, or even split into doublets (Sturkey and Frevel, 1945), and the peak 
of the broadened ring is displaced. Such a displacement can be shown to result 
in an anomaly in the value of AL proportional to the cube of the electron wave- 
length. Now the experimenta results as represented by equation (12) and figure 2 
are consistent with a first-power law but definitely rule out the possibility of a cube 
law. ‘The origin of the anomaly cannot therefore be sought in refraction effects. 

(6) The fact that the intensities of the (111) and (200) rings of gold are con- 
siderably less than is required by the kinematic theory (Tol and Ornstein, 1940) 
suggests that dynamical effects are very marked. Nevertheless, the following 
considerations indicate that such effects are probably not the main cause of the 
observed anomalies. In the first place, Thomson and Blackman (1939) have 
shown that for transmission through a parallel-sided slab of crystal (“‘ Laue case’) 
the dynamical theory predicts a change in the angle of diffraction by an amount 
CAtany/27, where ¢ is the resonance error of Bethe’s theory, A the wave-length 
of the electrons and ¢ the angle between the reflecting plane and the surface of the 
crystal. According to the dynamical theory, ¢ ranges between approximately 


vA 
a ee 

where v is the Fourier coefficient corresponding to the diffraction, so that the angle 
of diffraction can deviate from the normal by amounts up to 

ba vA? tan 

a 47? 
The elementary dynamical theory therefore predicts no change in the mean radius 
of the diffraction ring but only a symmetrical broadening, which should be of the 
order of 200 for a camera length of 50cm. Nevertheless, since the observed 
anomalies amount to only some 4% of the ring width, it is not inconceivable that a 
refinement of the present dynamical theory might account for them as a higher- 
order effect. Since the elementary dynamical theory leads to symmetrical 
deviations in the angle of diffraction proportional to A?, it would be expected that 
any such higher-order effect would be proportional to at least the second power of 
A, while the experimental results (equation (12)) show that even a second-power 


| dependence on Q is less likely than a first power, and any higher power than the 


second is definitely ruled out. We conclude that the possibility of the anomalies 


_ being due to dynamical effects cannot be entirely ignored, but that it is not very 


likely, and in any case cannot be further discussed, in the present state of the theory. 

(c) Ifthe anomalies are due to a departure of the crystals from cubic symmetry, 
they would be proportional to the first power of the electron wave-length, in 
agreement with equation (12). However, the assumption of a non-cubic lattice 
is not, of itself, sufficient to explain the results. If, for example, it be supposed 
that the crystal lattice is slightly deformed from cubic to tetragonal form without 
change of volume of the unit cell, then one of the (200) spacings is increased 
(decreased) while the other two are decreased (increased). The diffraction 
pattern from a random arrangement of such crystals would give a broadene 1 
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(200) ring but with its peak undisplaced. Similar reasoning can be applied to ||| 
other planes of the crystal and to other assumed deviations from cubic form. | 
The only way in which a pseudo-cubic crystal lattice could give the observed results |} 
is if there is some orientation of the crystallites so that—to take the example just | 


given—the (200) planes of increased spacing are never approximately parallel to 
the electron beam. We must, however, reject this explanation for two reasons: 


(i) the degree of orientation as judged by the intensity of the rings and the amount of | 
“arcing’’ when the specimen is tilted is small and varies considerably in magnitude |}j 
from specimen to specimen, whereas the magnitude of the anomaly is consistent _ 
from one specimen to another; (ii) inclining the specimen to the electron beam | 
makes no appreciable change in the value of the anomaly (see table 7). It therefore | 
appears impossible to explain the results by assuming an ordinary unstressed |}} 
crystal lattice with flat crystal planes; we are driven to postulate a stressed lattice in ||) 
which the planes have been warped. Such a warping will generally occur when a |] 


gold crystal is stressed owing to the fact that it is elastically anisotropic. 


While the evidence thus points to stresses in the gold crystals as the cause of the |} 
observed anomalies, it does not suffice to determine unambiguously the nature and |} 
origin of these stresses; it is found that stress systems of a rather general type are |}! 


capable of explaining quantitatively the observed results. 


Consider the effect of a simple tension p in the specimen in a direction making an | | 


angle d with the electron beam. Referred to the crystal axes of a certain crystallite, 
let y1, Yo, V3 be the direction-cosines of the electron beam and Cj, C., C3 those of the 


normal to a set of reflecting planes. Then the fractional extension of the crystal _ 


alone’ Ca, Ce Co ice 


Sa | — 19 ih Cy" az C772" as C3?" 
(C41 + 2¢y2)(Cy1 — Cy2) Ci — Cy2 
1 Ci Coyivet+ CoCayovgt C3Cryay1 
nS he ee er  Loceee (14) 


where €44, Cy2, Cy, are the usual elastic constants.* 


The fractional extension along the [111] direction of the crystals producing 

the (111) diffraction ring may be found as follows. We have 
C=C, =C3= 1/3. 
Hence : 
Cy Coty + Cas = 50, ee (15) 

Now let the normal to the (111) planes of a diffracting crystal (this normal must 
necessarily be very nearly perpendicular to the electron beam) make an angle @ with 
the projection of the tension p on to a plane perpendicular to the electron beam; 
the corresponding portion of the (111) diffraction ring is in azimuth 6 with respect 
to the projection of p on the photographic plate. Then the angle between p and 
the [111j direction is cos“!(sin¢ cos @). Hence 


Cis + Cova + Cava = sin i) cos 8. 
whence from (15) . 
Cy Cayo +. CoCyvev3 + C3C yay, = ¢ Sin? o—-éttsin® f cos 20, 


vss es (lon 
* Handbuch der Physik, 1928, 6, 418 (Beriin: Springer). ( : 


| 


} 


ql 
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Substituting from (15) and (16) in (14), 


1 
5=p| A+4B+ z¢| wate pad (17.1) 
C44 
where 
—C¢ sin? d 
A a ees ie ee 
(Cy, + 2Cy9)(Cy9 —Cyz) =~. 2(€y, — C49) 


B = (1-$sin'g)(—— — 5°) 


Cy — Cyn Dlg 


Ce sina cos.20. 
By an extension of this method, it can be shown that the corresponding expressions 
for the other rings are all of the form 
S=Pla+oB+s8Cl at (i722) 


where A, B and C are the same for all rings. The coefficients « and f for the 
_ first four rings are given in table 8. 


Table 8 
; Ring 1/(h?+k? +1?) a B 
indices a 
1 0-3 
at Wak |) ee 
111 3 3 4044 
1 0-2 
al 0) ———— 
200 Zi orn) 
1 3 0-1 
al ab —— 
220 2 * | 8(¢11—C1e) 1644 
32 57 OT OF (359) OF ane) 
311 = ot ep Eee 
121(cy;—Cy2) 48 4 gg Figure 3. 


Now the first term of (17) represents a uniform extension of the crystals in all 
- directions and corresponds merely to a change of scale of the diffraction pattern ; it 
is therefore irrelevant for the present results. The last term gives rise to an 
ellipticity of the rings, and will be considered later. ‘The second term vanishes 
“in the case of elastically isotropic crystals for which the Cauchy relation 
C41 — C1 = 2C4y is valid, while for anisotropic crystals it gives rise to changes in the 
relative radii of the different diffraction rings. 
| If a certain interplanar spacing is zncreased by a small fraction 4, the radius of the 
corresponding diffraction ring is decreased by 5 and the value of (AL) computed from 
it by means of equation (6) using the normal interplanar spacing is likewise 
decreased by a fraction 6. Hence the ordinates of a (AL, 1/R?) graph such as 
figure 1 are displaced by amounts proportional to —«. The abscissae of figure 1 
are the quantities 1/R®, which are very approximately proportional to d?, i.e. to 
the numbers in the second column of table 8. ‘The anomaly in the (200) reflection 
- may therefore be evaluated by plotting « against 1/(h? +k? +1) (figure 3), fitting 
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the best straight line to the points corresponding to the (111), (200) and (311) 
reflections and observing the distance of the (200) point from this line. It is 


found that this displacement is 0-288. Comparing this with the observed value of © 


(anomaly)/AL (equation 13), we get 
0-288pB = 3-92 x 10-4 


whence 
wae ps rie)| 1 ) 
1 — 3 Sin? db) (lO a 
Beane) @ —Cyy  2C4y 

Inserting the known values of the elastic constants (Goens and Weerts, 1936), 

€,, = 18-6 X 101! dynes/cm? 

Cyy= 4:2, 
we obtain 


p(i — 3sin? d) =6-01 x 10° dynes/cm? 


The anomaly can therefore be explained if we suppose that there is a tension of |j 
6-01 x 108 dynes/cm? parallel to the electron beam (¢=0); such a tension causes |}] 
a displacement of the (200) point from the line fitting the other three points, while |}) 


the displacements of the latter are negligible. 


It should be noted that we cannot compare the slope of the line of figure 3 with | 


the slope of the experimental curve of figure 1, for it is known (Rymer and Butler, 
1945 b) that the slope of the latter is in part due to a charging up of the photo- 


graphic plate by the undiffracted beam. The magnitude of this charging-up | | 


varies from one photograph to another and cannot therefore be easily allowed for. 
Its effect is to add to the ordinates of the points quantities proportional to 1/R?; it 
therefore cannot change the magnitude of the anomaly. 

The stress system postulated above is not a unique solution to the problem, 
for since a uniform hydrostatic compression reduces ail interplanar spacings by 
the same fraction,* a stress system consisting of a simple tension together with 
an arbitrary hydrostatic pressure will fit the experimental results equally well. In 
particular, a stress system consisting of a tension p and a hydrostatic compression 
of the same magnitude is a possible solution. ‘This reduces to a two-dimensional 
compression in a plane perpendicular to the electron beam. Such a stress system 
could arise from surface-tension forces if the specimen is in the form of laminae set 
normal to the beam (i.e. in the plane of the specimen); the interior of a lamina of 
thickness ¢ of material with a surface tension S will experience a compression in its 
plane of magnitude 2S/t. There is no information as to the surface tension of 
solid gold, and the published values for the molten metal range from 500 to 1000 
dynes/cm. If we take the former value, we find t= 1-7 x 10-® cm. as the thickness 
ofalamina. This is of the order of magnitude of the thickness of transmission 
specimens. 

Equation (17) predicts that when the laminae are not perpendicular to the 
electron beam (¢40), two effects should be observed: (i) the magnitude of the 
anomaly, which is proportional to B, should be reduced by a factor 1 — 2 sin?¢; 
(ii) the term BC no longer vanishes, indicating that the rings become elliptical. 
However, the results of table 7 show that inclining the specimen to the beam does 

* Handbuch der Physik, 1928, 6, 418 (Berlin: Springer). 
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not change the value of the anomaly. Investigation of the ellipticity of the rings 
is hampered by the unavoidable presence of stray magnetic fields, to which 
reference has been made in § 3, but the results (which need not be given in detail) 
show that the ellipticity attributable to strain is not statistically significant, and in 
any event is smaller by a factor of 10 than is predicted by (ii). These results can 
be brought into harmony with the stress theory if it be supposed that in the region 
of the specimen irradiated by the beam there is a large number of domains with a 
different direction of the tension in each. The ellipticity of the rings would be 
averaged out, while the (200) anomaly would be that corresponding to the average 
value of sin?¢. Such an effect could be produced by surface-tension forces if the 
specimen consisted of a number of laminae in random orientation and having a 
thickness of the order of 4 x 10~7cm. (assuming a surface tension of 500 dynes/cm.). 
A specimen in the form of filaments of radius of this order and in random orienta- 
tion would equally give rise to the observed effects. 

It is apparent from this discussion that the results are consistent with a wide 
variety of stress systems, and it might therefore be expected that the stresses in the 
neighbourhood of lattice imperfections such as dislocations or twinning planes 
would give rise to the observed effects. There are, however, two difficulties in 
attributing the results to this cause. First, in the neighbourhood of a lattice 
imperfection there are two regions of equal and opposite stress, and the diffraction 
rings from these would be displaced by equal and opposite amounts: the resultant 
ring would be slightly broadened but would not be displaced. Secondly, it would 
be expected that the neighbourhood of a dislocation would be characterized by a 
strain which would not be sensitive to small traces of impurity, for the essential 
feature of a dislocation is that a group of atoms is displaced through a distance 


- determined by the lattice constant. ‘The stress associated with a dislocation will 


| of course be sensitive to traces of impurity. Now it is found experimentally 
' (compare tables 5 and 6) that the addition of 2:6°% of silver greatly reduces the 


(200) anomaly. This implies a stress which is independent of traces of impurity 


and a strain which is diminished when the lattice is hardened by the presence of 


| foreign atoms. This is. consistent with a surface tension rather than a dislocation 
' origin of the stress system. Another fact pointing in the same direction is that the 


- magnitude of the (200) anomaly is unchanged by annealing, though this is not 
| conclusive as we were unable to use temperatures above 340°C. without risk of 


damage to our specimens. 
A surface-tension origin of the stress system means that the magnitude of the 


(200) anomaly depends on the thickness of the diffracting particles, whereas the 


results of table 5 show that it is very consistent from one specimen to another. 


It is to be expected that particles of a wide range of thickness will be present. 
Particles thicker than a certain amount will contribute little to the pattern owing to 
excessive absorption of the beam. Considerations of mechanical strength will set 
a lower limit to the size of the particles, and also the smallest particles will have 
insufficient scattering power to produce a good pattern. ‘The bulk of the diffrac- 
tion pattern will therefore come from particles of a rather restricted range of 


thickness, and this probably accounts for the consistency of the observed anomaly 


from one specimen to another. 
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A COLORIMETER WITH SIX MATCHING STIMULI 


By R. DONALDSON, 
National Physical Laboratory, Teddington 


MS. received 19 November 1946 


ABSTRACT. ‘The instrument is a modification of the ordinary trichromatic colorimeter. 
The three matching stimuli of the ordinary instrument, the red, green and blue, have been 
increased to six by the addition of an orange, yellow-green and blue-green. The spectral 
energy distribution of the colour being measured is first approximately matched by means 
of a mixture of all six colours before the final colour match is made by varying three of the 
colours only. This eliminates to a large extent the personal error of the observer, and 
allows a large field to be used with a resultant gain in sensitivity. 


§1. INTRODUCTION 

N the measurement of colour there is naturally a tendency to pass from visual 
i to photoelectric methods. ‘This change-over, however, is not taking place 
as smoothly as might be expected. The difficulty is that there has not yet 
appeared a simple photoelectric design which will permit the construction of a 
cheap reliable instrument. There have been two main lines of development— 
the spectrophotometer, and the photoelectric colorimeter employing a spectrum 
template. ‘The former would seem, for the present, to have reached a culmination 
in the Hardy automatic instrument, and the latter, although it has not received 
serious attention for such a long time as the spectrophotometer, has already 

produced two versions of promise (Knipe and Reid, 1943; Winch, 1946). 
When considering the obvious advantages of photoelectric methods, the 
considerable increase of complexity in the apparatus must not be overlooked. A 
photoelectric instrument, which measures colour accurately and quickly, is 
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Figure 4. Plate D/137. 
Sodium chloride specimen. 


Figure 5. Plate D/268. 
Gold-leaf specimen. 


Figure 6. Plate D/258. 
Gold-leaf specimen showing amalgam rings. 


PROC. PHYS. SOC. VOL. 59, PT. 4 (R. DONALDSON) 


NUaaD-MOTTAA ° 


q jueupwungrt stg 
© fq paquase.sda.s st a.myxrm aaryippe oy] 


0-0£ 
% 


“YW JuLUTUN]]I prepurys YM yo}eur ASIoug 7% sins y 


YASUIOARM, 


OL-0 09:0 05-0 ov-0 


OL-0 


sstusuety [e-oedg 


uol 
uorssiusuety, [e.1309dg 


L fetqoadg 


UOISSTUISUBL 


*T9ZOUUTIO[OI OT} VULOTYOT I} Aireutp.10 94} jo SIMo][Oo OINTSTTAT ay oINSL 


A colorimeter with six matching stimuli al 


elaborate and expensive, and there seems little prospect of improvement in this 
direction. ‘The visual instrument is, in general, more robust and requires less 
maintenance. It is consequently suited to the unskilled or semi-skilled observer 
who, once the routine has been learned, can carry on with little skilled supervision. 

There is another natural advantage of visual observation which should be 
mentioned, for it is missed very much when going over to photo-electric 
methods, that is, its sensitivity to low brightnesses. A visual instrument can 
be made to measure practically anything that can be seen. In addition to the 
measurement of filters and reflecting colours with the standard illuminants A, B 
and C, it can deal conveniently with any kind of illuminant and coloured specimens 
under that illuminant. ‘The measurements can be made at ordinary levels of 
illumination, and it is not necessary to arrange for artificially high values of illumin- 
ation to get the desired accuracy. When using direct observation of a tungsten 
filament it is possible to measure even the densest welders’ protective goggles, 
which can reach an optical density of 6. It is for such reasons that visual methods 
cannot yet be regarded as superseded, but still have an important part to play in 
colour measurement. 

In the following design of visual colorimeter two of the main defects of the 
ordinary trichromatic colorimeter have been removed: firstly, the large personal 
error of the observer, and secondly, the lack of sensitivity due to the rather small 
field. ‘These improvements have introduced a little more complication in the 
instrument itself, and also a longer calculation in transforming the results. The 
observational work is reduced, however, so that, as far as the time for a complete 
measurement is concerned, there is an even balance between the two types of 
instrument. 


§2, PERSONAL ERROR OF OBSERVER 


This instrument can be regarded as an extension of the ordinary sphere 
colorimeter (Donaldson, 1935) with three mixing colours. As is well known, 
everyone can get a perfect colour match with three colours, but the settings vary 
with the observer. From the point of view of measurement this is a serious 
defect. Two different observers can, in measuring certain colours, get widely 
different results, although all their observations are closely grouped about their 
respective mean values. The cause of this is the combination of the observer’s 
personal colour-vision characteristics and the differences of spectral energy 
distribution between the colours being matched. ‘The colour being measured has 
in general a continuous distribution, whereas the instrument colour is a mixture 
of red, green and blue spectral bands only. In figure 1 are shown the spectral 
transmissions of the trichromatic instrument filters, which, when illuminated by 
illuminant A, form the instrument stimuli. It can be seen from figure 1 that there 
are big gaps in the energy distribution of the instrument colour. 

In the present instrument three more mixing colours have been added, so that 
these gaps are filled in and the instrument colour is made to resemble more closely 
the colour being measured. A blue-green is inserted between the blue and the 
green, and a yellow-green and orange between the red and the green, this being the 
bigger gap. ‘The filters were chosen to fit into each other as smoothly as possible 
so that the fall in transmission on one side of a filter is counterbalanced by the rise 
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in an adjacent filter. In figure 2 are shown the spectral transmissions of the six | 
filters and also the kind of fit with illuminant A when they are additively mixed | 
together. Figure 3 shows the fit with illuminant B, For other smooth distri- | 
butions, a similar order of fit is obtained. 


Details of the construction of the filters 
Red: Chance OR1, 1:8mm., and Calorex, 3-3 mm. 
Orange: Chance OR2, 2:5mm., Corning 978, 2:°3mm., and | 
cadmium yellow, 0-9mm. 
Yellow-green: Chance OGr1, 2-°8mm., and cadmium yellows, 1-7mm. | 
and 1-4mm. 


Green: Chance OY 4, 2:1mm., and Zeiss BG7, 4-2mm. 
Blue-green: Wratten gelatine filter No. 75. 
Blue: Chance OB 1, 2:'5mm. 


The cadmium yellows are unlisted yellow glasses in common use for signal 
glasses and fog lampsetc. They can be duplicated from Chance’s later catalogues. 
It was found impossible to construct a suitable glass filter for the blue-green 
stimulus. 

With three more mixing colours, there are six controls on the instrument and 
consequently there is no longer a unique setting for each colour match. The 


question therefore arises as to how the controls should be set so that there is:an_ | 


approximate energy match to the unknown colour that is being measured. The _ 
procedure for this is as follows: To set the red stimulus, a red filter of the same 
nature as the instrument filter is held at the eye and the red control is varied until 
there is a brightness match in the field. The process is repeated with an orange 
filter and the orange stimulus, and so on for each of the filters in turn. Owing to 
the slight overlap of the filters we require to repeat the process a second time, 
but very soon a state is reached where the instrument colour is in agreement with 
the colour being measured when viewed through each of the six filters in turn. 
When the controls have been set in this way, there is in general-an approximate 
but not an exact colour match in the field. To get an exact colour match three 
controls only—red, green and blue or orange, green and blue—are adjusted in the 
usual way. ‘lhe amount of adjustment is so small that it does not disturb the 
energy match appreciably. At the matching point, therefore, the observer is only 
asked to discriminate between two colours of nearly the same energy distribution. 
Under these conditions there are no wide differences in the settings with different 
observers, and consequently the personal error is considerably reduced. 


§3. CONSTRUCTIONAL 


The mechanical construction follows very closely that of the earlier sphere 
colorimeter (Donaldson, 1935). The linear scales of the stimuli are produced by 
apertures with sliding shutters and the colour mixing is carried out by an integrating 
sphere as in thatinstrument. The accompanying photograph, figure 4, shows the 
arrangement in the interior of the six-stimuli colorimeter, lamp A, condensing 
lens and apertures B, integrating sphere’C and the photometric cube D. There 
are six rectangular apertures in front of the condensing lens. They are arranged 
in two columns, three on each side, with the sliding shutters opening outwards 
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from the centre. The scales are engraved on the inside of the shutters and read by 
means of lenses and mirrors via the interior of the instrument. The filters are 
mounted on the outside. This is preferable to having them behind the shutters 
because in the outside position they are uniformly heated by the lamp. 

It is important to have a smooth motion on the shutters without backlash. 
Transmission cables in tubes were used for three of the controls but, as they are 
not quite successful, pulleys and strings were fitted to the other three. The latter 


have proved to be quite satisfactory and provide a movement that feels pleasantly 
smooth and direct. 


§4. FIELD SIZE 

The removal of the energy differences between the colours being matched 
allows complete freedom in the choice of field size. In the trichromatic colori- 
meter the 2° field is standard. This size was adopted to ensure freedom from 
Purkinje effect over a large range of brightness and also to be in agreement with the 
standard observing conditions under which the response curves describing the 
colour and luminosity functions of the normal observer have been obtained. 
The practical need for this restriction only arises when there are appreciable 
differences in the energy distributions of the matched colours. 

When the energy differences are: removed or partially removed, as in this 
instrument, there is no need to restrict the size of the field. Large fields are more 
sensitive to colour differences than the small 2° field. A field of 15° angular size 
has therefore been chosen and the Lummer-Brodhun contrast patches have also 
been added. ‘The Lummer-Brodhun field allows the eye to attain practically its 
limit of colour sensitivity. Small colour-differences which can be just seen under 
ordinary viewing always seem to be enhanced in the Lummer-Brodhun field. In 
colour-temperature work an accuracy of + 4% in volts can easily be obtained with 
it. This corresponds to a maximum change of about 0-0005 in the trichromatic 
coefficients. The equivalent of this high discrimination is probably maintained 
over the whole of the colour field. As a result it is almost impossible to get a 
colour match on the instrument that is completely satisfying when looked at 
critically. Sufficient accuracy for all practical purposes can be obtained, however, 
by three or four quite casual matches. Matching casually saves a great deal of eye- 
strain. It is found with the majority of ordinary specimens that the variations 
due to non-uniformity generally tend to be greater than the smallest differences 
discernible in the field, so that as far as colour sensitivity is concerned the Lummer- 
Brodhun field is adequate. 


§5. TRANSFORMATION EQUATIONS 

The results as given by the instrument are arbitrary readings, in terms of 
scale divisions of red, orange, etc. A set of equations is therefore required which 
will transform to the C.I.E. standard reference stimuli X, Y and Z. In deriving 
the equations, two aspects of each mixing colour have to be defined. There is the 
colour quality, or chromaticity, and the amoun: that is present in the mixture. 
The colour quality is found by the usual method of spectrophotometry and 
calculation. The quantities of red, orange, etc., which correspond to a scale 
division cannot be obtained so directly. In the ordinary trichromatic colorimeter, 
these quantities are defined by means of a colour match made with white, usually 
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standard illuminant B. With six colours there are too many to be related to each 
other by colour matching, but they can be related by a series of brightness matches. 
The auxiliary filters used to analyse the spectral distribution of the colour being 
measured also serve as standards for the brightness matches. In this measure- 
ment they are not placed at the eye but in the usual position for the measurement 
of transparent specimens and illuminated by illuminant A. ‘They are of the same 
colour and energy distribution as the respective instrument stimuli so that the 
results are independent of the observer’s colour vision. The transmission of 
each auxiliary filter is known, so the quantitics of the matching stimuli can be 
related to each other and the transformation equations derived. The transform- 
ation equations are six in number, and a typical example is as follows : 


R= 1-847X+0-696Y + 0-000Z 
O =11-387X + 5-933 Y +0-005Z 
YG= 5-943X + 8-031Y +0-073Z 
G= 0-730X +3-360Y +0-4352 
BG= 0-200X +0-849Y + 1-652Z 
B= 1:167X+0-197Y + 6:231Z 


The quantities R, O, etc., refer to one unit of each of the matching stimuli, one 
scale division of red, orange, etc. The right-hand side of each equation is pro- 
portional to the trichromatic coefficients defining the chromaticity of the instru- 
ment stimulus. ‘The proportions are such that the ratios of the coefficients of Y 
are as the relative luminosities of one division of red, orange, etc. "The method of 
using the equations is the same as that for the ordinary trichromatic transformation. 

There is one important difference, however, between sets of equations derived 
in this way and by the method used in the trichromatic colorimeter, i.e. the white 
is no longer automatically given the correct value. ‘The measurement of white is 
the same as for any other colour, and small experimental errors may appear in it. 
When measuring colours close to white, we can take advantage of the readily 
available standard, magnesium oxide, and use the instrument as a differential 
colorimeter to measure the difference between the standard and the near-white. 
This difference, if small, will be free from any systematic error due to the instru- 
ment. 


v 


§6. ACCURACY. 


The ideal measuring instrument should give results conforming to the 
average observer when used by ordinary observers having the usual variations in 
colour vision. ‘These variations should not be capable of seriously upsetting the 
instrumental results. As the spectral energy matches in this instrument are never 
quite exact, the residual differences may cause some slight variation with observer. 
There are also the experimental errors in the determination of the constants of 
the instrument, e.g. in the colours of the filters, in the brightness matches required 
for the derivation of the transformation equations and in the setting of the tem- 
plates controlling the linearity of the matching stimuli. All these factors taken 
together seem to have a greater influence on the experimental error than the chance 
variations in matching, which are very low on account of the high sensitivity of the 
Lummer-Brodhun field. This is shown by the fact that the repetition by a 
single observer is often better than the agreement with the normal observer. 
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It is also noticed sometimes that observers show a bias in a given direction with 
certain colours. This would seem to indicate that colour-vision variations are 
no longer the most important factor reducing the accuracy. There are the small, 
residual errors, due to the system of shutters and templates, and (what is probably 
more important) those due to the use of glass filters. Filters are never strictly 
uniform. ‘They show variation in colour over their surface, and it needs very 
careful selection to keep this down to negligible proportions. Our experience of 
the instrument has shown that for the majority of colours the personal error of the 
observer has been reduced to the order of those inevitable errors arisingfrom the 
mechanical construction of the instrument. 


—— : L J 
Figure 5. Errors in colour-measurement. Figure 6. Errors in colour-measurement. 
Yellow Blue-green 
0-6000X + 0:3993Y + 0-0007Z 0:1918.X + 0:3976Y + 0-4106Z 
X 6-stimuli instrument. X 6-stimuli instrument. 
© 3-stimuli instrument. © 3-stimuli instrument. 
- - - - MacAdam ellipse. - - - - MacAdam ellipse. 


In figures 5 and 6 are shown comparisons with this instrument and the ordinary 
trichromatic colorimeter of measurements made with two coloured filters, a 
yellow and a blue-green. ‘These results refer to three observers and have been 
obtained at various times in the course of testing trichromatic colorimeters and 
the measurement of signal colours on the six-stimuli instrument. ‘The origin of 
co-ordinates is the calculated colour of the filter. "To give some indication of the 
colour sensitivity in these regions of the colour chart the MacAdam (1942) ellipses 
on a scale of three times the standard deviation have been sketched in. ‘The 
ellipses represent a just noticeable colour difference. ‘The improvement of the 

-six-colour instrument over the three is very marked for these colours. 
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This instrument has been in service for some years now and it has been found | 
that in general its accuracy with other colours is of the same order as shown on the | 


diagrams. 
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ABSTRACT. Statistical tests on the recognition of colour were made during 1938-39 
to find the range of colours which would be best for aviation signals. Seventy-three colours 
were seen aS point sources and viewed by binocular foveal vision, with dark-adapted eyes 
against a dark background, by nine observers of normal colour vision. ‘The results were 
plotted as recognition contours, for eye illuminations of 1 mile-candle and 2 mile-candles 
respectively, on the x, y colour diagram for the colour categories red, yellow-orange, 
green+ blue, and white. The results indicate that yellow-orange is the least satisfactory 
colour group for signals of low illumination. A modification is suggested to the specification 
for “‘ aviation white ” to avoid the risk of confusion with yellow-+ orange. 


§1. INTRODUCTION 


CHARACTERISTIC feature of a coloured light signal is that its colour 
becomes less pronounced as the illumination of the signal at the observer’s 


eye is reduced, and may disappear entirely before the limit of visibility is 
reached, so that at low values of illumination the chance of confusion between 
colours is increased. This effect is more marked with the paler or less saturated 
colours. In choosing colours for long-range light signals it is therefore necessary 
to select those colours which are the most recognizable when seen as point 
sources of low illumination. The choice of coloured signals has always been 
based on accumulated experience with particular colours, but it was thought, 
during the years before the war, that systematic data should be obtained on the 
recognition of coloured point sources in order that the full range of possible 
colours might be known. Data of this kind were obtained at the Royal Aircraft 
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Establishment during 1938 and early 1939 in an endeavour to find the best colours 
for aviation signals but, owing to the war- time restrictions, these data could not be 
published until now. Thus, although the data are not recent, they are new in the 
sense that they have not previously been published, and they are presented in 
the present paper in the belief that they may still serve as a contribution to the 
knowledge of colour recognition. 

The tests here described were made with binocular foveal vision under 
conditions closely related to those under which aviation signals are usually observed 
but, in order to obtain consistent data which could be compared with those of 
other investigators, the conditions were idealized and closely controlled. 

The background brightness was fixed at about that of starlit sky, the effects 
of atmospheric absorption were eliminated, and the tests were confined to the five _ 
groups of colour which are usually used for aviation signals, viz., red, yellow and 
orange, white, green, blue. Of these colours, blue is normally used only as a 
‘short-range signal, but the remainder are long-range colours. It was decided not 
to attempt to separate yellow recognition from orange because it seemed unlikely 
that this could be done satisfactorily at low values of eye illumination. Nor was any 
attempt made to obtain recognition figures for purple, which is known to be 
unsatisfactory at long range. me 


92> THE PROBLEM 


The recognition of a coloured light signal is a subjective reaction which in 
general cannot be predicted absolutely for a single observation, even for the average 
observer, but which can, however, be expressed as a probability for a single 
observation. For instance a particular signal, seen 100 times by an average 
observer under certain conditions specified, might be judged to be red 85 times, 
yellow 10 times, and white 5 times. The particular colour would therefore be 
recognized as red on 85% of the observations, and would have an 85%, probability 
of being recognized as red on any single observation. Such a colour may be 
defined as having a red recognition of 0-85 under the specified conditions of 
observation. ‘The basic problem in obtaining recognition data is thus a statistical 
one, and it was this consideration which governed the arrangements for the tests 
here described. 

It was evident that a large number of observations of each signal would be 
required, and that each observation must be an independent one, unprejudiced by 
the judgment made on any previous observations of the same signal. ‘The best 
solution to this problem appeared to be to present a succession of coloured signals, 
in random sequence, to an observer who was required to place each colour in one of 
a number of specific colour categories, and to repeat the process until sufficient 
observations were made. This method is similar to that used by McNicholas 
(1936) in a series of tests on signal glasses to determine the best set of six colours for 
use in a system of railway signals. 

Some additional requirements had considerable influence on the apparatus and 
methods used. These were that the colours of the test signals should be spread as 
widely as possible over the colour diagram, that a number of normal observers 
should participate to an equal extent, that each signal should be observed a large 
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number of times by each observer, and that random errors should be reduced by | 


strict control of test conditions. 


§3. THE COLOURED SIGNALS 


The production of a large number of coloured point-signals, adequately |} 
spread over the possible range of colours, presented difficulties. A sufficient | 
number of different single filters was not available, and the scheme of mixing 
coloured lights in various proportions was therefore considered. ] 

The principle of the trichromatic colorimeter offered attractive possibilities 
both for the production of an adequate range of colours and for simplicity of |) 
control. The theoretical and experimental bases of the trichromatic theory have 
been clearly and adequately stated by Judd (1930) and Guild (1931) and sum- | 
marized by Stiles, Bennett and Green (1937) and others, and are too well known to} 
need further discussion here. 

Three filters were chosen having, in conjunction with a standard illumirant, |} 
colours R, G, B, spaced widely over the colour diagram in figure 1. Light from |] 
these three filters was mixed in a diffusing sphere having a window covered by a 
pinhole. The quantity of light through each filter was controlled by means of | 
a shutter and the colour and intensity of the illumination on the pinhole could | 
thus be varied within wide limits. It will be clear from figure 1 that any colour 
C within the triangle RGB could be produced at the pinhole. 

It was however found that. this method of producing coloured point sources. 
failed because, due to chromatic 
aberration in the eye, the component 
colours of the mixture were separated, 
and the apparent colour of the point 
was entirely changed. For instance, 
if the proportions of the primary 
colours were arranged to give what 
appeared a good white when the 
sphere window was viewed at short 
range, then, at long range, the pinhcle 
appeared as a red point surrounded 
by a green-blue halo. It is clear that , 
the light produced by mixing the 
three colours in the way described 
has a spectral composition which may 
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be entirely different from that of light x 
from a single filter of the same colour Figure 1. Colour diagram on 1931 I.C.I. 
as the mixture. It was thought that etandar dl) Teterence svete pas 


: ; method of obtaini ] ixt ; 
satisfactory results would be obtained Ee ate ee 


only if the spectral composition of the light used for the coloured point source was 
similar to that of the light tein asingle filter and light-source combination of the 
same colour. 

The trichromatic method of producing coloured point sources was therefore 
abandoned and the alternative hue-and-saturation method was tried. Anumberof _ 
filters was obtained whose colours, in conjunction with a filament lamp, were 
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represented by points as near the boundaries of the colour diagram as possible. 
Light from any one of these filters was mixed with white light in the diffusing 
sphere already referred to, and the mixture used to illuminate a pinhole. By 
varying the proportions of colour F and white W, a large range of colour mixtures 
C was made available (see figure 1). 

The spectral distributions of such mixtures are similar to, though not identical 
with, the distribution of light from a single filter of the type encountered in practice. 
No difficulty due to eye aberration was experienced in viewing point sources 
formed in this way, and it was decided that, since the spectral transmission of the 
filters used was specified (1938), and since the spectral energy distribution of the 
point sources could thus be calculated if desired, recognition tests could usefully 
be made. 


§4. DESCRIPTION OF APPARATUS 


It was clear that, as a very large number of separate observations would be 
required, great care would have to be taken to ensure consistent reproduction of 
each signal and to avoid tiring the observers. The test apparatus was therefore 
designed with a view to ensuring the accurate presentation of each colour, and 
rapid change from colour to colour. 

The apparatus is represented in diagrammatic form in figure 2. The coloured 
filters were mounted on a vertical disc (2), and light from the lantern (1) passed 
through a filter and the clear glass sheet (3) into the diffusing sphere (5). The 
light source consisted of a 200-v , 500-w. class Al projector lamp backed by a plane 
silvered-glass mirror. The filter disc was arranged to rotate and was provided with 
a ratchet so that any desired filter could be quickly and accurately brought into 
position. The “ white light” source (4) consisted of a 12-v., 60-w. motor-car 
type lamp, also backed by a plane silvered-glass mirror. The light from this. 
source was reflected from the clear glass sheet into the diffusing sphere for mixing 
with the coloured light. Each lantern was arranged on slides along its light axis 
and was provided with an index and calibration scale, the two sets of slides being at 
right angles. 

The details of the diffusing sphere are shown in figure 3. The light entered 
the sphere through the larger opening and was prevented from passing right 
through by one central flat screen. ‘The inside of the sphere and the screen were 
silver plated, polished, and then coated with a uniform layer of magnesium oxide. 
The coloured and white lights were completely mixed inside the sphere, and the 
composite light emerged from the smaller opening of the sphere, outside which was 
placed a pinhole of 0-0496 inch diameter. 

The pinhole, which acted as a luminous coloured point source, was viewed by 
the observer seated at 24-5 feet distance. ‘The position of the observer’s eyes was 
fixed by a binocular eyepiece which could be adjusted to suit the distance between 
the eyes, and which did not restrict the pupil. 

The wide range of transmissions of the filters used for the tests necessitated the 
provision of a variable sector disc (7), figure 2. The point source was made 
visible to the observer by means of a rotary shutter on the flasher unit (8), which was 
controlled electrically and arranged to give a single flash of definite duration. 
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It was found desirable to provide a means of focusing the observer's eyes on 
the correct spot before the flash of the point source occurred. If this was not 
done, a considerable part of the flash was wasted while the eye searched for the 
point and then focused on it. Accordingly light from a 12-y., 4-w. lamp (10), 
operating at 8 volts, was allowed to fall on the black surface of the flash shutter for 
about 14 seconds immediately prior to the flash. This preliminary light appeared 
to the observer as a dim area of illumination covering the aperture in the screen (9) ; 
the angular diameter of the area was about 15 minutes of arc, and its brightness of 
the order of 0-0005 candles per square foot; this was found to be very suitable for 
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Figure 2. Arrangement of apparatus for Figure 3. Diffusing sphere. 


colour-recognition tests. 


the purpose and formed an essential part of the test apparatus. The preliminary 
light, because of its low brightness and of its dissimilarity in character from the 
main signal, did not prejudice the observer in his opinion of the colour of the 
point source. As an additional help to the observer, a warning gong was sounded 
once about 4 second before the preliminary light appeared. The sequence was 
initiated by a push button and operated through a system of relays controlled by 
cam contacts on the flasher motor. 

The tests were made in a photometric dark room, the black walls of which 
formed the general background of vision. Screens were placed as shown in 
figure 2 to intercept stray light from the test apparatus. 


§5. CALIBRATION OF APPARATUS 


Wratten light filters were used, consisting of 2-inch squares of coloured 
gelatine sandwiched between two clear-glass plates. During the tests there was no 
spectrophotometer available, and the properties of the filters were therefore 
calculated from the wavelength-transmission data published by the Kodak 
Co. (1938) and, in addition, were measured by visual photometry. 

The total transmissions of the filters were measured by a flicker photometer, 
and the values were checked by comparison with standard filters on a Lummer- 
Brodhun contrast head. The colour coefficients were measured by means of a 
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Donaldson colorimeter. All these measurements were made by several observers 
whose results were averaged. 

More recently the wavelength-transmission characteristics of the filters were 
measured by means of a photoelectric spectrophotometer, with the exception of 
No. 22, which had been so measured for threshold experiments soon after the 
conclusion of the present tests, and No. 23, which was no longer available. The 
measured spectral transmission values are given in table 1, together with certain 
additional data from the Kodak specification. From these measured values the 
total transmission and the colour coefficients were calculated for each filter fora 
2848° K. source. 

Table 2 gives a comparison of the filter properties obtained (a) by calculation 
from the Kodak specification, (b) by calculation from the spectrophotometric 
measurements, and (c) from the visual photometry. It will be seen that a very fair 
measure of agreement on colour exists among the three sets of data and, for most of 
the filters, the x, y coordinates of each set lie within + 0-005 of the mean. The 
chief exceptions are filters 34, 47 and 63, whose precise colours are therefore in 
doubt. 

In view of this general agreement, and in spite of the lapse of time, it seems 
reasonable to assume that the measured spectrophotometric data are a fair repre- 
sentation of the filters at the time of the tests. The x, y coefficients given under (4) 
in table 2 have therefore been used to plot the test results on the colour diagrams 
except in the case of filters 23, 33,45 and 73. For these four filters the coefficients 
given under (a) have been used because they agree more closely with the visual 
measurements under (c). For the sake of completeness the Kodak data for these 
four filters are included in table. 1 

In the absence of other data the transmission values obtained by visual photo- 
metry were used to calculate the lantern adjustments, etc., for each particular 
signal (see §7), but in any case the visual data, which were obtained by careful 
measurements, may be regarded as the most reliable assessment of the transmission 
values at the time of the recognition tests. ; 

The 500-watt and 60-watt filament lamps, used as light sources in the coloured 
and white light lanterns respectively, were calibrated for 2848° k, colour temper- 
ature by matching with an N.P.L. standard lamp on a Lummer-Brodhun head. 
The lamps for the transmission and colour measurements were similarly calibrated. 

The scale of each lantern was calibrated for white light in terms of the illumin- 
-ation at the observer’s eyes. To do this the pinhole was removed and the bright- 
ness of the output window of the diffusing sphere was measured, for various 
positions of the lantern, by means of an illumination photometer. It was calcu- 
lated, from the diameter of the pinhole and the distance of the observer’s eyes, that 
an eye illumination of 1 mile-candle would require a brightness of 1-60 candles per 
square foot in the sphere window; thus a calibration curve of eye illumination 
against lantern position was obtained. ‘The illumination photometer was itself 
calibrated by an N.P.L. standard candle-power lamp on a photometric bench. 

Both the colour temperature and the illumination scale of the lamps were 
checked from time to time during the course of the tests. The diffusing sphere 
was twice cleaned and re-coated with magnesium oxide, and it was also found 
necessary to renew the silvered-glass mirror in the coloured-light lantern. 
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§6. CONDITIONS OF EXPERIMENT 


When giving the results of photometric, colorimetric and other tests involving 
visual observation, it is desirable to state the precise conditions under which the 
observations were made. The conditions under which the recognition measure- 
ments were made are therefore summarized here. 

Two series of recognition tests were conducted, the first at an eye-illumination 
of 1 mile-candle and the second at an eye-illumination of 2 mile-candles. The 
point sources were viewed by binocular foveal vision, with dark-adapted eyes, 
against a dark background for a period of 14 seconds. The angular diameter of 
the point source was 0-6 minutes of arc. The general background brightness was 
about 0:0001 candles per square foot, or of the order of brightness of a starlit sky. 

The various colours were shown in succession in random sequence; there was 
an approximately equal number of each class of colour so that no class was unduly 
emphasized. During the tests each colour was seen alone and could not be 
contrasted with any other light. The tests were performed by nine male observers 
who were considered, from the results of certain transmission measurements and 
colorimeter tests, to have normal colour vision. ‘The observers were tested by the 
Ishihara colour charts and all classed as normal. ‘The age groups of the observers 
are shown in table 3. 


Table 3. Age groups of observers 


Age: 20-24 25-29 30-34 35-40 >40 Average: 30 
Number : 3 2 : 2 1 1 Total : 9 


§7. EXPERIMENTAL PROCEDURE 

Seventeen coloured filters were used, and from these, by the addition of white, 
a total of 73 colours was produced. Eachcolour was identified by the number of the 
Wratten filter followed by a letter representing the degree of relative saturation of 
the colour as compared with the pure filter colour. The settings of the two 
lanterns and the adjustment of the variable sector disc were calculated for each 
colour. ‘These settings, together with the identification number and letter of the 
colour, were written down on small index cards, there being one card to each colour 
and eye-illumination. ‘The two series of 1 mile-candle and 2 mile-candles were 
taken separately and each series was divided into two groups to avoid tiring the 
observers. The cards in a group were shuffled before each test to preserve a 
random sequence. ms ; 

The procedure in carrying out a test was as follows. The observer was allowed 
to get dark-adapted (usually about 10 minutes was sufficient for this), then, having 
adjusted his eyepiece, he observed each colour in turn. The observer was re- 
quired to say, after each flash, what colour he considered the signal to be, the choice 
of colour being restricted to the following five categories: red, yellow or orange, 
white, green, blue. A definite decision was required on each observation, and no 
repetition of a colour was permitted unless the observer failed to see the signal 
because he blinked or was out of position. After each observation the operator 
readjusted the apparatus in accordance with the settings indicated on the next 
card. An assistant kept the voltage on the lamps at the correct settings, and also 
recorded the identification number and letter from each card together with the 
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colour category named by the observer. The tests were repeated from day to day, 
over a period of nine months, until each colour had been seen by each observer 
20 times, and in the case of the first group 30 times. The alternative designation of 
yellow or orange was permitted because some observers experienced a psycho- 
logical reluctance to be limited to yellow. In assessing the results all yellow and 
orange designations were taken together. 


$8 EXPERIMENTAL RESULTS 
The observations recorded during the tests were sorted and tabulated for each 
colour. ‘Table 4 shows this tabulation in the case of colour 31G. The successive 
readings of each observer are given, together with his total number of recognitions 
in each colour category. The results are added for all the observers and the per- 
centage recognition evaluated. ‘The symbol Y in the table includes both yellow 
and orange designations. 


Table 4 
Recognition record for colour 315G, 
Eye illumination 2 mile-candles 
Filter saturation 0,6 
Observer Recognition 
L.N.B. TRY TRS TRY RR NE IRR NE TRS ME TRS UP TRE TRE NE RR URE IRE EIR WE NY 
Ba. C. STR, METRE NO OAIOIRE TRS TR WAVE NINES NCIC SC NE 
NEC. C. HER TRE ME TRE ETRE IRR TBR IRR IRE |] NTRS IRR TRS IRR OR, WON IRR 
‘5, [Bly Gates | EVE NE BE NOSED NEE SOG EECA CM NG WE MAG 
HN. G. Ye IR We WYSE NOONE NE ARE TNE TRA TRE TR MIRE IRR TR IRR 
DS), TES Gee TRE, |] Re ONE NTRS NETRING IRR IRS MC IRR IRENE IRN TRS 
Re bee. TRL IRE TRE TRS TRL TRS IRS IRR TRE NE |] IRS TRS URN TRE TRS TRE TRS IRR TRL IRR 
1D), 1835 IMISUEC | TR TRS TRE TRE TRY TRE BRR IRE TRE TER [TRE ARR TRE IRE IRS IRL ARE TR TRU IRR 
J.W.S. JRE TRL IRR IRR TRE TRL TRE TRE TR PURE METRE TRE NE IRE TRE IRR IRE TR 
Total 
Percentage 


The percentage recognitions thus found 
were plotted as ordinates against the relative Filter Ne45 oumilereandles 
saturation, S, as abscissae, one set of curves 


being plotted for each filter at each eye illu- * s 

mination. Figure 4 shows the set of curves S ia 

for filter No. 45 at 2 mile-candles illumina- nf & & ) 

tion. S | 
Interpolation on the above curves en- 2 

abled recognition contours to be plottedon 2 %, 

the colour diagram. In a few cases the ae 

highest recognition required a relative Xo, Yay, 

saturation greater than unity, and extra- ; | 

uy . 0 0-2 0-4 0-6 0-8 10 

polation of the curves was made in these Peuive oaltratinn 

cases; the resulting points on the contours Rates eakiee ae noes 

lie between the pure filter pes and the recognition curves. 


spectrum locus. 
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The method of calculating the colour coefficients corresponding to a given | 
relative saturation of a filter is a particular case of the general problem of calculating }} 
colorimetric purity which has been analysed by Judd(1931). It can be shown |p 
that, referring to figure 1, if ,, ¥,, %, are the coefficients of the white 
point W, x, y, 2, are those of C, and xy, yy, 2, those of F, then 


x= Pea (LSP) a er (ee) 
and VE Vio, | ne eee (2) 
where VP=14+/8=1)yay5,° 9) ee (3) 


and where Sis the relative saturation of the filter as definedin§7. ‘The quantity P, 
given by equation (3), is the ratio of the distance CW to the distance FW, and may. 
be termed the relative excitation purity. 


§9. DISCUSSION OF RESULTS 


The tests which have been described produced a total of 30,420 observations 
taken over a period of nine months. The results have been summarized in the 
form of colour-recognition contours plotted on the standard I.C.I. colour diagram 
in figures 5 and 6, for 1 and 2 mile-candles, respectively. 

The data should be strictly applied to signals having the same spectral-energy 
distribution as those used for the experiments, but it seems improbable that 
recognition can be critically dependent on spectral-energy distribution, and such 
isolated rough checks as have been possible suggest that a wide variation of spectral 
distribution has a relatively small effect on recognition. It therefore seems 
reasonable to apply the present results to the coloured signals which are used in 
practice, but further experimental data are required to confirm the validity of this 
procedure. i 

It was found that green and blue signals could not be distinguished from one |} 
another with any certainty at the low illuminations used for the tests. It is clear ]) 
that green and blue would not be suitable for use as two separate signal colours at |] 
long range. The recognition values of green and blue were therefore added to J} 
obtain recognition contours for a single signal colour called green + blue in figures 5_ | 
and 6. ‘This procedure does not imply any new restriction on the choice of signal |) 
colours in practice, as blue signals (i.e. signals which appear blue at short range) are _|]] 
in any case unsatisfactory at long range because the eye has difficulty in focusing Hl} 
them and because, owing to the low luminosity of blue light, blue filters have low |] 
transmission values. | 

A noticeable feature of the results is that the points plotted in figures 5 and 6 | | 
readily form smooth contours for the green+ blue and for the white, but are not | 
satisfactory for the red group. In the case of the yellow + orange group the points | | 
were so scattered that it was thought best to draw the nearest smooth curve through | 
them. ‘The importance to be attached to the yellow + orange contours is therefore 
considerably less than to the contours of the other colours, and this is emphasized 
by the fact that the highest yellow recognition point available was 80% at 2 mile- 
candles and 70% at 1 mile-candle, as compared with 100° for green +blue and 


red. It is concluded that yellow + orange is the least satisfactory group for a 
signal colour at low illumination. 
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In view of the poor recognition of the yellow+orange group it would be 
expected that it would be very difficult indeed to obtain orange as a separate group. 
This was in fact the experience during the tests. 

Lines representing the limits defined in B.S.S.563/1937 (see Appendix) for 
aviation colours have been drawn. It will be seen that the areas thus defined are 
areas of high recognition except in the case of white, which extends into the region 
of yellow recognition. It appears that the specification for aviation white was 
framed so as to include the paraffin flame, but there seems to be little justification 
for this and, in view of the danger of confusion with yellow, it is thought that the 
specification should be amended so that, instead of “x not greater than 0-540”, 
it should read ‘‘x not greater than 0-477”. Filament lamps operating at colour 
temperatures down to 2500°K., including all the lamps usually used for aviation 
purposes, would thus fall within the specification. 

If it be assumed that 80°% or higher recognition is satisfactory, there is a con- 
siderable area of satisfactory green + blue recognition outside the B.S. specification. 
This additional area is, however, nota useful area because of the practical objections 
to blue signals already mentioned. ‘There is also a large area of high red recogni- 
tion outside the specification, but if the specification were extended to cover this 
area, which lies in the blue direction, the short-range appearance of the colours 
might be unsatisfactory. Itis clear that any extension of the red specification along 
the spectrum in the direction of shorter wave-lengths would be unsafe. 

The data presented in the contours of figures 5 and 6 were obtained under 
conditions where atmospheric absorption has no appreciable effect on the results, 
and where no searching of the field of view was required. No precise data are yet 
available on the change of colour of light transmitted through hazy atmosphere, 
or on the influence on recognition of searching the field for the signal. The 
comparison with the B.S. specification for aviation colours has not therefore taken 
into account these two factors. 

The effect of increasing the illumination at the eye from 1 to 2 mile-candles is 
not anywhere very great. ‘The greatest effect is noticed inthe green + blue region, 
where the recognition is raised about 10%. The deep blue, white (on the purple 
side), and red (except spectrum reds) are unaffected. It seems likely that further 
increase of illumination would not give a proportionate increase of recognition 
except possibly in the case of the yellow + orange group. It also. appears that small 
errors in the adjustment of the intensity of the signals will not have had an 
important effect on the results. 

All the purples used in the tests appeared red when seen as point sources, the 
usual dichromatic characteristic of purple point sources being absent. 

Tests were made to determine whether a flash period longer than 14 seconds 
would affect the results. No change in recognition could be detected. The 
recorded results were studied closely to discover whether the results of test 
depended on the order in which the observer viewed the colours. No such 
dependence could be detected, and it was concluded that any given observation was 
unaffected by the previous observation. 

It would naturally be of the greatest interest to compare the data of the present 
paper with the results obtained by other investigators. ‘There are two other sets of 
published results which were obtained by somewhat similar test methods and 
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which might be taken for comparison. The recognition tests of McNicholas 

have already been referred to. Another series of tests was made at about the 

same time as the present tests and subsequently published by Holmes (1941), | 
The results obtained by McNicholas in his tests unfortunately suffer from two | 


Spectrum locus (1.C.I. standard observer) 
Aviation green 
Green + blue recognition 


Aviation white 
Planckian locus 


Filter colour 
x Test result | 
- - - Boundary of aviationcolour} ||) 


0 0-4 a — 03 0-4 05 0-6 0-7 0-8 |] 
Figure 5. Colour-recognition contours for 1 mile-candle point sources. 


limitations: first, the results represent the average recognition of signals whose 
illuminations range from 0-40 to 6-2 mile-candles in one series of tests, and between 
still wider limits for other series; and second, only a single line is given for each 
colour category instead of an area of recognition as in the present tests. It is 
therefore difficult to compare the results of the present tests with McNicholas’s 
results. It is, however, of interest to note that he finds that green and blue are not 
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easily distinguished, a conclusion which is in agreement with the results of the 
present tests. 

Holmes’s tests were made with an apparatus of excellent design, and had the 
advantage that 256 coloured signals were used. Unfortunately these tests also 
suffer from a severe limitation: it is that each signal was seen no more than three 
0-9 
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times by each of six observers. Since most of the signals were likely to be recog- 
nized, at least occasionally, in three or more of the colour categories, it is clear that 
three observations per observer are quite insufficient to yield statistically significant 
results. The large number of signals used does not compensate for this deficiency. 
It is therefore not surprising that, while a general similarity with the present 
results exists, there is no detailed concordance. 
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APPENDIX 
Aviation colours (B.S.S.563/1937. Appendix A) 

a y a 
Aviation red — <0-335 < 0-002 
Aviation yellow — 0-402 to 0-430 < 0-007 
Aviation green < 0-230 > \. : 7 

<y=0-170f > 0-385 

Aviation white 0-350 to 0-540* a = 


* | x—y | < 0-01, where 9 is the y-coordinate of the Planckian radiator for which xp=x. 
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ABSTRACT. Measurements were made during 1939-40 to determine the effect of back- 
ground brightness on the recognition of aviation light signals. White, yellow, red, and 
green point-source singals were observed by monocular foveal vision against a white 
background whose brightness was vatied from 10-° to 2-6 x 102 candles/sq. ft., a range of 
brightness from less than that of a starlit sky to that of a clear noon sky 20° from the sun. 
From the results of repeated observations of these signals curves were drawn showing 
the chromatic and achromatic thresholds and also the photochromatic ratio of the four 
colours as functions of background brightness. The curves were drawn for 50% 
recognition, and it is estimated that the thresholds for reasonable certainty of recognition 
are from three to five times those given. It is concluded that yellow is a comparatively 
unsatisfactory colour at both very low and very high background brightnesses. 
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§1. INTRODUCTION 
T has been found that, when observing coloured light signals which are near 
the limit of visibility, the minimum signal intensity at which it is possible to 
recognize the colour of the signal is, in general, higher than the minimum 
intensity at which it is possible to detect the presence of the signal. That is to say, 
if the intensity of a signal be progressively reduced, the colour of the signal will 
disappear before the signal is lost to view. The intensities at which the colour 
of a signal ceases to be recognizable, and at which the signal ceases to be visible, are 
known as the chromatic and achromatic thresholds respectively, and the ratio of 
these intensities is called the photochromatic ratio of the signal. ‘The threshold 
values and the photochromatic ratio are functions of the brightness of the back- 
_ ground against which the signal is observed. 
The threshold intensities of light signals are not sharply defined values, below 
_ which the signal is never seen and above which it is always seen. There is a range 
of intensities over which the signal will sometimes be recognized, sometimes be 
seen but not recognized, and sometimes not be seen at all. There are thus several 
ways of defining the threshold values, and we might, for instance, define the 
_ achromatic threshold either as the intensity below which the signal will never be 
seen, ora;the intensity above which the signal will always be seen. Unfortunately 
these definitions, admirable in theory, do not lead to specific values in practice, 
and it is therefore more convenient to define the achromatic threshold ata particular 
background brightness as the intensity which will make the signal visible on an 
average of 50° of the occasions on which observation is attempted. Similarly, 
we shall take the chromati : threshold as the intensity at which the colour of the 
signal will be correctly recognized on an average of 50°% of the occasions on which 
observation is attempted. 

Some data are already available on chromatic and achromatic thresholds of 
monochromatic visible radiations against a black background, but only for test 
lights of appreciable angular size. ‘These data have been summarized by Stiles, 
Bennett and Green (1937). In the absence of any data for point-source signals, 
tests were made at the Royal Aircraft Establishment during 1939-40 to determine 
the thresholds of aviation light signals. ‘The results of these tests, which could not 
previously be published owing to wartime restrictions, are given in the present 
paper. 

When dealing with point-source signals it is convenient to refer to the illumin- 
ation at the observer’s eye rather than to the intensity of the signal. All thresholds 
are therefore given as values of eye illumination in mile-candles. 
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The determination of the threshold values was made by repeated observations 
of a series of signals, in a manner similar to that used by the author to measure the 
colour-recognition values of coloured light signals (1947). 

The method was to fix the background at a particular brightness and then to 
present a succession of signals in random sequence to an observer who was required 
to place each signal in one of a number of colour categories or, if he failed to observe 
the signal, in the category “nil”. The signals were of four colours, white, yellow, 
red, and green, and there were signals of several values of eye-illumination for each 
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colour. The signals were repeated many times and observed by a number of 
different observers. The average recognitions of the various colours and of “nil” 
were plotted, and from the curves the chromatic and achromatic thresholds for the | 
particular background brightness were obtained. 

The tests were repeated at various values of background brightness from 
complete darkness to a value of brightness equivalent to that of the clear noon sky | 
about 20° from the sun. Care was taken to maintain the background at the same | 
white colour throughout the series of tests. 


§3. DESCRIPTION OF APPARATUS 


It was necessary to arrange for point-source signals to be observed in the centre — 
of a bright background, and to ensure that the colour and intensity of the point | 
source could be changed rapidly and accurately so that a regular succession of J, 
signals could be seen by the observer. A smooth presentation of the signals 
greatly relieves the observational strain in this type of test and thus leads to more 
reliable results. 

(a) Optical arrangement 

The general arrangement is shown 
diagrammatically in figure 1. The “ point 
source’’ consisted of a 24-volt, 36-watt 
filament lamp, with a compact coiled-coil 
filament, mounted ina matt black screening 
box. ‘Two such point sources were fitted, 
one for direct vision and the other to be 
seen by reflection at 45° in a clear glass 
optical flat; a ten-to-one ratio of intensity 
was thus obtained. <A further range of 
intensities was obtained by means of a 
stepped variable sector disc giving eight ied 
values of transmission from 0:5 to 100%. 
Either of the filament lamps could be 


exposed to view by means of solenoid- 

operated shutters, and three coloured filters iE 

were provided so that white, yellow, red or Filament ” ie in 
green signals could be produced. The Detail paper : ass 
filament lamps were selected so that the 
maximum dimension of the light source, 
including bulb reflection, was not more 
than 0-1 inch. 

The point-source signal was viewed by monocular vision by an observer seated 
132-8 feet away. The point source therefore subtended an angle not greater than 
0-25 minutes of arc. 'The observer’s eye was located by means of a rubber eyepiece, 
but was not restricted by an artificial pupil. The background, which was super- 
imposed on the signal by reflection from a clear glass optical flat, consisted of two 
sheets of detail paper spaced about 2 inches apart and illuminated from behind by 
afilamentlamp. The background was viewed through a condenser lens placed so 
that the observer’s eye was at the focus of the lens, and the observer saw an image 
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Figure 1. Arrangement of apparatus 
for threshold measurements. 
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of the bright detail paper at infinity. With this arrangement there was no diffi- 
culty in focusing the eye on the point-source signal. The bright field, which was 
bounded by the periphery of the lens, was circular and subtended 45° at the 
observer’s eye. 

As a help to the observer, and in order to stabilize the test results, four 
fixation points (not shown in figure 1) were placed at the corners of a square, of side 
subtending 1°-5 at the eye, and the signal appeared at the centre of the square. 
The fixation points were just bright enough to be seen with certainty above the 
background brightness. The whole apparatus was carefully screened to prevent 
stray light disturbing the observations. 


(b) Operational arrangements 

In order to secure rapid setting of the coloured signal, the variable sector disc 
was mounted on a sliding carriage whose position was varied by means of a D.C. 
motor controlled by a relay circuit and a set of position-selecting switches. The 
coloured filters were mounted in pivoted holders which could be swung in front of 
either of the signal filament lamps by moving three-position levers. Each lever, 
in addition to placing the corresponding filter in position, also closed a contact in 
series with the appropriate shutter solenoid. 

The sector-disc and filter settings having been made, the signal was presented to 
the observer through a timing circuit, controlled by an electrically maintained 
pendulum of I-second period. The pendulum contacts operated ona 3-second cycle 
in such a way that, when the push button had been pressed, a single-stroke gong 
warned the observer, the shutter opened for about 2} seconds, then closed, and 
finally the relays were returned to rest ready for the next signal. It was found that 
a new signal setting could be prepared within 3 seconds, so that a continuous series 
of signals at 6-second intervals could be presented to the observer. 

The tests were carried out with the arrangements described above at a series of 
background brightnesses obtained by using various sizes of filament lamp at various 
distances from the detail paper. In certain cases minor modifications were neces- 
sary. At the highest brightness the observer was moved to a distance of 40-1 feet 
from the signal source in order to obtain sufficient eye illumination from the signal. 
At this distance the source subtended 0-7 minutes of arc. ‘The fixation points were 
suitably spaced to remain on a 1°-5 square. The brightest background was 
obtained by replacing the detail paper with ground glass on which was projected 
a defocused image of a projector lamp filament. A second condenser lens was 
used to flash the field of view. At the low background brightnesses it was neces- 
sary to reduce the signal intensity, and this was done by interposing a diffusing 
sphere in front of the direct-viewed filament lamp. In front of the sphere was 
placed a 0-1-inch diameter aperture. 


§4, CALIBRATION OF APPARATUS 
All filament lamps used during the tests, both for the signals and for the 
backgrounds, were calibrated for 2848°K. colour by matching with an N.P.L. 
standard colour-temperature lamp, and were operated throughout at that colour 


temperature. 
The candle power of each signal lamp at 2848°K. colour was measured by 


standard visual photometry using the Lummer-Brodhun contrast head. In the case 
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of the diffusing sphere arrangement, the candle power was measured using a 0°407- | 
inch diameter aperture and the corresponding value with the smaller aperture | 
calculated. The values of eye illumination of each signal were then calculated. }j 
The background brightness was measured at each setting using a portable | 
brightness photometer to transfer the brightness to the standard photometer || 
bench. 
The spectral transmission curves of the coloured filters were measured on a 
photoelectric spectrophotometer, and the curves are given in figure 2. The | 
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Figure 2. Spectral transmission curves of signal filters. 
colour coordinates and total light transmission of the filters, in conjunction with 
a 2848° xk. colour source, were calculated and are given in table 1. 


The white, red, and green colours are within the limits specified for aviation 


colours given in B.S.S. 563/1937. The yellow colour is somewhat more orange 
than aviation yellow. 


Table 1. 


Colour coordinates and light transmission of coloured filters 
with 2848°x. colour source 


Colour coordinates Transmission 
Filter (%) 
x y 

B.T. dark green, : : 

NP.L. 102/1924 } Oe et ooeae tee 
B.T. dark red, 

N.P.L. 102/1924 | ¢ 9°79 pc pls 
Wratten No. 22 0-615 0:385 49-7 


Colour of background is 2848°k. colour temperature. 


§5. CONDITIONS OF TEST 
The visual conditions of the tests may be summarized as follows. 
Point-source signals were viewed by monocular foveal vision for about 24 
seconds against a circular white background subtending 45° at the observer’s eye. 
The angular diameter of the point source was not more than 0-25 minutes of arc 
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except in the case of the brightest background, when it was not more than 0-7 
minutes of arc. ‘The observer’s pupil was unrestricted, but fixation points were 
used. 

White, yellow, red, and green coloured signals of various eye illuminations 
were shown in succession in random order, and the background brightness was 
varied in steps from approximately 10-* candles/ft? to 2610 candles/ft? 

Observations were made by eight male observers of normal colour vision. 
The age groups of these observers are given in table 2. 

Table 2. Age groups of observers 


Age: 20-24 25-29 30-34 35-40 >40 Average : 32 
Number: 1 3 2 1 1 Total : 8 


OnE Sb PROCEDURE AN DPR S Wildes 

About five values of eye illumination were chosen for each colour, giving a total 
of about twenty signals for each background brightness. The settings of the 
apparatus for each signal were written on a small index card and the cards were 
shuffled to obtain a random sequence. ‘The signals were then presented to the 
observer successively in the sequence given by the cards, and the observer’s 
response to each signal was written on the corresponding card. 

The observer was given a short period to become adapted to the background. 
In the case of the dark background, a period of 10 minutes was allowed for dark 
adaptation. ‘The signals were then presented successively at 6-second intervals, 
and the group was repeated four times, so that about 100 signals were seen at a 
sitting, which occupied about 10 minutes. Short rest intervals were permitted 
when required by the observers. ‘The tests were repeated at other sittings until 
each observer has seen each signal 25 times. The nine background brightnesses 
used involved a total of about 35,000 observations. 

The test observations were grouped as follows :—White, yellow (including 
orange), red, green (including blue), nil. 

The results of the eight observers were classified, added, and the percentage 
recognition of each of the above groups calculated. ‘These recognition percentages 
are plotted as ordinates against eye illumination, F in mile-candles, as abscissae 
in figures 3, 4, 5, and 6 for signals which were actually white, yellow, red, and 
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Figure 4. Recognition curves for yellow point source. 
Curve numbers refer to background brightnesses in table 3. 
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Figure 5. Recognition curves for red point source. 
Curve numbers refer to background brightnesses in table 3. 
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green respectively. The figures show families of curves, each curve at a constant 


background brightness, B, whose value is given in candles per square foot in 
table 3. 


Table 3. Background brightnesses corresponding to curve numbers in figures 3-6. 


Curve Brightness, B Logi) B 

number (candles/ft2) 
1 Approx. 10-5 5-0 
2 0-0111 2:05 
3 0-0508 2°71 
4 0-298 1-47 
5 1-75 0-24 
6 10-3 1-01 
7 47-1 1-67 
8 292 2-47 
9 2610 3-42 


The achromatic threshold values for white signals can now be found by 
considering the “nil” recognition curves in figure 3, for evidently the 50% 
chance of detecting a signal is the same as the 50° chance of not seeing it. Hence 
the 50% “‘nil”’ ordinate gives the threshold value of eye illumination of the signal 
corresponding to each value of background brightness. Similarly the chromatic 
threshold for each value of background is obtained by reading off the values of 
illumination corresponding to 50% recognition of the true colour of the signal, in 
this case white, in figure 3. 

It is clear from the general form of the “‘ white”’ and the “ nil”’ curves in figure 3 
that threshold values based on the certainty of seeing or recognizing the signal, or 
on the certainty of not seeing or recognizing it, cannot be obtained with any 
reasonable precision. ‘The reason for choosing the 50% recognition criterion 
for threshold values is thus apparent. It is however possible, and indeed of some 
interest, to find the achromatic and chromatic thresholds for 10% and 90% 
recognition; these values can be obtained from figure 3 fairly satisfactorily, 
bearing in mind that the 10% and 90% achromatic thresholds correspond 
to 90% and 10% recognition of “nil” respectively. In figure 7 the threshold 
values of illumination of white signals are plotted as functions of background 
brightness for 10%, 50% and 90% recognition. 

In a similar manner, the thresholds for yellow, red, and green point 
sources are shown in figures 8, 9 and 10, the values being obtained from 
figures 4,5 and 6 respectively. 

The relation between the achromatic thresholds of the four signal colours is 
shown in figure 11, and between the chromatic thresholds in figure 12, for 50°% 
recognition. 

The photochromatic ratio, p, was calculated by taking the ratio of the 50% 
chromatic to the 50°% achromatic threshold for each colour, and values of log p are 
plotted against values of log B in figure 13. In effect, figure 13 represents the 


ratio of figures 11 and 12. 
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Figure 9. Threshold values of red point source. 
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§7. DISCUSSION OF RESULTS 


The achromatic and chromatic threshold curves given in figures 11 and 12 
enable a prediction to be made as to whether a signal of a particular colour and eye 
illumination will be visible against a given background. Alternatively, for given 
background conditions, it is possible to estimate the illumination required to make 
a signal visible or recognizable, and hence the intensity of signal required to cover a 
particular range. It must be remembered, however, that the curves in figures 11 
and 12 are drawn for threshold values at which there is an even chance that either 
the signal will or will not be observed in the case of the achromatic threshold, or 
that the signal will or will not be recognized correctly for colour in the case of the 
chromaticthreshold. It will be seen from figures 7-10 that there is a considerable 
range of uncertainty both for achromatic and chromatic recognition, and that the 
uncertainty range is in general greater at the very low backgrounds. The 90% 
achromatic threshold varies from about 3 to about 1-5 times the 50% threshold 
with increasing background brightness, and the 90°% chromatic threshold from 
about 3 times to about twice the 50% threshold except in the case of yellow, whose 
90° threshold is much higher. It thus appears that, for certainty of observation, 
a signal would need to be less above the threshold at high background brightnesses 
than at low ones. ‘This, however, is not the case in practice, because the data 
given here were obtained under observational conditions which did not require the 
observer to search his field of view for the signal, whereas, under normal conditions 
in aviation, the observer does not know precisely where to look. Furthermore 
the eye is assisted in its search at low background brightness by the extra foveal 
sensitivity of the retina when the eye is dark adapted (i.e. the background less 
than 10-3 candles/sq. ft.). Thus, under practical conditions, the uncertainty 
thresholds are likely to be from 3 to 5 times the thresholds given in figures 11 and 12, 

The values of recognition for each colour group form families of related curves 
in figures 3-6, and the experimental points fall very well on to the individual 
curves. There is, therefore, an indication that the results are self-consistent, and 
also that a sufficiently large number of observations was made to yield statistically 
satisfactory averages. 

The curves show the extent to which colour confusion occurs when the illumina- 
tion of the signal is below the certainty level. Thus in figure 3 the white point 
source receives a certain amount of green and yellow recognition, but never more 
than 10% of either colour. ‘The red point source in figure 5 sometimes receives as 
much as 30% white recognition and sometimes as much as 20% yellow recognition, 
although the two colour confusions do not occur together. ‘The green point 
source in figure 6 may have nearly 35° white recognition against the dark back- 
ground, but this confusion falls to less than 10°% as the background brightness is 
raised. There is no indication of any confusion whatever between green and red 
for either the red or the green signals. 

The curves in figure 4, for the yellow point source, exhibit rather different 
characteristics from those for the other three coloured signals. When the signal 
illumination is below the chromatic threshold, the recognition of the signal as 
white may be more than 60% at the medium background brightnesses, a value very 
much greater than for any of the other there signal colours. ‘The red recognition 
reaches values of 10°%, much the same as in the case of white signal, but, unlike 
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that case, the red recognition curve, having reached a maximum, falls and them 
rises again to a second maximum at an illumination corresponding to the highest} 
yellow recognition. 

The important feature of this particular yellow signal (Wratten No. 22) is) 1 
therefore that, at both low and high background brightness, its recognition as} 
yellow fails to reach 100%, even when the illumination is well above the chromatic} | 
threshold, because of confusion with red. The author’s previous work on colour) 
recognition (1946) showed that yellow is a comparatively unsatisfactory signal. 
colour for point sources against a dark background, and that the particular yellow }) 
now under discussion was likely to be confused with red. The present results |) 
confirm this view, and also show that this yellow is equally unsatisfactory against |) 
very bright backgrounds. . 

Figures 11 and 12 reveal a curious bend in the curves for the green and yellow | 
signals at a background brightness of about 500 candles/square foot; there is no 
trace of any similar effect with the white or red signals. The results of some 
threshold measurements on a 
green signal made some years 
before the present tests, using an 
extinction method, suggest that 
the valve of background bright- 
ness at which the bend occurs is 
a characteristic of the individual 
observer. It therefore seems 
likely that the occurrence of the 
bends in the curves for the green 
and the yellow signals is caused pees By Log, B 
by certain properties of the 
retina. A very interesting theory 
of rod-and-cone sensitivity has been put forward by Stiles (1939) which may |} 
provide an explanation, but, owing to the complexity of the theory, it has not so far | 
been possible to apply it to the present data. 

The photochromatic ratio curves for 50° recognition, shown in figure 13, 
exhibit certain interesting features. In spite of the fact that the scale for log p is i] 
rather extended, the points are found to lie very closely onsmoothcurves. Theratio, | 
p, for a white signal is little greater than unity, and the ratio for green is also near 
unity except for very dark backgrounds, when the ratio rises to about 1-7. The value 
of p for red is about 1-8 for low backgrounds and falls to 1-4 for high backgrounds ; 
this is not entirely in agreement with the common experience that a red signal looks 
red to extinction, but it is probably due to red-yellow confusion lowering the red 
recognition. ‘The value of p for yellow is about 3 at low backgrounds and continues 
level until at bright backgrounds the ratio falls sharply. The existing data on the 
photochromatic ratio are scanty, but such data as exist do not appear to contradict 
the results embodied in figure 13. 

Certain data exist forachromatic thresholds for dark-adapted foveal vision, and 
the mean values derived from these data by Stiles, Bennett and Green are: 
white, 0:24; red, 0-14; green, 0:32 mile-candles. Referring to figure 11, the 
achromatic thresholds ie dark backgrounds are: white and yellow, 0-16; red,0:14; 


0-6 


Figure 13. Photochromatic ratio for 0°5 recognition. 
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green, 0:22 mile-candles. Thus the present tests give the same value for red, 
but lower values for white and green thresholds, although the white and green 
thresholds are in the same ratio in each case. _ It is possible that a certain amount 
of extra-foveal recognition has occurred, lowering the white and green values but 
leaving the red unaffected. 
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Pe LIME MICROMETER OF HIGH ACGURACY 
By E, A. NEUMANN, 


Scophony Research Laboratories, Wells, Somerset 
MS. received 12 November 1946 


ABSTRACT. A water-ethyl alcohol mixture having a zero temperature coefficient of 
ultrasonic velocity over a certain temperature range having been discovered, the develop- 
ment of an accurate time micrometer using such a mixture was attempted but was found to 
meet with difficulties due to partial evaporation tending to alter the composition of the 
liquid. Further research, however, led to the discovery that at an elevated yet convenient 
temperature—of 72°-7 c.—water itself displays a zero temperature coefficient of ultrasonic 
velocity over a useful range. A time micrometer using distilled water was therefore 
developed. 


§1. INTRODUCTION 


COPHONY LTD. in pre-war days developed their television receiving 

system which was based on the Debye-Sears effect of light diffraction by 

ultrasonic waves in a liquid (Scophony Ltd. and Jeffree, 1934). Experi- 
ments were carried out in this connexion for the purpose of discovering a liquid in 
which the speed of the ultrasonic waves would be constant over a reasonable range 
of temperatures. It had been found that the temperature coefficient of ultrasonic 
velocity in water displayed an anomalous behaviour ; whereas in other pure liquids 
the velocity fell with rising temperature, in the case of water it increased. Efforts 
were therefore made to find a mixture of water and some suitable liquid in which 
the temperature coefficients would just compensate each other to give a zero 
temperature coefficient. Ethyl alcohol, well known to be miscible in all proportions 
with water, was tried and found suitable (Scophony Ltd. and Jerram, 1940), a 
mixture of ethyl alcohol and distilled water containing 16% of alcohol having a zero 
temperature coefficient of ultrasonic velocity at temperatures at and near 20°C. 
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It was quickly realized that the possibility of controlling the temperature] 
dependence of ultrasonic velocity opened up a wider field of applications for} 
ultrasonic waves than the one for which this possibility had originally been sought. | 
Thus, Scophony Ltd. and Dodington (1940) suggested the use of an ultrasonic cell 
as a frequency stabilizer in an oscillator circuit. Again, on the suggestion off) 
A. F. H. Thomson, formerly of the 
Scophony research staff, the Ministry 
of Supply approached the company 
with the suggestion that they should 
develop an instrument for the very 
accurate measurement of short time 
intervals, using ultrasonic waves 
travelling over a variable and accur- 
ately measurable distance at a known 
velocity kept constant within exceed- 
ingly close limits. The accuracy 
required was, in the course of the 
work, specified as ca. 3, microsecond 
at any part of the scale, which was to 
be calibrated from 5 to 240 micro- 


seconds. 


KRRKRKER 


§2. GENERAL DESCRIPTION 

The instrument which was eventu- 
ally developed, and which was of the 
same general type as that initially 
envisaged, is illustrated in figure 1. 
Here 1 is a piezo-electric crystal having 
electrodes in the form of metal coat- 
ings and which, when driven by a 
pulse from a suitable oscillator, will 
vibrate and thereby generate a train 
of waves in the liquid 2. This train 
of waves, after travelling towards a 
plane reflector constituted by the 
surface of steel plunger 3, is reflected 
by it and returned to the crystal 1 
where it produces a second pulse. 
‘The two pulses are suitably amplified 
and made visible on the screen of a 
cathode-ray tube; plunger 3 is moved 
by means of micrometer screw 4 Figure 1. Sectional sketch of time 
rotated via gear wheels 8 and 9 by gaa eS, 


a manually operated shaft 7, until the distance between the two deflections on 
the cathode-ray tube screen due to the two pulses is the same as the distance 
corresponding to the time interval which it is desired to measure. This time inter- 
val will thus be related to a length on the micrometer scale (which, in the device 


' 
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_ shown, is connected to the micrometer screw 4 by means of another gear wheel 10 


engaging gear wheel 9 and operating the spindle 11 of a suitable indicating device 
not shown). It will be seen that this method of measurement partakes of the 
advantages of a compensation method (such as a measurement on a Wheatstone 
bridge) in that any non-linearities in the time base of the cathode-ray tube are 
ineffective, the time measurement being reduced to the equalization of, instead of 
ordinary comparison between, two distances on the cathode-ray tube screen. 

The remaining parts of the instrument illustrated in figure 1 are self- 
explanatory. 

§3. DEVELOPMENT AND TESTS OF THE INSTRUMENT 

The chief task in developing the instrument consisted (a) in a thorough 
investigation into the way in which the accuracy of measurements is affected by 
temperature fluctuations and into means to overcome the difficulty so caused, 
and (b) in a sufficiently precise determination of the ultrasonic velocity under 
operating conditions. 

For this purpose, measuring apparatus was developed comprising two piezo- 
electric crystals of a standardized frequency of 18 Mc./sec., one of which was fixed 
near one end of a trough in which ultrasonic waves were to be produced, while the 
other crystal was mounted on a carriage movable along through the liquid con- 
tained in the trough. Both crystals were provided with metal coatings acting as 
electrodes, the first one acting as a transmitter of ultrasonic waves, for which the 
second acted asareceiver. ‘The transmitting crystal was driven froma 100 Kc./sec. 
temperature-controlled quartz bar oscillator, the ouput of which underwent a 
number of stages of frequency multiplication to arrive at the required 18 Mc./sec. 
The output of the oscillator, in addition, underwent frequency division down to 
50. c./sec., which frequency was used to drive a domestic clock, and by comparing 
the readings of this with the Greenwich time signals, the crystal driving frequency 
could be checked with abundant accuracy. ‘The output of the receiving crystal 
was passed through an amplifier specially designed to ensure that its output voltage 
amplitude was constant and that the phase of this voltage remained fixed relative 
to the phase of its input. This output voltage, together with a portion of the 
voltage driving the transmitting crystal, was applied to a valve phase comparator, 
the output of which fed a meter and counter. If the movable carrier with the 
receiving crystal was moved towards the transmitting crystal, the needle of the 
meter fluctuated over almost the whole scale as the phase of the waves at the face 
of the receiving crystal relative to that of the waves leaving the surface of the trans- 
mitting crystal changed through 27. ‘The counter was arranged to increase its 
reading by one unit per 27 period. The receiving crystal carriage was fitted with a 
stop consisting of an insulated micrometer head. An 18-inch length standard bar 
calibrated by the National Physical Laboratory was used, its face nearest the 
transmitting crystal resting against a stop provided at that end. The receiver 
crystal carriage was driven automatically towards the other end of the standard bar, 
the counter operating each time the receiving crystal face advanced by one whole 
wave-length, until electrical contact with the standard bar was established, when 
the carriage was immediately brought to rest by the driving clutch being dis- 
engaged. The micrometer stop was then adjusted, moving the carriage a very 
short distance further towards the standard bar until the next operation of the 
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counter occurred. The counter and micrometer were then read, after which thy) 
standard bar was swung clear of the carriage, which thereupon proceeded tf 
advance at a speed of }mm. per second, until it touched the stop near the trans||_ 
mitting crystal end, against which the standard bar had previously rested. Thi} 
micrometer was then adjusted again until the counter operated, whereby it wa: ‘ 
ensured that a whole number of wave-lengths had been traversed in the run of thé 
carriage. ‘This number was obtained by subtracting the first from the secon¢ 
counter reading. The corresponding distance traversed was obtained as the sum] 
of 18 inches and the difference in the micrometer readings, the measurement thu 
supplying all the data required for determining the ultrasonic velocity; if the} 
distance traversed is /, the number of waves in it N, and the frequency /, then the 
veolcity, -V°, with indices T and c indicating its dependence on temperature ana] 
alcohol concentration, is equal to pV°=1/N . f. 

In the experiments carried out, /, N and f were all determined to an accuracy 
better than 1 part in 10,000. ‘The temperature of the liquid was kept constant} 
by circulating thermostatically controlled water through the double walls of the 
trough provided for this purpose. Several precision thermometers were immersed 
in the liquid, and frequent checks of the alcohol concentration were carried out} 
gravimetrically. This latter point, however, proved one of the main difficultie | 
attending both the preliminary experiments and the proposed design of the actual) 
instrument, as ethyl alcohol, as is well known, evaporates at a considerably highe 1} 
speed than water, and the strength of the mixture was thus strongly inclined toll 
alter. Thus it was found that at ca. 25° c. the ultrasonic velocity in a mixture 
containing approximately 16% of alcohol changed by ca. 24% in 18 hours. | 

In order, therefore, to arrive at a reliable figure for the ultrasonic velocity, | 
several series of experiments were required, and were carried out, as follows:— __ |] 


I. Sovas to arrive at a correction for partial evaporation, the trough was closed} 
and sealed, a mixture comparatively rich in alcohol (over 20%) was placed in the. 
trough and its concentration gradually and continuously reduced by the addition | 
of water. Samples of the mixture were abstracted from the trough at intervals | 
and its constitution determined gravimetrically. ‘The changes in number (and 
fractions) of waves were continuously read from the phase comparator. 

II. ‘The actual velocity measurement had to be carried out with the trough 
open, as it was not otherwise possible to move the carrier. The concentration of 
the water-alcohol mixture was gravimetrically determined at the instants beginning 
and ending each run, and a correction derived from a curve representing the 
results of the measurements carried out under I was applied to each number of 
waves, as follows :—If T and care, as before, temperature and alcohol concentration 
of the mixture, / is the accurately known length of approximately 18 inches as 
explained before, L is the distance between the crystals at their near position, 
rN, rNi,4, etc. are the numbers of wave-lengths at temperatures, concentrations 
and distances indicated by the several indices, and 7N,,, the measured number of 
wave-lengths, then 


tNm=tNig—rNi © 


c—Ac c 
= tNiwm —7Ni,+ I wa; 
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_ whence 


! 


tNi.1— 1Ni= Nj = oN, 


ae 


, dc 


Measurements were carried out at an approximately constant temperature of 
_ 25° c., a small correction (of 0-0016 inch) being applied to the length of the standard 
_bar, which had been calibrated at 62°Fr.=16°-5 c. or 8°-5 below the measuring 
temperature. The final result of this series of measurements, with corrections 
_applied, is shown in figure 2, which shows that the required accuracy was obtained, 
deviations from the mean straight line not exceeding 1 part in 10,000 represented 
_by 0-16 metres/sec. in the velocity ordinate. 
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Figure 2. Velocity of ultrasonic waves in Figure 3. Dependence on temperature 
water-ethyl alcohol mixture, as depen- of the ultrasonic velocity in distilled 


dent on concentration. water. 


III. Measurements at different temperatures and different concentrations 
were also carried out with the trough closed and sealed. From these measure- 
ments a few facts emerged at once: (a) It was found that the attenuation of super- 
sonic waves was very rapid below 20° c. (6) Different mixtures have a zero 
velocity-temperature coefficient at different temperatures. (c) No mixture was 
found for which the region of substantially zero velocity-temperature coefficient 
covered an extended temperature interval; the useful interval in fact proved to be 
substantially constant over the whole range investigated and to amount to 6° c.if a 
variation of not more than 1 in 10,000 was permitted. — 

Because of (a) and (c), it was decided to embody some temperature control in 
the final instrument to keep the temperature at a somewhat elevated point. ‘There 
remained the difficulty of the mixture being inclined to change its composition, due 
to the different rates of evaporation of its components. 

To overcome this difficulty, it was suggested either to use a mixture of which 
only the water component was liable to evaporate to any sensible degree, e.g. 
sodium iodide/water or glycerine/water, and periodically to “top up” the mixture 
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with water, or to use a mixture both components of which evaporate at or near th | 
same rate, e.g. to mix water with propyl alcohol (the vapour-pressure curve ofl) 
which is almost identical with that of water). The latter method was favoured. 
There followed, however, a discovery which, besides being interesting in} 
itself, considerably simplified the problem. This was that pure water behaved in al!) 
way similar to that in which the water-ethyl alcohol mixtures had been shown ta 
behave: the ultrasonic velocity in it as plotted against its temperature went 
through a maximum. 
The following method was now adopted for arriving at a curve accurately 
relating ultrasonic velocities to temperatures. The receiving crystal was placed 
about 25 inches from the transmitting crystal and fixed, and the trough, filled 
with distilled water of 0:6 megohms per cm? at 20° c., was covered. ‘The temper- 
ature was raised to ca. 80° c. and allowed to fall slowly. As, in consequence, the’ 
supersonic velocity changed, the number of wave-lengths between the two crystals |} 
also changed, leading to a gradual relative change of phase between input and out- |] 
put voltage, whole multiples of 27 of which were registered on the counter. The 
temperature was read each time the counter operated until 51° c. was reached. 
The difference in the counter reading, AR,, from that at 51° c. was recorded against 
temperature. The whole procedure was repeated with the receiving crystal the | 
exact length of the 18-inch standard bar nearer to the transmitting crystal, and the 
difference of the counter reading from that at 50° c., AR,, also recorded against 
tempe:ature. In evaluating the results, it had to be borne in mind that, although | 
the counter recorded phase change in multiples of 27, it gave no indication of 
whether the phase was advancing or retarding at these instants. This could, 
however, be determined by ascertaining whether the meter needle was moving in |} 
the same or the reverse direction, as when the carriage was givena slight movement |} 
towards the transmitting crystal; it was in this way known whether the number of |} 
wave-lengths was increasing or decreasing at any temperature. With this |} 
knowledge it was possible to ascertain AN, and AN,, the difference in the number 
of wave-lengths in the distance separating the crystals at the temperature 7, and 
at 51°c. and 50°c. respectively, for the two separations 25 inches and 7 inches 
approximately. It was found from curves relating AN, or AN, to T that the 
maximum of ultrasonic velocity in distilled water of the stated degree of purity 
occurs at about 72°-7c. At this temperature a complete run over substantially 
the length of the standard bar was taken, as explained earlier in this article, to arrive 
at the ultrasonic velocity at this particular temperature, which was found to be 
equal to 1552-7 metres per second. Velocities at other temperatures were now 
derived from the measurement leading to the value at 72°-7 c. and from the curves 
relating AN, and AN, to T, thus saving a considerable amount of time as 
compared with that which would have been needed to measure the velocities at 
various temperatures in the same way as at 72°-7c. 
Let x be the exact length of the 18-inch bar, and the several symbols and 
indices having the meanings explained hereinbefore, then 


AN, i sVi+e es tNi+e, 
AN2=50.Ni—7Nz, 
and N,=1Nise—1Nz=(s:Nise—soNt)—(AN;—AN,). 


A time micrometer of high accuracy 591 


7-27/V, was measured when the ultrasonic velocity at 72°-7 c. was determined, and 
was found to amount to 5300-4 wave-lengths, and, at the same temperature, 
AN, —AN, was found to amount to 25-6. It follows from this that 


TN ,=5326-0 —(AN, —AN,), 
and, therefore, 
a fx 
= 5336.0 =(AN, AN) 


8229-6 x 103 
= 5326-0 — (AN, —AN,) metres per second. 


V7 is shown plotted against T in figure 3 (Jones and Gale, 1946). 

After this discovery had been made, it was decided to operate the time micro- 
meter with a distilled-water filling and at ca. 73°c., and the instrument was 
constructed accordingly. ‘The thermo-controls of the micrometer were so 
devised that on starting operations a primary or auxiliary heater was put into 
action which quickly raised the temperature of the whole to a temperature in the. 
vicinity of the correct operating value of 73°c.; after 30 minutes, the supply to the 
auxiliary heater was automatically switched off by one of the bimetallic switches 
incorporated in the device, the temperature being subsequently maintained 
solely by the maintenance heater. ‘The correct operating temperature of 73°c. 
was attained after approximately another ten to fifteen minutes. 

The traversal of the plunger (3 in figure 1) was operated by gearing driven by 
a hand-wheel; gear ratios 1:1 and 4:1 could be obtained by pulling out and 
pushing in the hand-wheel. Provision was made for automatically disengaging the 
drive from the plunger at the two ends of the range over which it was to operate, 
and for re-engaging it on reversal of the hand-wheel. 

The time range to which the range of plunger travel was to correspond had 
been specified by the users as being from 5 to 240 microseconds. Keeping in 
mind that the distance from crystal to plunger surface was travelled over twice by 
the ultrasonic waves (once before and once after reflection), this corresponds to 
a distance from crystal to plunger of from approximately 4mm. to approximately 
192 mm. 

The counter was so calibrated that one unit on it corresponded to about 1:2 
microseconds (the exact figure had been specified by the users), and that 55 of a 
unit could be read on any part of the scale. By the side of the counter was a 
thermometer, underneath a water-level indicator, near the top of the front panel 
of the apparatus a green “tell-tale” lamp indicating correct operating conditions, 
and near the lower edge terminals and power switch. A push-button served as 
an automatic cut-out and reset switch which operated the primary heater. 

The internal mechanism of the micrometer was stainless steel throughout to 


inches per second 


Vr 


prevent corrosion. 


ACKNOWLEDGMENTS 
Research preparatory to the design of the instrument was carried out by A. J. 


Gale, to whom several suggestions, including that to use pure water, are due, 
P. L. F. Jones being in general charge of the research and development. The 


592 F. G. Holmes 


author, in writing the present article, has freely drawn on a report by the latter. 
The details of the actual design were dealt with by A. E. Adams. 

Thanks are due to the Director of Scientific Research, Ministry of Supply, 
for permission to publish the results of this work. | 


REFERENCES 


Jongs, P. L. F. and Gaz, A. J., 1946. Nature, Lond., 157, 341. 
ScopHony Lrp. and DopincTon, S. H. M., 1940. Brit. Pat. No. 573,269. 
Scopuony Lrtp. and Gag, A. J., 1947. Brit. Pat. No. 582,435. 

ScopHony Ltp. and Jerrree, J. H., 1934. Brit. Pat. No. 439,236. 
ScopHony Ltp. and JerraM, C. F., 1940. Brit. Pat. No. 534,448. 
ScopHuony Lrp. and Tuomson, A. F.H., 1947. Brit. Pat. No. 582,434. 


COLORIMETRY IN THE GLASSUINDUST RY 
By J. G. HOLMES, 


A lecture given to the Colour Group 14 November 1945; MS. received 27 September 1946 


ABSTRACT. Recent knowledge of the glassy state has enabled the theories of modern 
colour chemistry to be applied to glass, and developments in colorimetric technique have put 
the design and performance of coloured glasses on a quantitative basis. The methods 
of colour measurement particularly suited to transparent media are described, together 
with rapid approximate methods of calculation. The properties of the important colouring 
oxides are given, and the effects of concentration, thickness and illuminant are discussed. 
The colours and reflexion-factors of bloomed glass surfaces, the properties of some special 
colour filters and a basis for specification of coloured glasses are briefly described. 


: Sde* INTRO DUCEION 

LTHOUGH the glass industry is by no means a large user of colorimetric 
Ne this lecture must be restricted to a few of the applications of 
colorimetry and, therefore, to those with which the author is most familiar. 
Amongst the important items which are not discussed are the colours of decorative 
and domestic glass, coloured opal glass and similar surface colours, photoelectric 
colorimetry and the terminology of glass colours. The subjects discussed will 
include a very brief statement of the background knowledge of coloured glass, 
the methods of measurement and calculation appropriate to a transparent medium 
and one or two points of interest, including some special colour filters, the colours of 
“bloomed” lenses with non-reflecting films and the basis of specification for 
coloured light signals. This last item is the one to which colorimetric methods 
are most widely applied, as glasses obtained through ordinary commercial channels 
are not usually closely graded, and it was also one of the first industrial applications 


of the trichromatic system agreed in 1931 by the Commission Internationale de 
l’Eclairage. 
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It is not enough to say that glass is a “super-cooled liquid”. It has recently 
been defined by Scholes (1945) as ‘‘an inorganic product of fusion which 
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has cooled to a rigid condition without crystallizing”. It is typically hard 
and brittle, but it may be colourless or coloured, transparent or opaque. Its 
structure is similar to that of the liquid state characterized by so high a viscosity 
that it is for all practical purposes rigid (Morey, 1938). Just as liquids are 
analogous to crystals, so there may be a close similarity between the arrangements 
of atoms in a glass and in a crystal, even though there is no crystalline structure in 
glass. 

The current theory of glass regards it as a three-dimensional network 
consisting mainly of silicon and oxygen atoms in random orientation, each silicon 
atom being bonded to four oxygen atoms and each oxygen atom to two of silicon, 


_ and, as the bond is very strong, the properties of silica glass are very stable. 


Other atoms, such as boron, which have glass-forming oxides, may take their place 
in the network, but mostly the other elements used in glass-making go into the 
holes in the network and will generally loosen the silicon-oxygen network and alter 
the physical properties. For example, the addition of sodium oxide to silica may 
be represented by sodium ions in holes adjacent to oxygen atoms which are 
bonded to only one silicon atom, causing amongst other things a lowering of the 
softening temperature and an increase in the thermal expansion coefficient. If 
boric oxide is added to the soda-silica glass, it forms part of the network, reducing 
the number of single-bonded oxygens and tightening up the whole system, 
reducing the thermal expansion coefficient. If lead oxide is introduced, the lead 
goes into the holes in the network and makes a heavier softer glass and, in general, 
elements of different atomic weights and different valencies and affinities will yield 
glasses of different properties. Some elements will give an unstable system of 
forces between the ions, and this instability is associated with selective absorption 
of light. ‘The deepest absorption bands, which give the déepest colours when they 
occur in the visible region of the spectrum, are associated with ions of two different 
valencies of the same element, and, for example, manganese will normally give a rich 
purple colour, due to unstable balance between the oxidi:ed and reduced states, but 
this colour is almost completely absent if the manganese is strongly reduced. 
Ferrous iron gives a strong absorption band in the infra-red and ferric iron gives a 
strong absorption band in the blue, but in practice it is difficult to obtain either 
complete reduction or complete oxidation, and glasses coloured with iron are 
subject to control of the ferroso-ferric balance. 

The system of forces in the network will depend on both the composition of the 
network-formers and the modifiers or chromophore ions, and thus the absorption 
bands may be affected by the base glass as well as by the colouring ingredients. 
For example, cobalt usually gives a blue colour in soda-silica glasses, but it gives a 


reddish colour in borate or phosphate glasses. which are highly acidic, and it gives 
a pink colour if it replaces the sodium in a soda-silica glass. ‘Titanium has the 


property of modifying the network and loosening its structure, so that an ion which 
normally goes into a hole in the network may take up a silicon position in the 
network itself, and the colouring effect of the ion is greatly affected even though 
titanium produces no coloration itself. An example of this is a ceria-soda-silica 


glass which is colourless but which becomes a pronounced yellow when titania is 


introduced. 
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Raising the temperature of glass will loosen the structure and reduce the 
differences between the energy levels, so that the absorption bands tend to move. 
towards longer wave-lengths which have a smaller quantum of energy. 

This network-model of the glassy state is far from complete, but it provides a 
very useful basis for argument. It is developed in some detail in a monograph 
by Weyl (1944) now being published in the Journal of the Society of Glass Tech- | 
nology. | 
The difference between glass and crystals is illustrated by the absence of any | 
sharp change in refractive index associated with an absorption band in coloured 
glass. There may be some relation between the rise in index and the rise in 
absorption towards the ultra-violet end of the transmission spectrum, where the 
absorption is due to the forces in the network rather than to a modifying ion, and 
if so, this would show the family relationship between the random network in glass 
and the regular network in crystals. 


§3. THE PROPERTIES OF A TRANSPARENT COLOURED MEDIUM 


Glass is an excellent example of a coloured material, because the effects of 
absorption under different circumstances can be calculated or estimated from 
comparatively simple data and there are no effects of texture or gloss. Colour is 
the subjective effect of selective absorption in the visible spectrum, and the colour 
name given to a glass is the complement of the colour which is absorbed. _ In fact, 
glass is a simple example of the subtractive process of producing colour, and it 
follows that subtractive instruments such as the Lovibond Tintometer are as 
suitable for measurement of coloured glasses as they are for coloured liquids. 

Greater concentration of the colouring constituent in a glass, or greater thick- | 
ness of glass, will give a lower transmission factor (the glass-maker’s equivalent of | 
lightness or brightness of surface colours) and will usually give a purer, more 
saturated colour. Considering a cobalt blue glass as an example, figure 1 shows 
the transmission-wave-length curves of six glasses containing increasing amounts of 
cobalt and figure 2 shows the colours of the light, from a source operated at a 
colour temperature of 2848°k., after transmission through each of the glasses. 
The strongest absorption band in figure 1 is at about 600 my, and so the colour 
of a pale cobalt glass in figure 2 is on the side of the source towards the comple- 
mentary wave-length. As the amount of cobalt increases, the orange radiation 
near 600 my is almost completely absorbed and the absorption in the yellow-green 
region becomes more noticeable, so that the colour locus moves away from the 
yellow-green region. ‘The darkest glass in figure 1 shows absorption of substan- 
tially all the orange-yellow-green radiation and the colour of the transmitted light 
may be represented by the centre of gravity of the wave-length bands from 
400 my to about 500 my and from about 680 my to 750 mp. In general, figure 2 
shows how the hue and saturation of the transmitted light change as the amount of 
cobalt is increased. It may be noticed that although the process is subtractive, 
the author’s thinking is in terms of additive mixing of the light which is transmitted. 

Another important property of a glass is its transmission factor, which is the 
percentage ratio of the amount of light transmitted through the glass to the amount 
of light incident on it, evaluated in terms of the standard visibility function. 
The absorption of light necessary to produce colour means that coloured glasses. 
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will have lower transmission factors than uncoloured glasses, and a given colouring {| 
constituent will generally show a reproducible relation between ‘the transmission }/~ 
factor and the colour coefficients. If the transmission factors for the six glasses in }/ 
figure 1 are plotted against the coefficients of X and of Y in figure 2, this relation _ 
can be found by graphical interpolation, and a scale of transmissions can be drawn 
on the chromaticity diagram to show the colour-transmission locus of typical }) 
cobalt blue glasses with a 2848° x. light-source as in figure 3. Similar figures may | 
be calculated from figure 1 for other light sources. | 

The colours given by other colouring constituents may be analysed in the same Jf 
way, and figure 4 shows the colours given by the glasses commonly used in colour- 
light signals, with a light source at a colour temperature of 2848° k. (Holmes, 1937). ]) 
The dashed lines are the loci of the colours given by varying thickness or concen- | 
tration of the several colouring constituents, and the dots indicate the colours of } 
glasses whose percentage transmission factor is written close by the dot. For | 
example, a cobalt glass of 50° transmission factor with 2848°k. may be expected |}} 
to transmit light whose colour is 0:-38X+0-40Y+0-22Z. The chain-dot line in | 
figure 4 connects all the points of 30° transmission, and it may be taken as a first 
approximation that no ordinary glass can give a colour outside this chain-dot line 
and also have a higher transmission factor than 30%, with a 2848°x. light source. 
This ‘‘maximum-transmission locus”” may be compared with the maximum 
pigment colours calculated by MacAdam (1935), and it will be found that the 
yellow-orange and pure red glasses are not far removed from the theoretical 
maximum transmission for their colour, but the green and blue-green glasses give 
transmission factors much below the maximum for the same colour or, alternatively, 
give colours whose purity is much less than theoretically possible for the same 
transmission factor. It is of interest to see that the orange and red colours given 
by cadmium-selenium glasses can be matched by spectral colours. The explana- 
tion of this on the diagram is that these glasses absorb the short wave-length end 
of the spectrum completely, whilst transmitting the long wave-lengths with very 
little absorption, and if all wave-lengths less than about 540 my are absorbed, the 
transmitted light will be composed of wave-lengths whose colours are on the 
straight part of the spectrum locus and, therefore, the colour of the mixture will 
itself lie on the straight part of the locus and be matched by a spectral wave-length. 
A cadmium-selenium glass which absorbs below 540 mp would have a transmission 
factor of about 55% and a colour of about 0-585X + 0-414Y + 0-001Z with 2848° x., 
this colour being matched by the wave-length of 592 my in the yellow-orange part 
ofthe spectrum. ‘The maximum theoretical transmission factor to give this colour 
is about 64%. ; 

On the other hand, glasses which give green and blue colours will generally 
be of low saturation with artificial light. The light transmitted through a green 
glass will contain wave-lengths lying on the strongly curved part of the spectrum 
locus and, therefore, a highly saturated green colour can only be obtained by 
absorption of all except a narrow band of the spectrum. The light transmitted 
through a blue glass will usually be of relatively low saturation because of the 
relatively low energy level at the blue end of the spectrum from incandescent 
filament lamps, from which it is only possible to achieve a highly saturated blue 
colour by employing a glass of very low transmission factor as indicated in figure 3, 
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§4. THE MEASUREMENT AND CALCULATION OF 
TRANSMISSION FACTOR 


The measurement and calculation of transmission factor is the first part of the 
colorimetry of glass, being simpler than the measurement of colour and yet bearing 
a close relationship to colour. Incidentally, the American word for transmission 
factor is ‘‘transmittance’’, and there is a risk of confusion with our word trans- 
mittance, which has a different meaning. We say that transmission factor is the 
ratio of the light leaving a glass to that incident upon it and that transmittance is the 
value which this ratio would have if there were no reflexion of light at the two 
air-glass surfaces. To a first approximation, the transmittance of flat glass is 
1:08 times the transmission factor. 

Lambert’s law is strictly obeyed by all non-fluorescent glasses :— 

el) eel ere 
where J is the intensity of the transmitted light, J, is the intensity of the incident 
light, 7’ is the transmission factor, and D is the optical density. 

The optical density D is the common logarithm of the reciprocal of the trans- 
mission factor JT. ‘The internal optical density d (sometimes written JD) bears 
the same relation to the transmittance ¢. Thus: 

DENGg,, (ly) Zee Ole ele ()e?, 
ID=d=log,)(1/t) or ¢=10~. 
If 7 is the reflexion loss, 


T=t.(1—7), 
d=D-+log,)(1—7), 
T=(l—r), 104% 


Bouguer’s law of variation of transmission factor with thickness (sometimes 
ascribed to Lambert) is obeyed provided the quality of the light is unchanged, as in 
truly neutral grey glasses or in monochromatic light: 


Deed pee ie at (Py eae (Lt ee Omen, 
where J,, is the intensity after transmission through a thickness w and ¢, and d, 
are the transmittance and internal density for unit thickness. 


Beer’s law is not generally obeyed for variations in concentration of the 
colouring constituent, although a modified relation can be found as indicated 


below. 
The thickness-conversion equations for transmission of monochromatic light 


through thicknesses x and y can be stated as follows: 
t,=(t)*, (ty)? = (t2)"; 
d,=X, d,, dy = . d,/x. 
Thus internal density is proportional to thickness for monochromatic light. 
In terms of transmission factor, 
Ty=(Lor). [Ti(l— nl" 
or 
log T,, = log (1 —r) + [log T,,—log (1 —r)] . y/x. 
These relations are old established, but have only recently appeared in technical 
literature (Sharp, 1942, and McLeod, 1945). The last equation can be solved 
quickly by several methods, and the most accurate and quick method of converting 
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from one thickness (x) to another thickness (y) is to use two slide rules, one set || 
for the ratio y/x and the other set to read log,)[7/(1—7)]. ‘This second setting | 
can be made by first calculating the reflexion loss from the Fresnel expression }j 
(n—1)2/(n+ 1), which leads to a value 0-92 for the factor (1 —r) if the refractive | 
index n is 1-516, and then setting the linear scale, usually found on the back of | 
the B- and C-scales of a slide rule, with its zero opposite to 92 on the D-scale. | 
The linear scale will then be theinternal density, whichis proportional to thickness, | 
and the D-scale will be the percentage transmission factor, T. A tabular form | 
of the twin slide-rule method has been described by Gage (1937). 


r a a 1 7 ee a T i T Sse 
+/ ‘Transmittance98 9 90 80 70 60-50-4030 20 10 5 1 04-01 -OO0L Retractive Indext-SI6 soe 
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Internal Density - 05. 040 OSS maetO 10 Thickness Ee 
90 85 80 70 60 3 40 50 20 105 { Of -Of 0001  % Transmission 


90 8 80 70 6 50403020 105 1 04-01 0001 % Transmission 
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Figure 5. Slide rule for transmission-thickness conversions. 


03 


It is not difficult to make a slide rule to solve the thickness-conversion equation 
directly for a given reflexion loss, and figure 5 is a sketch of such a rule which was 
made just before the war and which has been 1n almost daily use since that time. 
In figure 5, the slide is set for a 3: 10 change in thickness as shown on the A- and 
B-scales, and the corresponding change in transmission factors may be read off 
the C- and D-scales, such as, for example, 50° transmission factor at 3mm. 
thickness becomes 12°, transmission factor at 10mm. thickness. The A- and 
B-scales are actually a logarithmic ruling for the internal density, which is pro-_ 
portional to thickness, and the C- and D-scales are calculated from the equation. 
The A’-scale is the percentage transmittance iggy, 
corresponding to the internal density onthe _—_gox 
A-scale and the transmission factor on the gz 
D-scale. An ingenious circular form of this 
slide rule has recently been described by 
Vaughan (1944). 


A very simple graphical method of cal- 545 
culating the effect of thickness changes isto 
use linear-log graph paper, suggested to the - 

S 
author by Dr. W.M. Hampton. Infigure6 “@ 1% 
the ordinates are the transmission factorson © ** 
a logarithmic scale and the abscissae are 4 
. ° & 
thicknesses on a linear scale. The straight © 


lines are the relations between thickness and 
transmission for two neutral glasses, both 
passing through 92°% at zero thickness and 2h 
elsewhere conforming strictly to the thick- 
ness-conversion equation above. This 
method has recently been published by 
Powell (1945). The curved line has been 
experimentally determined for a coloured 


2 3 4 5 
Thickness mm 


Figure 6. Graphical method for trans- 
mission-thickness conversions. 
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glass and it is found that all coloured glasses in which the quality or composition 
of the light is changing as it passes through greater thicknesses give concave curves 
of the type indicated. Some glasses, such as browns or blue-greens, give curves 
which are only slightly bent, and others, such as selenium rubies, give very 
strongly bent curves. The explanation of the curvature is that, as the thickness in- 
creases, the wave-lengths which are more strongly absorbed become of less 
importance and the light becomes relatively richer in the wave-lengths which are 
more freely transmitted, so that the transmittance per unit thickness is greater 
than it would be if the quality of the light had not changed, and so the slope of 
the line changes. Glasses of a given type will all show similar curves, and this 
method has proved most valuable in the routine control of coloured glass during 
the past fifteen years or so. 

The departure from Beer’s law may be represented in the same way, and the 
transmission factor for constant thickness but varying concentration may be shown 
as a curved line on a diagram similar to figure 6. 

Emphasis has been placed on the arithmetical methods used in conversion 
from one thickness to another because these represent an important part of the glass- 
maker’s colorimetric technique. ‘The measurement of the transmission factor of 
glass presents no great difficulties, and it is the author’s preference to employ 
visual methods exclusively. Photoelectric cells give quicker readings but tell lies 
without blushing. ‘The reliability of flicker photometers is very dependent on the 
skill of the observer, and in extreme cases threefold errors have been obtained in 
measurement of the transmission factor of purple glasses with several observers. 
The most reliable method has been to use a photometer bench with a Lummer- 
Brodhun contrast head, two light sources of controllable colour temperature and a 
wide range of accurately calibrated glasses of all the common colours for use as 
comparison standards. ‘The calibration is best done on a spectrophotometer, and 
this may of course be visual or photoelectric. 

Aninteresting aspect of transmittance measurement is in the control of through- 
coloured stepped lenses (Fresnel lenses). ‘There is a specification which defines 
a minimum transmittance (BSS 623-1940) and the method of measurement is to 
compare, on a photometer bench, the brightness of the photometer screen illumin- 
ated through the coloured glass lens and through a colourless glass plate with the 
brightness when the screen is illuminated through a colourless glass lens of the 
same pattern and a calibrated coloured glass plate. ‘The light source is an opal 
lamp operated at the appropriate colour temperature and placed at the focus of the 
lens, conjugate to the photometer screen. Each of these assemblies is matched in 
turn against a coloured light on the other side of the photometer head, the pro- 
perties of this light being unimportant except that there should be a reasonable 
colour match. ‘The ratio of the two brightnesses is the same as the ratio of the 
unknown transmittance of the coloured lens to the known transmittance of the 
coloured glass plate, and thus a measurement which might be very complex 
becomes a matter of simple routine. For some types of glass the limiting colour 
stated in the specification can be correlated with a maximum transmittance 
and, as it is often found that there is a close correlation between weight or thickness 
and transmittance in a single batch of glasses, it is not unusual to determine the 
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limits by careful colorimetric technique and then to carry out the routine examin+} 
ation of each glass with a spring balance or dial gauge. Border-line glasses woul 
of course be subjected to colorimetric examination. 


§5. THE MEASUREMENT AND CALCULATION OF COLOUR 

The transparent nature of glass emphasizes that, in common with othe 
coloured materials, it possesses no colour of its own, but only shows colour by it 
selective absorption of light passing through it. Unlike a surface colour, glass 1 
not usually looked at, but is looked through, and it is immediately obvious that w 
have to measure the colour of the combination of the glass and the light source.. 
This point is particularly important in the colorimetry of signal glasses which are: 
used with light sources of widely varying colour-temperature and misconceptions 
are liable to arise. 

The simplest method of checking that the colour of a glass is between defined |} 
limits is to compare the test glass with limit glasses or with a calibrated standard, 
The photometer bench with lamps of adjustable colour temperature and calibrated 
standard glasses of the same type as the test glass will give sufficient accuracy for’ | 
most purposes. Where interpolation is required to a higher accuracy than by 
visual estimation between two colours, it is common practice to use a wedge of | 
glass which is calibrated for colour along its length and to match the test glass 
against the appropriate thickness of the wedge. 

Any type of colorimeter can be used for measuring the colours of glasses if there 
is some attachment enabling it to measure the colour of light. The Hilger-Guild | 
instrument or the Donaldson instrument are both excellent for this purpose and 
the Lovibond 'Tintometer is very good except for the purest colours, which may |} 
require the addition of a neutral shade to bring them within the range of the |) 
instrument. ‘The type of “colorimeter”? which ought to be called an “ absorp- 
tiometer”’ is not, of course, suitable for direct measurement of colour, but it may 
be used to give reliable results by the method of abridged spectrophotometry if it is |] 
suitably calibrated, preferably by reference to a known glass of the same type as the 
test glass. ‘ 

The best method of colour measurement is to determine the transmission 
factor throughout the visible spectrum, because this gives the whole relevant 
information about the glass, and this information can be readily handled by cal- 
culation. ‘I'he author’s usual method is to calculate the trichromatic coefficients 
and the transmission factor from the spectrophotometric data for a series of 
thicknesses, leading to the colour-transmission relation for the glass as shown in 
figure 3 for cobalt glass. The only practicable experimental method for obtaining 
data such as this is the spectrophotometric method. 

From a knowledge of the typical spectrophotometric transmission curve, the 
effect of change of the colour temperature of the source can be readily calculated, 
and curves such as those in figure 4 can be drawn for other light sources. This is 
particularly valuable for glasses for coloured light signals which may have any 
illuminant from an oil flame at 1900° k. to an arc lamp at 3500° k. and in which the 
effect of change of the illuminant may be greater than the whole tolerance allowed 
for the colour of the glass itself (Holmes, 1937). Figure 7 shows the colours and 
transmission factors of Aviation Green glass (Chance CG6) for three light sources, 
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calculated from a single spectrophotometric curve by the methods described 
below. 


In the calculation of colour it is general practice to employ the CIE trichromatic 


_ system, although a number of users of coloured glass continue to describe its colour 


in terms of wave-length and saturation. The author’s calculations are on the 


- weighted ordinate method rather than the selected ordinate method (Hardy, 1936) 


because the former gives a higher accuracy with less labour. The weighted 
ordinate method was described by Smith and Guild in 1931 and consists of two 
stages for each of the three primaries, the first stage being to multiply the trans- 


_ mission factor (7',) by the energy level of the light source (£,) and by the distri- 


7 


} 


bution coefficient (x;, etc.) recommended by the CIE in 1931, making this cal- 


culation for each wave-length at intervals of, say, 0-01 micron through the spectrum, 
0:8 


07 


Coefficient of Y 


a5 


0 : 0:2 — 08 ; 
Coefficient of X 
Figure 7. Colour-transmission relations for aviation green glass 


(Chance CG6). 


and the second stage being to add the products to give the trichromatic equation 
for the colour. The first stage can be greatly simplified by constructing a per- 
manent table of products, either by calculating machine or by careful use of a slide 
rule, and the second stage can then be done by adding selected products on an 
adding machine, so avoiding the necessity for laborious multiplication. Table 1 
shows some of the entries in the master table for X, Y and Z for Hluminant A. 
In the master table, the required product (7. £.x etc.) has been calculated for each 
percentage transmission from 1°, to 90% and for each wave-length at intervals of 
0-01 micron, based on the figures given by Smith (1934). The appropriate 
products are chosen from each column and added by machine to give the coefh- 
cients of the trichromatic equation. Although the products are only worked out 
for each 1° transmission, it is simple to make calculations for decimal percentages 
by moving the decimal point. . 

The weighted ordinate method can also be applied graphically, using scales 
which have been published in an earlier paper (Holmes, 1935) as illustrated in 
figure 8. Figure 8 (a) shows the curve of transmission factor and wave-length for a 
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blue-green glass, plotted with linear scales in the ordinary way. Figures 8 (4), 8 (¢ 
and 8 (d) show the same curve plotted with a linear scale of transmission factors buy) 
with non-linear scales of wave-lengths. The spacing of each wave-length scale 
has been calculated according to the energy distribution of the light source (ir}} 
this case, IIluminant A or 2848° k.) and the distribution coefficients of the standar¢ 

It follows that the area under each of the} 
three curves is proportional to each of the three trichromatic coefficients of thef 


colour and if the areas are reduced to unit sum, the result will be the unit trichro 


observer for each of the three primaries. 
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matic equation. The area under the curve for the Y-coefficient is, of course, thef 
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(a) Graphical caiculation of CIE co- 
efficients for Iluminant A, 
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(c) Total area 100-00. Area under curve 22:0. 


Figure 8. 


Graphical method for colour calculations. 
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Area under curve J ; 


Unit equation 0:225X + 0-400Y + 0°375Z. Transmission factor 22:0%. 


transmission factor of the glass. The advantages of the method are firstly that you 


q 
h 


| 


can see what you are doing and secondly that a reasonably accurate result can bet}, 


obtained with very few observed points on the transmission curve. 
quick if permanent ruled charts are kept, but it is subject to all the usual errors of} 
the measurement of area by a planimeter. 
is a graphical form of the selected ordinate method, rather than the wei 


ordinate method, and it may be derived from either. 
The idea of a unit equation is sometimes rather difficult at first for a studentand |) 
it may be suggested that a ‘“‘ percentage equation”’ is easier to understand. 


the example quoted in figure 8 the light transmitted by the glass is represented by | 


the three areas: x’=12-4, y'=22-0, x’ =20-6. 


If the total is regarded as 100%, which is immediately understandable to any |} 
student, it is clear that this corresponds to 22:5% of X, 40% of Y and 37-5 % ot By 


Incidentally, it may be argued that this 


and he may then see that this is another way of expressing the unit equation: 


C=0:225X +0-400Y +0:375Z. 


5 
rei 


The method isH. 


| 


ghted 
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The unit equation therefore represents the “proportions” of a colour rather 
_than its “amount ”or relative luminosity. 

| The relation between unit equations of a colour with different primaries may 
_ also cause difficulty to a student, and a diagram such as figure 9 may help in the 
_understanding of the transformation equations. ‘This diagram shows the unit 
_triangle of the RGB primaries of the author’s colorimeter (Holmes, 1935) super- 
imposed on the usual rectangular YYZ diagram in such a way that the unit RGB 
_ €quation and the unit X YZ equation of any colour both plot at the same point in 
_ the two scales. For example, the unit equations for Illuminant B plot at :— 
Sp=1/3.R+1/3.G+1/3.B inthe RGBtriangle, and 

Sp =0:348X +0-353Y +0-300Z in the XYZ triangle. 


) 


X 


Z 02 04 06 08 
Figure 9. Relation between unit RGB triangle and unit XYZ triangle. 


The RGB triangle has straight sides and it may be sub-divided by straight 
lines, although the scales are not quite evenly spaced. If monochromatic stimuli 
were employed (Smith and Guild, 1931, page 78) the RGB triangle would be 
nearly equilateral, but would have less evenly spaced scales for the coefficients of 


the three primaries. 
The transformation equations to be employed in producing a chart such as 


figure 9 may be derived as follows :— | 
The calibration of the colorimeter gives three equations for the instrumental 


primaries: 
R a mA +y,Y+2,Z, 


G=x,X+4.Y +24, 

B=x,X +43Y +232. 
In these equations, x, etc. are the coefficients determined by the calibration and 
usually the sum of all nine coefficients is 3-000. 


39-4 
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A colour C can be represented by unit equations : 
C=rR+gG+6B on the instrumental (RGB) system. 
C=x*X+yY+2Z on the C.I.E. (XYZ) system. 


These equations may be reduced to a form which is easy to handle arithmetically : 
ye 1(% — %3) + (%2 — %3) + 5 Th 
1[(%, +1 + 21) — (%3 +73 + %3)] +[(%2 +2 + 22) — (%3 +3 + 23)] + (%3 +73 + #3) 


ya a I) EY) | 
1[(% +91 +21) —(%3+H3 + 23)] +E[(%2 +2 + Sa) — ("3 +3 + 23)] + (%3 +73 + 2s) 
For the author’s colorimeter, the transformation equations are: | 
oe 0:594r+0-001g + 0-150 
0-0117 —0-074¢ + 1-021’ 
0-242r + 0-675¢ + 0-046 
Y* 0-011r —0-074g + 1-021° 
These equations are easily solved on a slide rule. i) 
In the testing of signal glasses, it is sometimes desired to compare the result of al 
colorimeter measurement with the limits stated in a specification in terms of areag 
on the XYZ diagram. A chart such as figure 9, or a portion of it, drawn on arf) 
enlarged scale, enables the experimental results to be plotted on the instrumental} 
(RGB) system and the comparison with the specification on the XYZ system can} 
then be seen, no intermediate calculation being necessary. Alternatively, the 
reverse transformation may be calculated and the specification limits convertedif, 
to the instrumental system and then the comparison may be made on a simple 
RGB diagram. The choice between the two methods depends on the frequency o | } 
making comparisons with any particular specification, the latter method beinkil 
preferable for routine work. 


§6. THE DESIGN OF COLOUR FILTERS 

‘The requirements for a glass colour filter may be stated in terms either of thell! 
colour which is required with a given illuminant or of the spectrophotometricl| 
transmission curve. ‘lhe former statement of the problem is usually easier to 
satisfy, because two glasses can often be found on opposite sides of the required | 
colour and a match can be obtained by subtractive mixing. As an example of this, | 
the Aviation Green glass in figure 7 was obtained by a mixture of copper oxide and | 
chromium oxide, data for each of which are shown in figure 4. In obtaining the |}, 
match, an hour or so of calculation by trichromatic methods may save days of {I 
experimental meltings. Allowance must be made for the base glass employed, | | 
that is to say, for the network and modifiers into which the colouring ions are to be |} 
admitted, for the conditions of oxidation or reduction in the melting process for |} 
traces of impurities or of oxides which react with the colouring oxides and then the | 
degree of difficulty depends on how closely the required colour has to be matched. | 

If a transmission curve has to be matched, the problem is more complex. The |} 
transmission curves of most of the simple colouring oxides on the simple base 
glasses are known and some laborious arithmetic may enable a fairly close match to | 
be obtained by subtractive mixing of two or three transmission curves. The 
arithmetic is greatly simplified if the curves are in terms of internal density, when 
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the process of subtractive mixing is one of simple arithmetical addition at each 
wave-length, rather than multiplication. If the calculation is done graphically, 
the use of proportional dividers for scaling from a curve of internal density (or of 
transmission on a logarithmic scale) and wave-length enables any given thickness 
or concentration of each colouring oxide to be used in the calculation. Having 
obtained an approximate answer, you try it, and by successive approximations, 
gradually approach your target. ‘There is scope for considerable personal skill in 
choosing the right starting point and estimating the corrections to be applied. 
| As an example of what ie 
can be done, figure 10 
shows the transmission of 
some colour - temperature 60% 
conversion filters; the 50% 
curved dashed line repre- 
sents the type of glass filter 
generally available in this 
country before the war, and 
the straighter line repre- 
sents a filter which has been 
_ developed during the war. 
This diagram is plotted on 
an unusual scale suggested 10% 


20% 


Transmission Factor 
Ww 
So 
se 


: 400ma 500m 600mu 700m, 
by Gage (1933) with the Wavelenoth ie 


transmission on a _ logar- 
ithmic scale and the wave- 
length ona reciprocal scale, 
chosen because a perfect colour-temperature conversion filter, based on the Wien 
equation, would plot as a straight line. 


Figure 10. ‘Transmission curves for colour-temperature 
conversion filters. 


§7. THE COLOURS OF BLOOMED LENSES 
AND OF POLARIZED LIGHT 


It is usual to estimate the reflexion factor of a bloomed surface, as used on a lens 
in an optical instrument, by looking at its colour; and the relation between these 
two provides a rather interesting use of colorimetry. If a film of low index is put 
on the surface of a glass, the combined reflexion factor of the two surfaces of the film 
is less than that of the single surface of the glass and, if the film is thin enough for 
destructive interference to take place, the reflexion factor can be reduced very 
considerably at some part of the spectrum. ‘The reflected light is therefore 
coloured and the colour and the total reflexion factor are related to each other. 
Figure 11 shows the curves of reflexion factor calculated by classical theory for 
different values of the optical thickness (n#) of a film of refractive index (7) 1:30 ona 
base glass of refractive index 1-69. The reflexion factor of one surface of the base 
alone is 6:8°% and the addition of the film would reduce this to 3-4% if no inter- 
ference took place. If the interference is destructive, as for a wave-length of 
0:54 and an optical thickness of 0-135, the reflexion factor is zero, but if the 
interference is reinforcing, as for a wave-length of 0-50 and an optical thickness 
of 0:25, the reflexion factor is 6-8%. ‘The curves in figure 11 show that thin 


Reflexion Factor 
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films (nt =0-05 . or 0-10 jx) are yellow-orange-red by reflected light, that a film 0} 
about 0-135 » optical thickness will have a low total reflexion factor and a purple} ! 


colour and that thicker films (nt = 0-2 or 0- 25) are blue-green by reflected light. 
If the trichromatic coefficients and total reflexion factors are calculated for a 
number of thicknesses and plotted as in figure 12 it will be seen that the minimu 


total reflexion factor occurs at about 0-14 for the optical thickness (nt) of the filmy} 


and that there is a very rapid change in the trichromatic coefficients near this 
thickness. It follows that there can be a wide variation in colour without any’ 
significant variation in reflexion factor. This is also shown in figure 13, wheres 
the solid line shows the colours and total reflexion factors calculated from curves as 
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for bloomed glass. (Several film thick- trichromatic coefficients and _ film | 
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in figure 11 and the dashed line shows the colours of less saturation which are | 


obtained if the interference is not completely destructive as, for example, when the 
refractive index of the film is not the square root of that of the base glass. Con- 
sidering the solid line, a reflexion factor of 0-3°4 may be obtained with a red- 
coloured (thin) film or a blue-coloured (thick) film and it follows that films of 
intermediate colours will have lower reflexion factors. The same general con- 
clusions may be applied to the dashed line, which shows the colours likely to be 
obtained from real films in which the coloration produced by destructive inter- 
ference is diluted by white light. 

Figure 13 is very similar to the diagramin Dr. Wright’s The Measurement 
of Colour (1945), based on the work of Baud and Wright (1930) in which photo- 
elastic colours are illustrated. These colours are obtained by an entirely different 
physical process but it so happens that both interference and polarization give a 


I 


j 


' cosine law for the intensity dis- 


ae bast 
diagrams are therefore similar. 


» polarized light. 
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tribution and the chromaticity 


This leads to another use of 
colour in the manufacture of 
glass, namely the inspection of 
glass for internal strain by 


If the retardation is of the 
order of a wave-length, there is 
avery rapid change in colour for 
a relatively small change in re- 
tardation or, because the retard- 
ation in a strained glass is pro- 
portional to the stress, for a 
relatively small change in stress. 
This is similar to the rapid 
change in colour for a small 
change in film thickness on : 400mu0'2 04 06 
bloomed lenses. In a strain- _ Coefficient of X 

; ; é Figure 13. Colours and reflexion factors for bloomed 
viewer or polariscope for examin- Sines with 264525, source. 
ing the annealing of glass, a tint 
plate is used, which has one wave-length retardation for yellow-green light 
(0-55), and a small change in this retardation due to a small strain in the glass 
will change the colour of the transmitted light and, as it appears that the changed 
colour lies actually in the strained glass, the regions of maximum strain are readily 
found and the amount of this strain may be estimated. 

Opinions differ as to the best colour to use for the tint plate—whether it should 
be 0-54 or 0-57 retardation—but actually this is a simple problem in colori- 
metry and capable of an exact solution. ‘The diagram given by Dr. Wright 
shows the colours given by different retardations with a light source at about 3000° k. 
and the scale of retardation is most widely spaced at about 0:-56u. If daylight 
were used, the effective wave-length of the white light would be less and 0-55 w or 
0:54 might be better. The exact optimum value can be obtained by calculating 
the colours with the particular light source involved and plotting them on a 
uniform chromaticity scale (Holmes, 1940) as in figure 14. The optimum 
retardation is at the point on the curve where a change in retardation causes the 
maximum linear displacement of the colour as plotted, and the answer from Baud 
and Wright’s work is 0-572. This is one of the uses to which a uniform chromati- 
city scale may be put with complete confidence because small departures from true 
uniformity will not affect the result by an appreciable amount. 
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§8. THE SPECIFICATION OF COLOURED GLASSES 


The specification of coloured glasses has changed very considerably during the 
last twenty years, and the story of glasses for coloured light signals can be used as an 
example of the developments which have taken place. Over twenty-five years 
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ago ii was usual to have a target colour and then to have a certain amount oi} 
argument as to whether the glass supplied was the same as the target. The various} 
railways used different target colours—the Scottish Railways used emerald green, 
the Welsh used purple or violet, the Great Western used blue-green (with limi 
glasses) and other lines used other varieties of green. Our knowledge of the 
colorimetric properties of the glasses was no more than the end-point of a spectrum. 
photograph or, in a few cases, the total transmission factor. When the railways: 
merged in 1922, the four main lines agreed to adopt the red and green glasses 
proposed by a Board of Trade Commission for ships’ lights, and the light and! 
dark limits were specified in terms of spectrophotometric transmisssion curves. 


1 530 550 


380m 
0-2 
Coefficient of X 


03 i 


Figure. 14. Colours and retardation for polarization colours 
(after Baud and Wright). 


The glasses shown were well suited to oil flame illuminants and limit glasses were 
specially made and precisely specified. In 1928 an orange range was introduced, 
the choice of the colour being based on laboratory experiments at the N.P.L. 
(Guild, 1928) on the risk of confusion with red or with white signals. Limit glasses 
were chosen and recorded in terms of their spectrophotometric transmission 
curves. 

In 1933 the British Standards Institution set up a representative committee 
of Signal Engineers of Railways, representatives of the Ministry of Transport, 
Signal Makers, National Physical Laboratory, and others, to prepare a specification 
for coloured railway signal glasses and full use was made of the trichromatic 
methods of description of colour which had been agreed by the C.I.E. in 1931. A 
series of full-scale tests showed which glasses were too dark or too light for each 
colour and for each type of signal and the limiting glasses were measured with a 
standard light source (2360°K.) at the N.P.L. The colours were plotted on a 
chromaticity chart and it was possible to prescribe the areas on the chart within 
which a glass must lie if it was to be acceptable in service. The specification 
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BSS 623 was issued in 1935 and was revised in 1940, when only slight changes were 
“necessary. 

In 1937 laboratory-scale experiments on the reliability of recognizing any 
‘Particular colour as red or green had been commenced by the author; and the 1940 
“revision of the specification was based on the results available at that time as well 
as on full-scale experience. These colour-recognition experiments have since 
been completed (Holmes, 1941) and a new specification for coloured glasses for all 
types of signal—railway, marine, avaition, street traffic—is now being prepared, 


Table 1. Abstract from table of products for colour calculation with 
Illuminant A (2848°x.) 


Wavelength (mu) 400 450 500 550 600 650 700 750 
TE aaa Products T.E.x to give coefficient of X 
actor 
100% 193m 03°20) 2°69 373-29 1271:03 434-47 20-67 0-63 
90 1:74 92-88 2°42 335-96 1143-92 391:02 18:60 0-57 
80 1:54 82-56 2:15 298-63 1016°82 347:58 16:54 0-50 
70 12355 72°24 1:88 261:30 889-72 304:13 14-47 0-44 
60 I-1OmO1e92 1:61 223-97 762:62 260-68 12-40 0-38 
50 0:97 51-60 1-355) 186°65 635-52 217-2403 4032 
40 0:77 = 41-28 TOSI 149232 50 8247/37 9 JO > 
30 0:58 30-96 Orsil NO) siloshil IB Oesve = @eAD en’ 
20 0:39 20-64 0-54 74:66 254-21 86°89 4:13 0-13 
10 0:19 10-32 Oey Bias 127:10 43:45 2-07 0-06 
Wavelength (mz) 400 450 500 550 600 650 700 750 
Transmission Products T.E.¥y to give coefficient of Y 
factor (Divide sum by 20 to give total transmission for 2848° kK.) 
100% 0:05 If 67 9179-56 4357-07 4754-608 163789 7-445 0-21 
90 0:04 10:50 161-60 771:36 679-14 147-50 6:70 0-19 
80 0-04 9-34 143:65 685-66: 603-68 131-11 S395 Wcil7 
70 0:04 Site 25-09 5 99:9 5a 25222 me eo Ei EGS) 
60 0-03 7:00 107-74 514-24 452-76 98:33 4:46 0-13 
50 0-02 5:84 89-78 428-:54 377-30 81:94 3-72 0:10 
40 0-02 4:67 71:82 342-83 301:84 65:56 2:98 0-08 
30 0-02 S505 S28 /ae2 5/1 Dee 2023 S49 ee 222 O00 
20 0-01 D353 35:91 171-41 150:92 32:78 1:49 0:04 
10 0-00 l/l 9 Omen OD 7 75-46 16:39 0:74 0-02 


Wavelength (mp) 400 450 500 550 600 650 700 750 


Transmission Products T.£.2 to give coefficient of Z 

factor 

100% 9-16 543-91 151-32 7-49 0:96 0:00 0:00 0-00 
90 8:24 489-52 136-19 6°74 0:86 0:00 0:00 0:00 
80 7°33 435-13 121-06 5:99 0:77 0:00 0:00 0-00 
70 6:42 380°74 105-92 5:24 0:67 0:00 0:00 0-00 
60 5:50 326°35 90:79 4-49 0:58 0:00 0-00 0-00 
50 4:58 271-95 75:66 Se 75) 0:48 0:00 0:00 0-00 
40 3:66 217-56 60°53 3-00 0:38 0:00 0:00 0-00 
30 2:75 163:17 45-40 2:25 0:29 0:00 0:00 0-00 
20 1:82 108-78 30:26 1:50 0:19 0:00 0:00 0-00 
10 0-92 54°39 15°13 0:75 0-10 0:00 0:00 0-00 
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using this work and some parallel experiments on aviation signals made in 1939 ‘ 


the Royal Aircraft Establishment (Hill, 1939). The method of preparing th 
specification is to start with the data from practical experience, record it in try 
chromatic terms and to use the results of laboratory experiments to rule out th 
abnormal or irrelevant data, to interpolate or to extrapolate and to make deductio 
from the practical data. The conclusions can be expressed in terms of th 
properties of the satisfactory glasses when measured with a standard light sourc}} 
(Iliuminant A—2848° x.) by a standard method and recorded on a chromaticit/} 
diagram. ‘The correlation of the data presents a most intriguing problem in th) 
interpretation of colour recognition as well as in the calculation of colour and of th 
change of colour with changed conditions; and the work before this B.S.1 
committee is one of the most promising possibilities of advance of colorimetriq 
technique in the glass industry. | 
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ABSTRACT. The ultra-violet bands of Na, have been studied in absorption and | 
emission. In absorption, by varying the conditions of temperature and pressure the 
bands have been photographed from A3640 a. to A2500 a. They are considered to belong | 
to seven different systems, of which, however, only three are well developed. The classifica- | 
tion of the other four systems is tentative. It has been shown that the Nay, ultra-violet 
bands measured by Walter and Barratt (1928), which were analysed into five different 
systems by Weizel and Kulp (1930), may really be considered to belong to two systems 


only, corresponding to systems 1 and 3 of the present investigation, which are the most 
intensely developed ones. 
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i! The emission bands are weakly developed and have been observed only in the regions. 
| AX3370-3180 a. and AA3070-2960 a. These correspond to the strong bands of systems 1 
| and 3 in absorption. 


ST INDRODUCTHION 


t HE diatomic molecule of sodium is known to possess two systems of 
bands in the visible region, one of which lies in the yellow-red and the 
other in the green. Extensive studies of these two systems have been made 

_ by several authors : the vibrational structure of the yellow-red bands by Fredrickson 

and Watson (1927) and Fredrickson and Stannard (1933), their rotational 

structure by Fredickson (1929); the vibrational structure of the green bands 

» by Loomis and Nusbaum (1932), and their rotational structure by Loomis and 

' Wood (1928). The vibrational and rotational constants of the molecule for the 
states involved in these two systems of bands are thus known to a high degree of 
accuracy. 

The sodium molecule is known also to possess some bands in the ultra-violet 
region in absorption. These were first observed by Wood (1909). Walter 
and Barratt (1928) also obtained these bands, and their measurements were 

arranged into five different systems by Weizel and Kulp (1930). Further 

investigations in this region were carried out by Kimura and Uchida (1932) 

who, using the light from the crater of a carbon arc, photographed the absorption 

spectrum of sodium on a Hilger E. quartz spectrograph and arranged the bands 
thus obtained into as many as six systems. Although Kimura and Uchida 
attributed a larger number of bands to each system than did Weizel and Kulp, 
and since they also obtained a large number of bands at shorter wave-lengths 
not observed by Walter and Barratt, some of their systems appeared to be rather 
incomplete, and it seemed worth while to photograph the bands and attempt 

a new analysis. Accordingly further observations have been made both on the 

absorption and emission spectra. The results of measurements and conclusions 


are described in the following sections. 


i 


§2. SOURCE, APPEARANCE OF THE SPECTRUM 
AND MEASUREMENTS 


(a) Bands in absorption 


The details of the apparatus used in the absorption experiment during the 
present investigation have been described elsewhere (Bhattacharya and Sinha, 
1943). Sodium, freed from the oil in which it was stored, was put in a steel cell 
kept inside an electrically heated steel tube provided with water-cooled quartz 
windows, and light from a hydrogen discharge tube was used as source for the 
continuous radiation. The hydrogen gave a perfect continuum except for 
some OH bands near A3100 a., which were eliminated during measurements. 
The pressure inside the absorption tube could be varied by introducing nitrogen 
gas from a cylinder. The presence of nitrogen inside the absorption chamber 
has been found to facilitate the appearance of Na, bands in the ultra-violet region. 

Preliminary investigations were made with a Hilger Intermediate quartz 
spectrograph, and the optimum conditions of temperature and pressure for the 
bands to develop satisfactorily in different regions were noted. Using these 
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values of temperature and pressure, the spectrum was next photographed ir 
an E, quartz instrument. | 

At about 705° c., when the total pressure in the chamber is about 5 cm. o# 
mercury, the bands are strongest in the region from A 3280a. to A 3450a., and th 
X 3303 a. line of sodium is not very broad. On increasing the temperature 
and pressure, nearly the whole of this region is continuously absorbed and bands} 
appear at wave-lengths greater than A 3450 a. Bands also appear quite strongl 
between A 2880 a. and A 3100 a., and fainter bands extend up to about A 2500 a, 
The conditions that favour the satisfactory development of bands in differen 
regions are: 


Temperature Cc.) .. ae 750 850 900 


Total pressure in the tube 
(cm. Hg) at i: 5 15 25 


{3400-3640 a. 


Region sss ss AN3280-34504. 4 19880. 3980 


\ A 2500-2880 a. 
and measurements included in table 1 in different regions correspond to these 
values of temperatures and pressures. 

Measurements were made of all the band-heads obtained on both the spectro- | 
graphs. ‘Those measured on the smaller dispersion instruments are, however, | 
not presented here except in the regions 3639 a. to 3542 a. and A 2837 a. 
to A2496 a., in which regions bands on the spectrograms obtained on E, were 
too faint to be measured. 

Bands were nearly all degraded to the red, although in some cases the heads |} 
were not very prominent under the microscope. In some cases it was difficult |) 
to decide which way the band was degraded, and in such cases (marked with |} 
asterisks) the centres of absorption were measured. Comparison of readings | 
made with different spectrograms on the E, instrument showed that the measure- 
ments could be relied upon up to +-3 A. in most cases, although in some they _ 
were uncertain up to as high as +:5a. Most of the bands measured could | 
be classified and are given in table 1. The few remaining ones were mostly 
faint. Intensities given in table 1 are visual estimates on a scale of 10, and have 
been taken from different spectrograms for the different regions separated by 
horizontal lines in table 1. . 


(b) Bands in emission 

The main purpose of studying the ultra-violet bands of sodium in emission 
was to settle the problem of arranging them into different systems. 

‘The source was a discharge tube of simple design and essentially not different 
from that used by Wood and Galt (1911) and Kimura and Uchida (1932) for 
studying the visible and the ultra-violet bands of Na, respectively. The tube 
was of Pyrex glass 50 cm. long and 3-5 cm. in diameter and having three side 
tubes, two to carry the electrodes and the third to be connected to the vacuum 
pump. One end of the tube was closed and, after introducing some sodium freed 
from oil in the centre of the tube, a quartz window was sealed to the other 
end. ‘The central portion of the tube over a length of about 12 cm. could be 
heated electrically from outside up to about 500° c. No cooling near the window 
was necessary. 
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The tube was first excited by an induction coil and the spectrum was photo- 
graphed for different potentials over a range corresponding to about 4 to 10 inches 
of spark gap in air. The temperature was between 300° and 500° c. Although 
the visible bands appeared, there was no trace of any band in the ultra-violet. 
The tube was then excited by a transformer capable of giving a large current 
density though not a large potential. Under this excitation, at about 500° c., 
when the pressure in the tube was about 1 mm. of mercury, a brilliant yellow 
light appeared. The visible bands could be photographed quite readily, and in less 


_than an hour’s exposure some ultra-violet bands also appeared on the plate 
_ with the medium quartz instrument. 


The measurements are given in table 2. The bands appear in three distinct 
regions: (1) A 3370 a. to A 3180 ., (2) A3070 a. to A 3000 a. and (3) A 2960 a. 
to A 2900 a. In appearance they resemble the absorption bands on the Inter- 
mediate quartz spectrograph, except that the latter are much more intense. 


Table 1. Ultra-violet absorption bands of Na, 


te Intensity = v’,v”’ System io Intensity v’,v” System 
3639 1 2,16 1 3340-6 10 3,0 1 
3619°5 1 Delia 1 33374: 2 6,2 1 
3600 1 eS 1 533389 4 Syl 1 
3580 2 I 1 IB2US, 10 4,0 1 
3561°5 v 0,10 1 532552, 1 3,5 yy 
3542 2 0,9 1 3316-0 8 5,0 1 
3312-7 2 4,15 2 
3510-2 2; 1,8 1 3309-1 4 sph 1 
3505-4 2 0,7 1 3304-1 3 6,0 1 
3479-6 2 Df il 3298-9 4 8,1 1 
3474-6 3 1,6 1 4,14 D 
3452°9 4 4,7 1 32958 2 3,13 2 
0,4 1 3291-8 5 7,0 ie 
3448-7 2 3,6 1 3287°3 1 5,14 2 
3443°5 2 2,5 1 3283-0 1 4,13 2 
3439-0 5 1,4 1 3280-4 4 8,0 1 
3434°8 6 4,6 1 342 5] 
3424-8 2 24: 1 
3416-4 As 0,2 1 SDTCS 1 TS 2 
3412-5 2 3,4 1 3274-6 4 10,1 1 
3409-7 il 6,6 1 Onl 2 
3408 °7 2 Ds 1 3271-6 2 Halls 2 
3402-7 3 2 il 3269-3 4 9,0 1 
33997, il aA 1 3268-2 1 All 2 
B39 / er, 6 0,1 1 3266°9 1 8,15 2 
3393 °8 2 She 1 3265°8 yy 35 id 2 
3389-7 3 Yop 1 3264°2 3 iil 1 
3384-7 8 itil 1 3261-7 1 20 2 
3381-1 1 4,3 1 S20 99 1 6,13 2 
3374°3 1 6,4 1 3258-6 1 13,2 1 
3368°5 1 553 1 8257-9 2 10,0 1 
3366°5 6 1,0 1 iL 2 
3358-8 4 Set 1 3257-0 2 Ln 2 
3355°8 1 6,3 1 3253/3 3 124 1 
Beppe] 8 2,0 1 4,11 2 
3342-6 1 UE 1 3248-9 1 ahs 2 
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Table 1. Ultra-violet absorption bands of Na) (cont.) 


= Intensity = v’,v”’ System a Intensity  v’,v”’ Syste 
3247-9 1 14,2 1 3088-2 3 4,0 2 
3246-2 p 2,9 2 1,6 3 
3242-4 3 13,1 1 3086-6 ; we Z 

Si g meee 2 

4,8 3 

1,8 2 3082-2 3 6,1 2 

4,14 2 37 3 
3238-3 2 4,10 2 3078-0 3 5,0 3 
3236-5 2 12,0 tae 3,6 3 
3935-2 2 3,9 2 | 30763 4 8,2 2 
3231-8 2 14,1 Tae Lia 2 
3227-4* 2 16,2 ihe 5,8 3 

5,10 2 3074-1 3 1,5 3 

1,7 D | 3072-6 1 13,5 2 
3225-6 1 13,0 1 3071-6* 2 7,1 y} 
3223-6 2 0,6 2 10,3 2 

4,9 2 4,7 2 
3221-7 1 isa 1 3069-6 1 7,9 3 
3219-5 2 3,8 2 3067-6 3 3,6 3 
3217-7 1 17 1 | 6,0 2 
3215-5 2 7 g| 12,4 D 
3211-9 1 16,1 1 3060-1 4 1,4 3 
3207-0 1 18,2 1 3057-7* 2 13,4 2 
3204-8 2 a7 2 7,0 2 
3202-1 1 1A 1 3056-6 2 10,2 2 
3200-0 2 2,6 2 3055-6 4 0,3 3 
3196-7 3 19,2 1 3054-5 1 12,5 j) 

is 2 3052-8 1 1.3 2 
3191°5 1 21,3 1 3052-2 2 9,1 2 
3187-8 1 20,2 1 3049-0 i 14,4 2 
3181-4 2, 1,4 2 2,4 3 
3178-2 D 0,3 2 3047-6 4 8,0 2 
3176-4 1 212 1 Lio 2 
3170,8 2 2,4 2 3046-0 1 16,5 2 
3160-0 2 3,4 2 3045-6 4 13 3 
3156-2 2 re 2 3043-6 1 133 2 
3151-6 2 41.2 2 3041-7 1 0,7 4 
3145-2 2 3,3 2 3041-0 4 0,2 3 
3140-0 2 2,2 2 3039-0 1 3,9 4 
3135-7 3 1,1 2 3034-8 3 14,3 a 
3131-2 2 0,0 2 2,3 3 
3125-1 2 a1 2 3031-7 3 Ny 4 
3120-5 2 1,0 2 3031-0 5 12 3 
3118-0 2 is 3 3027-9 3 0,6 4 
3110-6 1 3; 3 3027-2 5 0,1 3 
3109-5 2 2,0 2 3026-0 2 33 3 
3107-4 1 2,8 3 3021-0 2 9) 3 
3103-4 1 41 2 3018-5 3 1,6 4 
3098-6 i 3,0 5 3016-9 5 rel 3 
3097-0 3 6,2 2° 3014-7 : 0,5 4 

as a 3012-1 5 0,0 3 
3092-9 3 5,1 2 3009-0 4 2,6 4 

27 3007-0 4 22 3 
3089-8 3 5,9 3 3004-7 2 1.5 4 


Table 1. Ultra-violet absorption bands of Nay (cont.) 


= Intensity _v’,v 
Bo23 5 a0 3 
3000-3 2 4.0 
2995-7 4 Ae) 
2992-6 5 2,0 
2990-9 3 14 
2987-9 4 41 
2986-4 6 0,3 
2983-1 6 3,0 
2978-2 4 51 
2977-0 5 ils) 
2973-8 4 4.0 
2972-0 4 0.2 
2968:6 5 6,1 
2964-6 5 5,0 
2963-8 4 8,2 
2959-6 6 Foil 
2958-6 5 0,1 
DD?) 6 6,0 
2953-7 4 Dy 
2949-7 6 8,1 
iil 
2948-2 6 Dil 
2945-5 10 7,0 
2944-0 5 0,0 
294126 3 23} 
2936-3 8 8,0 
iil 
2935-6 8 1,0 
DO S25 6 10,1 
ET 3 Snil 
2928-6 6 De 
2927-6 8 9,0 
2920-6 > 2,0 
2924-4 3 ili 
DODD -9 3 4,1 
2920-3 5 1 
DOO 3 10,0 
BOI ee 3 3,0 
2915°8 5 125i 
2914-7 4 Dall 
URNDS®Y 3 17,4 
ZOD) 3 14,2 
2908°8 3 4,0 
2907-4 2 16,3 
2906°9 3 6,1 
2904-2 3 18,4 
2903-5 3 52 
2901°3 1 5,0 
2899-9 D Wes 
2898°8 2 10,3 
2897-7 2 el 
2896 -0* 1 19.4 
2892-9 1 6,0 
2391-9 1 18,3 
2891 -0* 1 Heil 
2889-7 2 8,1 
2888-4 1 20,4 


4s 


System 


WBHRWwWRWOWFHWRWHWFWEWHWHEHWEWHOFWARHWHWAWAWHWWEHWARHWHWHWRHWWWHWAROKRWORWARWABRW 


a Intensity —_v’,v” System 
2886-7 2 17,2 3 
2884-5 1 7,0 4 
2884-0 1 19,3 3 
2882-4 1 12;3 4 
2880-1 3} 9,1 4 
2877-4 3) Ro) 4 
2876°3 1 8,0 4 
2874-0 1 13,3 4 
28728 1 10,1 4 
2869°8 1 {25 4 
2866°5 1 14,3 4 
2837 1 0,2 5 
2829 1 12 5 
2824-5 3 0,1 5 
2816 1 1,1 5 
2808 2 OH 5 
2800 1 eeal 5 
2792 2 41 5 
2780°5 2 4,0 5 
2773 2 5,0 5 
2765 3 6,0 5 
2758 3 7,0 5 
2750 5 8,0 5 
2746 2 0,7 6 
2742 1 9,0 5 
2738 Y i 6 
2735 5 0,6 6 
2730 4 DG) 6 
2727 3 1,6 6 
2719 2 2.6 6 
2701 3 3,5 6 
2690 D 3,4 6 
2672 ( 4,3 6 
2665 2 5,3 6 
2658 1 6,3 6 
2654 1 5 6 
2651 1 a) 6 
2647 1 6,2 6 
2643°5 1 5,1 6 
2640-5 1 TD 6 
2637 1 6,1 6 
2630 1 Al 6 
2623 1 Sa 6 
2617 1 91 6 
2612 1 8,0 6 
2605 1 9,0 6 
2598°5 1 10,0 6 
MG) 1 04 7 
2570 1 4 9) 
2563* 1 2,4 i 
2552* 1 OS a 
2535* i Be 7 
2528* 1 4,2 a 
2519* 1 41 q 
2503* 1 5,0 7 
2496* 1 6,0 7 


616 S. P. Sinha 


Table 2. Nay ultra-violet bands in emission 


a Intensity _v’,v”” System a Intensity v’,v”’ 

3366 Z, LO) 1 3190 1 

3358 4 Sal i 3187 1 20,2 

By335)5) 4 2,0 1 Sie 1 

3346 4 4,1 1 

3341 5 3,0 1 3073 2 135 3 
3334 5 yi 1 3068 1 0,4 3 
3328 4 4,0 1 3059 2 1,4 3 
3316 4 5,0 1 | 3045 4 133 3 
3312 2 3040 4 0,2 3 
3309 2 Isl 1 | 3031 5 192 3 
3304 2 6,0 1 3026 5 0,1 3 
3298 2 8,1 1 3021 5 Doe 3 
3292 4 7,0 1 3017 5 1,1 3 
3286 + Ot 1 3012 5) 0,0 5} 
3280 4 8,0 1 3008 5 Di 3 
3275 4 10,1 1 | 3002 4 1,0 8 
3269 3 9,0 1 2997 2 Ball 3 
3264 4 ial 1 2959 2 Uz 3 
S253} 4 2 1 295u 2, 8,1 3 
3247 2 11,0 i 2941 4 Oral 3 
3236 2 12,0 1 2939 4 

3229 2 16,2 it 2936 4 8,0 3 
3226 2 13,0 1 2932 2 10,1 3 
S221 4 Sel 1 2929 2 

3218 1 NO i 2927 4 9,0 3 
3A) 2 14,0 il 2923 y) 

3207 1 18,2 1 2901 2 1352 8) 
3202 1 lve 1 2918 4 10,0 

3197 1 19,2 1 2908 D 


§3. VIBRATIONAL ANALYSIS 


The absorption bands measured in the present investigation have been found 
to belong to seven systems. Of these, only three systems, viz. 1, 2 and 3, appear 
at all extensive. ‘The remaining four look like fragments, and until they eze 
photographed under more favourable conditions, the genuiness of their separate 
existence will remain questionable. 

The classification and assignment of quantum numbers have already been 
given intabie 1. in addition, tables 3, 4 and 5 give the Deslandres schemes 
for the important portions of the three well-developed systems. The mean 
differences for the upper state given in these tables do not appear quite regular. 
Since the probable errors in measurements are mostly as high as +0-3 a. and 
sometimes even higher than this, the irregularities shown in these differences 
may be due to experimental errors and do not seem worthy of any special investiga- 
tion with regard to perturbation or the like phenomena unless the measurements 
are improved. A somewhat similar irregularity is also shown by the differences 
for the ground state, which is known to be free from any perturbation. A few 
bands appear in brackets in these tables ; they have not been observed but have been 
obtained by interpolation, and have been utilized for calculating the differences 
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Table 3. Vibrational scheme for the first ultra-violet system of Na, bands 
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Table 5. Vibrational scheme for the third ultra-violet system of Na, bands 
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wherever only few bands for this purpose are available. ‘The numbers giver}) 
in brackets below the mean differences for the ground state are the values of 
the latter obtained from the work of Loomis and Nusbaum (1932). Further} 
the bands lie along a parabola whose shape is similar to what we can expect fo 
the relative values of w) and w; of the states involved in these systems. | 
Weizel and Kulp (1930), who have analysed the bands measured by Walter} 
and Barratt (1928), consider the bands between A 3370 a. and A 3180 a. to belong} 
to as many as three systems, while Kimura and Uchida (1932) consider the bands} 
in the same region to belong to two systems. In the present scheme, however, |} 
all the intense bands in this region have been placed under system 1 only. It 1 isi 
also possible to accommodate all the bands due to Walter and Barratt in this: 
region into a single system which corresponds to system 1 of the present |] 
arrangement. The reason why Weizel and Kulp considered them to belong} 
to more than one system is that a few bands near A 3303 a. are absent from the 
spectrogram, having been masked due to continuous absorption resulting from |} 
the broadening of the principal-series line. In the same way, systems 4 and 5}} 
of Weizel and Kulp seem to be really another single system corresponding to |] 
system 3 of the present classification. System 4 of theirs corresponds to the |}f 
right limb and system 5 to the left limb of the Condon parabola of the present |} 
system 3. 
The classification of the emission bands is given in table 2. Bands between 
\ 3370 a. and A 3180 a. correspond to the first u.v. system observed in absorption. | 
The emission bands correspond to strong ones on the left limb of the Condon |} 
parabola. Bands between A 3070 a. and A 2900 a. correspond to the third system |] 
in absorption. Only the intense bands have appeared in emission. ‘The second 
system observed in absorption, which is weaker than the first or the third system, | 
has not appeared in emission. Bands between A 3370 a. and A 3600 a. (reported |] 
by Kimura and Uchida) are also absent. i} 
The vibrational constants and heats of dissociation for the upper states of | 
the three well developed systems are given in table 6. ‘The heat of dissociation 
has been calculated by Birge and Sponer’s extrapolation method, and its value |] 
thus suffers from the defects accompanying this method, especially when the range | 
of extrapolation is large. The calculations for the dissociation products of these |} 
states shown in the last column of table 6 are given in the next section. | 


Table 6. Molecular constants for the upper states of the first 
three ultra-violet systems of Na, bands 


Upper-state Vo, 0 Wo Xp Wo D’ | Vatom | Dissociation 
constants (cm<1) | (cm71) | (cem™4) | (cm74) | (em7) | products 
System 1 29585 RIES 0-6 5500 28930 | 3 2S+4 2P 

| or 
3 25-3 =D 
System 2 31930 iia 0-7 4400 30170 | 3 28-4 2P 
System 3 33190 109 0-5 | 5500 32530) | 34S 4e5-4 5 
L. 
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§4. DISSOCIATION PRODUCTS 


Vatom = Vo, 9+ -D’—D", where the terms used have their usual significance. 
| Using values of vy , and D’ given in table 6, and assuming D”=6160 cm7' 
_ Loomis and Nusbaum, 1932), we get the following values of vatom: 


Vatom (System 1) =28930 cm7}, 
Vatom (System 2) = 30170 cmz7!, 
Vatom (System 3)=32930 cm>, 


‘Further, from the line-spectra data (Fowler’s Retort. 1922) it is known that 
for sodium 
. 32S —3?D=29160 cm7}, 

32S —42P=30270 cm, 

32S —52S' = 33200 cms}, 
A comparison would thus indicate that the upper states of the first three systems 
of ultra-violet bands dissociate into a 32S and an excited 32D, 42P and 52S 
atoms. We should then, however, expect two more systems of bands approxi- 
‘mately in the same region as these systems, because each of the combination 
32S and 32D or 32S and 4?P is theoretically capable of giving rise to as many 
as four stable states, transitions to two of which from the 1,+ ground state are 
permissible. ‘There is no evidence for these systems, nor has any system been 
observed whose upper-state dissociation products could be 32S+4?S atoms 
of sodium. An equally likely dissociation product for the first system could 
be 32S+4?P atoms, for the discrepancy of about 1000 cm.-! would not be 
beyond the range of probable errors involved in calculating D’. Both the 
assignments for this state are therefore given in table 6. ‘The assignments 
should, however, be considered merely tentative. ‘These can be settled only 
if bands can be photographed at still higher dispersion, which might reveal 
members of higher v’ values and also give the structure. Further work on this 


is in progress. 
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EXPERIMENTS IN MULTIPLE-GAP 
LINEAR ACCELERATION OF ELECTRONS 
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ABSTRACT. Using a CV76 magnetron at a wave-length of 10°0 cm. (maximum pow} | 
500 kw. ; power available for acceleration, 300 kw.), and a 3-stage single cavity, electro. 
were aeecleraied to a voltage of 0°85 Mev. The expected figure was approximately 1°1 Me} | 
The paper describes the R.F. work involved in obtaining the result. 1| 
S15 IN DRO DUCTION 
HE pioneer work on the linear accelerator of Lawrence and Sloan (193 1} 
and Sloan (1935), indicated the possibility of obtaining fast particld 
with relatively low H.F. voltages, at frequencies of the order of 30 Mc./ 
The linear accelerator has since been eclipsed by the development of the cyclotronij, 
but its possibilities have again become prominent by the development of valve : 
which furnish high-pulsed power at centimetre wave-lengths. 
The use of 1200 Mc./s.. power in a single.cavity has been developed in thifj 
Laboratory and described (Bowen, Pulley and Gooden, 1946). To makj 
optimum use of the power available, however, a series of, say, N gaps is necessa 
since the power is then distributed between the gaps, the voltages per ga 
drops by N and the overall voltage increases by \/N. There are various wa 1 
of doing this. A ‘TM , mode can be loaded with irises so that the phase velocit}}) 
down the guide is equal tu the particle (electron) velocity; so that the electro 
is carried forward continuously on the crest of the wave. The power can be fea}, 
into a series of re-entrant cavities, each fed separately, with suitable phasing : 
from an arterial guide. Or the power can be fed into a single cavity, designed | 
so that the voltages at consecutive gaps are suitably reversed. The last methay 
was the one adopted in this work. It had the advantages that good bunchian 
was achievable between first and second gaps: that by virtue of the tight coupling} 4 
between separate sections, no drift of R.F. phase between the gaps was possible} 
and that the cavity acted as its own frequency stabilizer. 
In what follows, a description is given of the cavity design, of phasing con+ | 
siderations, of high power work and of the acceleration experiments. 


| 


§2. CAVITY DESIGN 

The essential features of the cavity are exhibited in figure 1 A. It consists# 
in effect of a series of re-entrant cavities (figure 1 B) placed back to back, with a | 
cut along the periphery of the dividing walls to provide the electrical coupling} 
between the sections. At each end there is a half-section, in the one case for} 
convenience of feeding and in the other of electron injection. The cut in the! 
dividing wall necessitates the support of the centre “ baffles”; this is accomplished} 
by quarter-wave stub supports, as shown in the section view of figure 1 A. 
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ANALYZER FIG. IB. 
Figures 1A and 1B. 


The experiments on individual sections of the cavity were carried out on 
a cavity of the type shown in figure 2.1. This cavity may be regarded as two 
conventional re-entrant cavities, with gaps at B and C, coupled together by 
the annulus between disc and chamber wall at A. If we make the customary 
approximate representation of the re-entrant cavities as a resonant circuit 
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L and C, (figure 3), then we have two such circuits coupled by the capacity cy) 
at A. Such a circuit has one resonant frequency with zero voltage at A, wit}\jr 
voltages at B and C of opposite sign: this was called the “fundamental” mode 7 
In the other, the desired mode, the voltages at ,B and C i W 
are of the same sign, being opposite to the voltage at A. perkessas,  * 
By virtue of the fact that the gaps of the cavity of figure 2.1 : - tele 
face in opposite directions, however, the instantaneous ©) (s) © We 
voltages across the two gaps B and C are always in opposite Wh 
sense. The phases at A, B and C for both modes were Figure 3. 
confirmed by measurement with a phase meter. W 
The dimensions of the cavity (figure 2.1) were determined by the following} 
considerations :— ) 


. . 1) | 
(a) Size of inner tube. This was required to be large, to transmit a reasonable}; 
current of electrons; but small, to give maximum shunt resistance; 3/8’” O.D. 
9/32’’ I.D., was selected as the reasonable compromise. 


(b) Disc thickness and external wall diameter. To give adequate conductioni|} 
of the heat generated in the central baffles, the disc was chosen to be 4” thich 
The gap size was desired small, so as to maximize acceleration over a small portion} 
of the R.F. cycle, yet not so small as to cause field emission from the tube ends.| 
A total gap size of 3” (;” at each end of figure 2.1) and an external wall diameter}}} 
of 23” approx. were decided upon. Figures 2.2 and 2.4 show the variation of 
resonant wave-length of the cavity 2.1 with the variation of various parameters 
in the cavity. 


The assumption in the experiments was that the voltage at A, figure 2.1, | 
would be small compared with the voltage developed at B or C, and that most | 
of the available power would be employed in generating the voltage where it was |] 
required. This arose from consideration of the electrostatic capacities at |} 
A and B, or from a simple consideration of the relative diameter of disc and tube. |) 
That this elementary picture was incorrect was suggested by the following 1 
facts :— 


(a) The fundamental and desired modes differed in frequency by 20%. | 
This would require the ratio C,/C, (figure 3) to be 22%. | 


(6) The resonant frequency sensitivity to variation of gap G (figure 2) is | 
only one-half the resonant frequency sensitivity to variation of gap g. 
(c) When a polythene rod was inserted so as to fill the tube and gap g, the 


frequency change was 6% ; when a polythene annulus filled gap G, the frequency 
change was 3:8%. 


It is difficult to give an accurate interpretation of these facts: but at least 
it would seem that the voltage at A is some 20-30% of the voltage at B or C. 

The coupling to the cavity was first investigated by a single slot coupled 
to a simple re-entrant cavity (figure 4). It was found that the reflection co- 
efficient was quite closely proportional to the slot length a over a wide range 
(30%): this would correspond to the coupling factor being proportional to 
a", where experiment showed n=2-5. The theory of coupling given by H. A 
Bethe suggests that the coupling of a cavity to a guide by a slot is determined 
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‘ 


'by the magnetic “polarizability”? of the slot, which in the case of a narrow 


/ elliptical slot is given by 
‘ loin | 
3 | log(4a/b) —1 _}’ 


| 
where 6 is the smaller semi-axis. In our case, neglecting the difference between 
‘rectangular and oval slots, this would give an effective value of n of 2.6. For the 
double slot and single cavity as shown 
in figure 4 the slot length required is 
0-7’: for the 3-section cavity, the slot 
‘length was 0-95’’. Generally speaking, 
the tolerance on the slot length was 
o002"". 

The tuning of the 3-section cavity 
was accomplished by the plungers 
shown in figure 1A; but as these 
were also in the region of some electric 

field, the degree of the tuning that 
could be achieved by them was only 
05%. To ensure the correct initial 
frequency, the discs were at first 
made oversize, and then turned down 
until the required wave-length was 
reached (10°01 cm.). The tuning 
range was then 10-01—9-96, as required Figure 4. 

by the magnetron. The vacuum was 

maintained in the guide by a quartz window waxed to an inductive iris, the 
system as a whole giving negligible reflection. ‘The 3-section cavity had, in addition 
to the desired mode (10 cm.) and the fundamental mode (12-1 cm.), two other 
modes: 10-4 and 11:4 cm. ‘These, however, were all well outside the frequency 
range of the magnetron. The eventual Qof the cavity, when matched to the 
guide, was 4000: this reduced, after considerable operation (presumably due to 
sparking), to 3000. 


§3. PHASING 


The determination of cavity dimensions depends upon the voltage expected 
across the first few gaps. From the 25 cm. observations, it was considered that 
a total available peak power of 250 kw. into the cavity and effective shunt resistance 
of 0:5 MQ. were reasonable minimum estimates. These figures gave a peak 
voltage of 300 kv. per gap, or 150 kv. across the first gap. ‘The potential distribu- 
tion across the gaps was approximated by a method due to R. D. Hill (1945), 
and step-by-step integration conducted across the gap. In this way, the incident 
and emergent phases were determined. The inter-gap distances were not 
critical, and were determined as 1}’’, 13’’ and 1}’’.. The electrons were quite 
well bunched between first and second gaps; thus, electrons entering the first 
gaps with phase between 0-4 and 1-2 radian entered the second gap with phase 


between 0-5 and 1-0 radians. 
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§4. HIGH-POWER WORK 1 

The work on feeding the cavity with power followed the principles laid dovy” 

by J. R. Pierce and developed in this Laboratory by B. Y. Mills. It can i 
described with reference to figure 5. The first step is to determine the Ried 
Diagram of the magnetron, i.e. to plot on the Smith chart the contours of th): 
frequency and power developed by the magnetron when looking at admittance 
corresponding to points on the chart. The admittance that the magnetro 
“looked at’? was determined by replacing the magnetron by a low power C.W 
coaxial standing-wave detector connected toa dummy output seal. This assume 
it is true, that the dummy output seal is identical with the magnetron outpuf 


300 ---- POWER CONTOURS 
9:97. —-— FREQUENCY CONTOUR” 


CIRCLE IS ADMITTANCE SEEN FROM 
MAGNETRON LOOP OF (CAVITY+LOAD) 


Manan a 


MAGNETRON LOAD CAVITY 


Figure 5. Rieke diagram. cv75. 40a. 2300 gauss. 


seal, which is highly unlikely. But we are mainly concerned with replacing’ 
the loads, with which the Rieke is determined, by the cavity, so that, since the 
method is essentially a substitution method, the difference between magnetron 
output and dummy output is negligible. 

Figure 5, then, is the Rieke diagram referred to the magnetron output loop. | 
‘The important point here is the region of the ‘‘ Frequency sink” (approximately | 
marked “Cavity detuned”’); here the frequency contours tend to cross over, 
and the frequency becomes indeterminate. It was necessary to ascertain this | 
point with some care, for it is at this point that the magnetron circuit (figure 5, inset) 
can be regarded as being located. Suppose now we have a cavity which when | 
tuned is matched to the magnetron output, and we place the cavity at an even | 
number of half wave-lengths from the magnetron. Then the condition for stable 
operation is that the admittance change with frequency shall be opposite in 
direction to the change of the frequency contours which it crosses. The point 
of match will be a stable point of operation. But the admittance circle of the 
cavity, with varying frequency, touches the edge of the diagram at A: and by 
virtue of the crossing contours at the frequency sink, there are also other stable 
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points of operation at points far off the resonant frequency of the cavity, at which 


| the magnetron is developing low power. It is on these modes that the magnetron 


prefers to operate, if the cavity is half a wave-length from the magnetron. If itis 

a quarter wave-length, then the point of matchis definitely unstable; the magnetron 

will operate, again, only on points near the detuned point B on the diagram. 
The only choice, therefore, is to make the magnetron operate with the cavity 


half a wave-length away, and yet move the detuned point inside the frequency 
sink. his is done by ‘inserting a resistive (water) load at the quarter wave 
point. he resulting admittance circle of (cavity+load) obtained by varying 
‘the cavity resonance, is shown by the thick black line of figure 5. As a con- 


sequence of the inclusion of the load, a fraction of the power is absorbed by the 
load, and the magnetron works at a point appreciably off the point of maximum 


_ power development; so that, with a 500-kw. magnetron, a maximum of 300 kw. 


only was eventually available for acceleration of electrons. 


figure 6 (a). Figure 6 (5). 


For purposes of experiment, it was desirable to have a high-power load 
which behaved as a pure variable conductance. ‘Two such loads were developed 
and are shown in figure 6. The first is simply a water tube which can be pushed 
in and out of the centre of the wide face of the guide, the coupling varying with 
the depth of penetration. The tube was 3’’ diameter, and was carried in a jacket 
of Freon, to minimize sparking. It behaved very nearly as a pure conductance 
over the 0:25 to 1:25Y, and, in view of the ease of manipulation, was used 
throughout the experiments. The other, possibly a better load for higher 
powers, was essentially a T-junction on the broad side of the 3” x 1” guide, the 
side arm being 2}”’ x 1’ guide terminated with a matched water load. When in 
the normal position, as an E-plane stub, this load was very nearly Zp) in series 
with the arterial 3’ x 1’ guide: when at right angles to this, the series impedance 
was negligible. Intermediate positions showed series impedances closely 


proportional to sin?, as one would expect. 


Observations during operation showed that the ratio of the power in the 
water load to that in the cavity was considerably higher than that expected from 


the C.W. measurement. 
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It was decide that this was due to three effects :— 

1. Build-up in the cavity reduced the mean power developed in it. 

2. After the magnetron pulse is over, some of the decaying oscillation in the 
cavity is fed back through the guide to the water load. 

3. The main point is that at the beginning of the pulse the current has no} 
built up in the cavity, which is thus mismatched to the guide. ‘The admittanc¢ 
presented to the magnetron is thus effectively the detuned admittance, where 
the power developed 1 is 500 kw., all of which is absorbed by the water load. The 
mean power in the load is, elas much higher than the instantaneous power : 
at the end of the pulse, which is, of course, the power relevant for acceleration 
purposes. 


§5. ACCELERATION EXPERIMENTS 


The electrons to be accelerated were provided by an electron gun, which} 
was initially operated at 12 kv. DC. After passing through the cavity and guide} 
(figure 1 A) they passed into a magnetic analyser. Comparison between thejj}) 
magnetic field and applied voltage at 12 kv. showed agreement within 3%, which} 
is probably within the limits of accuracy of the various meters concerned, |}} 
A feature at both high (800 kv.) and low voltage observations was a “‘tail’’, about | i} 
1°% of the peak current, extending to some 20-30% of the peak field on either | 
side of the peak ; it was presumed to be due to reflection at the edges of the defining jj}! 
slit of the analyser. | | 

During the acceleration experiments, the 25 ky. magnetron pulse was applied |} 
to the gun, and the current to the slit was initially picked up by the pulse amplifier. 
The voltage of 800-850 kv. was not materially changed by adjustment of many | 
of the available variables; the peak was quite sharp, although on the low-voltage |}) 
side there was a considerable number of electrons (order of 10-* amp. mean) }j) 
provided by emission of one kind or another in the accelerating gaps. When |} 
the current was maximized, 3a. mean was available at the analyser slit, the voltage |} 
dropping to some 800 kv. ‘The duty cycle was 2800, so that some 8 ma. peak 
was reaching the slit; and as the cavity does not reach peak voltage till towards | 
the end of the pulse, and as acceleration takes place only over a fraction of the 
R.F. cycle, the instantaneous current is an appreciable fraction of 1 ampere. 
Considering also that the analyser slit was 3”’ x }’’ located 18” from the orifice 
of the cavity, one concludes that either the focusing of cavity and analyser was | 
good, or that the total peak current was considerable. 

When the cavity was examined, it was found that considerable sparking 
had taken place between discs and cavity wall, particularly at the one next to 
the guide: as the cavity was effectively being evacuated through this annulus, 
presumably the pressure here at times could become appreciable. There was 
some evidence of anti-symmetric voltages at the disc, possibly generated by the 
tuning plungers, which were projecting considerably into the guide. 

The figure of 1100 kv. mentioned in the abstract was arrived at as follows :— 
The observed maximum power in the cavity was 300 kw. peak, and an estimated 
shunt resistance of 1 MQ (compared with some measured 25 cm. values) seemed 
attainable. These figures give, for each stage, an R.M.S. voltage of 310 kv. 
or a peak voltage of 450,kv.: which for 3 gaps gives a maximum possible of 1350 kv. 
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Of this, the peak current, as calculation shows, is 90°% of the maximum possible : 
and the remaining deficit between 850 kv, and 1220 kv. is presumably to be 
ascribed either to sparking at axial or peripheral gaps, or to the appreciable 
proportion of the available voltage being taken up at the peripheral gap. 
Unfortunately circumstances prevented an adequate analysis of these alternatives 
being made. 
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ABSTRACT. The application of thermodynamics to cases of other than hydrostatic 
pressure is important in connection with the swelling and flow and fracture of solids under 
generalized stress. In the present paper the methods of Gibbs are applied to the case of 
two phases containing the same two component substances in equilibrium with each other. 

The problem is first considered in its most general form, each phase being under general- 
ized stress and each containing each component. ‘The more particular problem in which 
one of the components is absent from one of the phases is then considered, and the particular 
case in which one of the phases is fluid and, therefore, able to withstand only hydrostatic 
pressure, is dealt with in some detail. ‘The cases of a two-component fluid phase in equili- 
brium with a one-component solid phase and a one-component fluid phase in equilibrium 
with a two-component solid phase are treated together. ‘These cases correspond respectively 
to what are often called solution and swelling, although there is no logical reason for this 
nomenclature. The derivatives of pressure on the fluid phase for changes of temperature 
and changes of each of the components of generalized stress on the solid phase are given. 
When suitably interpreted, the same formulae apply to both solution and swelling. 
Formulae for entropy changes with stress and temperature are also given, and the use of 
other independent variables such as strain, force, and displacement instead of stress is 
discussed. 


Si) INTRODUCTION 


HE most usual stress system considered in thermodynamics is hydrostatic 
pressure. Solids can withstand generalized stress, and increasing interest 
is being shown in the thermodynamics of stress systems involving other 
than hydrostatic pressure. ‘This subject finds applications in the swelling of 
substances such as wood and plastics by water, and in the flow of rocks, where 
in some cases the flow is attributed to solution of highly stressed parts of the 
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rock and deposition of the dissolved material at stress-free places; and it is likel 
to be important in connection with the fracture of brittle materials which ar@ 
subject to attack by the surrounding medium. Here the increasing severity 
of the attack with increasing stress is thought to cause the highly stressed materia! 
at the ends of cracks to be preferentially attacked, so that the cracks graduall 
spread and cause delayed fracture. ‘The subject should also be of importance 
in metallurgy, where internal stresses due to work hardening or anisotropic 
thermal expansion may decrease the stability of the structure, and lead t ) 
weakening or the development of cracks; and phase transitions due to stress) 
may lead to flow and failure. 

The application of thermodynamics to stress systems other than hydrostatic’ 
pressure has already been discussed by Gibbs (1876) in his original paper on the} 
equilibrium of heterogeneous substances. In the present paper the methods) 
developed by Gibbs are applied to the case of equilibrium between two phases 
containing the same two components. ‘The subject is first discussed in its 
most general aspect, each phase containing each component and each subjected 
to its own system of generalized stress. On account of the need to satisfy the. 
equality of the chemical potential of each component in both phases, it is not’ 
possible to vary only two independent variables at a time, and true partial | 
derivatives of the variables cannot be obtained. It is therefore not possible } 
to arrive at results of much generality. If, however, one of the components is 
absent from one of the phases, itis only necessary to satisfy the conditions of equality 
of the chemical potentials of the component common to both phases. For this 
case, true partial derivatives can be obtained. ‘Two cases of this sort are of | 
practical importance :—(1) A solid two-component phase in equilibrium with a 
fluid one-component phase: the absorption of water by wood is an example of 
this sort. (2) The other case isthat of aone-component solid phase in equilibrium 
with a two-component fluid phase: saturated solutions of many salts provide 
examples of this. For these two cases the partial derivatives of the pressure 
on the fluid phase with respect to the temperature and with respect to any one 
of the components of generalized stress acting on the solid phase have been 
computed. It is of some interest that when suitably interpreted the same 
formulae apply to both of these cases. 


§2. THERMODYNAMIC RELATIONS FOR SYSTEM 
UNDER GENERALIZED STRESS 


The stress system acting on a body enters thermodynamics via the work 
which forces do in moving their points of application. Two of the four thermo- 
dynamic energy functions contain ‘‘ work done”’ explicitly. These are the energy 
E and the Helmholtz free energy F. ‘The energy also contains entropy changes 
explicitly, and is therefore useful when considering rapid changes which may be 
assumed to take place adiabatically, for such changes take place at constant 
entropy. We are here more concerned with slow changes which take place 
isothermally, and we therefore choose F as our energy function because it contains 


temperature change explicitly. For a phase containing two components, the 
most general change in F is given by 


dF= — SdT +dW + pydn, 4 podny. eae ee( lL) 
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dere S is entropy, T is temperature, W is work, yw is chemical potential, n is 
juantity of component. The two components are designated by subscripts 
| and 2. 

_ For hydrostatic pressure the change in work done, dW, is equal to —pdV, 
vhere V is volume and p is ine vi If we wish to change the independent 


ariable to p, we write dW = - ap ere For work done under generalized stress 


ve have similar choice of variables. We may choose the six components of force 
three direct forces and three shear forces), and with these it is convenient to choose 
ix components of displacement as associated variables. The components 
ire conveniently distinguished by two numerical suffixes, the first suffix indicating 
he direction of the normal to the plane on which the force acts and the second 
suffix the direction of the force. Thus if P and dx are forces and displacements 
respectively, P,,, Pos, P33, dx11, X29, dx33 are direct forces and extensional dis- 
macements, while P,,, P,,, P1, @%12, @X23, d%g, ate shear forces and shear 
lisplacements. It is convenient to adopt the shorthand notations P,; and dx, 
‘or force and displacement, where 7 and 7 are understood to stand for aI 
yetween 1 and 3. ‘Tension is taken as positive. ‘The work done for a general 
small change in displacements is then 
AWD ake a hess (2) 

if it is desired to have the P;, as the Paiste tas variables we may write tor con- 
stant temperature and apenas of each component 


Ox;; 
Ed ne Ae (3) 
Ox; 
ind ; dw= dy; Pge Rap Vary © a6 ¢ e6 (4) 


Instead of force and displacement it is more usual to use stress and strain as 
variables. These may be denoted by X;; and ¢;,. In terms of these variables, 
*hange in work done becomes 

AW=Vi,X dey, ne (5) 
where V is the volume. If we wish to ce stress as independent variable, the 
~hange in W becomes 


dW =V>, XDugee DX iy nae hte (6) 


‘n the theory of elasticity, strain is the rector change of length due to stress, 
ut here we use strain to denote proportional change in length due to any cause. 
t will therefore include change in length due to change in temperature, due to 
change in composition and due to change in quantity of the phase. ‘The most 
reneral expression for dW is, therefore, 


de. 
dW =VX;X;; (3 ung AX y+ eg Oey “dni + — oid an.) ae ee (7) 


oT On, Ong 


Substituting this value in expression Ne gives 


F=(- S4+ VEX, 2% Na+ VEXE = 


i+ (14 + VEX, a “am, 
Ny 


ae +E ig ee) 


vor 
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For equilibrium between two phases ‘each containing two components, thi 
following relations must hold (Gibbs, 1876) : 


Te= TP; pl=eis we=po tee (9) | 


where the superscripts «and f designate the phases and the suffixes 1 and 
designate the components. After any changes in the variables of the syste 
these relations must continue to be valid. Suppose each of the phases is unde} 
generalized stress and that we vary one stress denoted by X;, of the phase « and 
another stress denoted by X.,,,,, of the phase 8. ‘Then we have 


| 
| 
} 
} 


Ofy nes Oy B 
5 a ot aX Axe. <i * Eee (10) 
Opts 9 = Obs B 
, a X= aX dXb (8 eo (11) 


Obviously in general these equations cannot simultaneously be satisfied, and wa}! 
are therefore not free to vary only one variable of each phase at a time. Some 
other variable of one of the phases, such as another stress or temperature ori} 
quantity of the components, must be varied. The partial change of a variable | 
of one phase cannot therefore be expressed with respect to a variable of the other 
phase, all other variables remaining constant. In the general case, therefore, 
results of sufficient generality to justify their inclusion in this paper cannot bet} 
obtained. 

If, however, one of the phases contains only one component, say component’ 
1, it is only necessary to ensure equality of the chemical potentials of that 
component. ‘This is a case of common occurrence in practice. It includes, 
for example, the equilibrium of wood containing absorbed moisture with water, |}, 
and the equilibrium of many salts with their saturated solutions; and it includes |) 
many examples found in metallurgy. We then have for the partial variation | 
in stresses on the two phases I} 


a) 


On 

OX 0X, mn 

Serie wee ne (12) 
AX yy 


We may evaluate this expression in terms of other variables of the system by using | ; 
the fact that dF isa total differential and, therefore, that the order of differentiation 
is of no consequence. Differentiating the third coefficient of expression (8) with 
respect to stress and the second with respect to quantity of component 1 gives 


Opey 0 ( 0e;, r) de, 
—— =| VXX,,—4 
OX py On, V. wm) sire VEXuge ie eeverecets (13) 


Expression (12) therefore becomes 


0 de,,\ 1? 
 _ LndV2% mo) ae VEMa5e =| 


sa in de; ) de,;\ |* 
S VOX eee 
let VOX e ox ve Cs on lll 


Instead of varying the stress on both phases we may obtain equilibrium by 
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varying two stress components on one phase, so that the resultant change in 1, is 
zero. We would then have‘an expression similiar to expression (14) with x sub- 
stituted for 8 and the sign changed. 

If, when the stress on the « phase is varied, other stresses are maintained 
_constant and the temperature is varied to maintain equilibrium, we have 


| Opy Opa a |* _ [Ou ; A 
DG ee =| 2 
2 Ee ie spat | | Saar | re te) (15) 
Thus Out — Opt 
ye OE ie 
ee ae ee (16) 


By differentiating the third coefficient of expression (8) with respect to JT and the 
first with respect to 7 and equating, and using the previously obtained expression 


Op 
for ——, 
. OX 1 


equation (16) becomes 


0 Con es fal 0e:; 
RN ecu oe Cos Ue Ce eA 
See S| — pV %uae — bet an /XuBE) | en an 


oT 0 0e,, 0 0e.\ 1% 
et Ne oe Ae 
[el "OX 4) mal im) ] 


Here the symbol A indicates the difference between corresponding quantities 
for the phases 8 anda. T. ase is the latent heat of isothermal change of unit 
at; 
quantity of component 1 from a large quantity of the phase « to phase f. 
When the stress on one phase is varied, we may also obtain equilibrium by 
varying the composition of either phase, the other variables being kept constant. 
Thus when the composition of the other phase is varied 


Op, |* Op ie 
—> | dXy=| dn}, hee 
se cantor alg (18) 
giving 
a 
iC a CII Na Da ee (19) 
Pa Ne) 
OX 1.) 
This expression is not as useful as those previously obtained, as a cannot be 
1 


equated to expressions containing derivatives of strain. 

Having thus obtained expressions for the partial derivative of stress with 
respect to other components of stress, temperature and composition, we may 
obtain expressions for the partial derivatives of any of the independent variables 
in terms of any other independent variables. For example, we may obtain 
the partial variation of composition with temperature from the expression 


On, vk > 

ee ee 20 

0 OX jy =) 
On, 
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So far we have considered both phases being acted upon by generalize¢ } 
stress. If one phase is a fluid, and can therefore only permanently withstand} 
hydrostatic pressure we could obtain the partial derivatives of pressure witl 
respect to the other variables by varying Xj, X2, and X33, by equal amount}§ 
simultaneously. ‘Thus 


Ou Op Op Op | 
See Idx. dX ap eee Zk 
ag, Oe are oe ea Gy 


Xi =Xm=Xog=p and dX, =dXy_=dXy,=dp. 


Alternatively we may write for the fluid phase 


aV OV ar) ( am) iE 
=| (Sp. —p— — px )dn,+| p.—-p—— Jd. 
dF ( ey pom )ar pean + (1 Pam M+ | be Cone Ny 


and evaluate 0u./0p from cross differentiating appropriate terms of expression (22) J} 

Two cases of a solid phase in equilibrium with a fluid phase are of particular} 
interest. The first is a two-component solid phase in equilibrium with a one-com 
ponent fluid phase: this isa common case in swelling phenomena. The other casey 
is a one-component solid phase in equilibrium with a two-component fluid phase:| 
this corresponds to equilibrium between a pure solid substance and its saturated 
solution. As changes in chemical potential and quantity only occur for thei} 
substance which is common to both phases, we may drop suffixes and write 


pes py — © 9 y= eee (23) i 
where yw is the chemical potential of the component common to both phases; 
the superscripts S and F indicate solid and fluid phases. In the same way |] 
Ou/dn must be understood to mean the derivative of the chemical potential of |] 
the component which is common to both phases with respect to the quantity |] 
of this component. With this notation, the same general formulae apply to both |) 
the particular cases mentioned above. In the next section we discuss these |} 
cases in more detail. | 


§3. DERIVATIVES OF PRESSURE FOR SOLID-FLUID EQUILIBRIUM 


In this section we discuss a two-component solid phase in equilibrium with | 
a one-component fluid phase, and a one-component solid phase in equilibrium |} 
with a two-component fluid phase. The same formulae apply. For brevity 
we refer to the former as a case of swelling and the latter as solution, although |} 
logically either of these terms might be applied to either of the cases considered. 


3.1. Variation of pressure with stress. 


By the method of § 2 we readily obtain for the variation in pressure on the | 
fluid phase with stress on the solid phase 


0 0e;; 0 de,;\ |§ 
Se ole ee ee: 
ope Lal? og x.) ax, ( VEX on )I Sec 


OX yn av ]® 
| 
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'This may be rewritten 
ove Oly OV sap Oey 7 2: 8 
Op lan 4% nee aim 7 On On 


OX 
ml 


OV de 
The terms such as — etc. in this and subsequent equations are all functions 


On’ ax 
of the independent variables. 
It is of interest to discuss the physical significance of the terms in equation(2 5). 


8 
In the case of swelling, = is the volume swelling of the solid per unit mass of 


absorbed fluid. ou are the reciprocals of the elastic constants of the solid, such 
kl 


Ovinn : : 
or —=. x — is the volume change due to change in the particular stress 


if 
ae E E 2 OX py 


| : : 0e,, : : : de 
under consideration. a are the changes in strain due to swelling, and ad 
| nN n 


are the changes (due to swelling) in the strain corresponding to the particular 


RE 
stress which is varied. Ea is the specific volume of the fluid. 
n 


In the case of solution some of the terms have very different significance. 
Oe i 


On 


In this case alae. is the specific volume of the solid, and a and are the changes 


on 
in proportional dimensions due to the solid being dissolved away. Bl is the 
volume swelling of the fluid per unit mass of dissolved solid. 
It is of interest to consider some simple cases :— 
Case 1. Simple direct stress 
X99 =X 93 = Xo = X95 = X51 = 0. 
Vy de, OV x Oey, eal 


Cpe. oneeaok eno, Ome | on (26) 
Dit D <a a nr ee =  (j}*eeee8 —_ 
on 


‘n the case of swelling of an isotropic material with shear modulus G and linear 
train e and specific volume of pure fluid V, 


oy betes )y iS 


TN ee ig ei even rater’: 


OX [v}" 


n the case of solution off the face on which Xj, acts, 
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where V is the specific volume of pure solid. If solution takes place off a stress}jp 


free face then aah =0 and expression (26) becomes 


aS Ge bee 
rst a 
E | 
spas Sate (29) 
male 


0X4, 
For stressses small compared with the elastic modulus, expression (28) usuallf 
has the biggest value, expression (27) the next biggest, and expression (29) if 
smallest. The latter is zero at zero stress. At low stresses, increase in compressio} 
produces effects of opposite sign to increase in tension for the cases represented bi} 
equations (27) and (28). The effect represented by equation (29) is independeng 
of the sign of the stress. | 


Case 2. Simple shear stress 
X yy =Xq2 = X53 = X93 = X51 =0. 
Equation (25) gives 


OV =. Oe) OV ve 0e15 yes] : 


Op: . en "0X4, -0X,, “idm 1. eon | 
Ox =,  ao\= en Boe ola aL se eeees (30) j 
On 
In the case of swelling of an isotropic material, the value of ar depends on the 


rate of change of shear modulus with moisture content and equals — 


The middle term is then negligible, and if e is the linear swelling 


V dea lOG al: 
op lexus + Gan) | 


aX 2 2a rare (31) 
In the case of solution off any face, ois is zero and (30) becomes 
eat” 
pelea 
aa fz imme ees Eo  aerctes (32) 
on 


Case 3. Three unequal principal stresses 
Xj. =Xy3=X5,=0. 


This is only discussed for the case of swelling. Solubility would be different 
on each of the three pairs of opposite faces of a cube, and to obtain equilibrium} 
the liquid in contact with each opposite pair would have to be isolated from that 
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ie contact with other pairs. Solubility for this case is not, therefore, further 
discussed. For swelling 


: 0€1,( Obs, Os, \ ey, [Olan Ogg similar terms _de,, |* 
Op ye | Xn} F(a +5) + wet on a ae ae ie On 


iOX,, 
bal 


Ra oe (33) 
‘For an isotropic material 
eo —Xon+Xoq 1 ji 
| op On 2G 
Eee ed an] pl aa] se (34) 
| E 
The total change due to changes in the three stresses is 
op _op Op 
dp= + sae pa AX ss AX 5+ axe (D.C Sore (35) 
; : . Veen 

If in equation (33) we neglect all the terms in the numerator except — Ere 


equation (35) becomes 


. a a a s 
aay dp = | - VF aX + S22 dX oo + “sax | Fade a: (36) 


This is Barkas’s equation (12) in his 1945 paper. It applies so long as the stresses 
are small compared with the shear modulus or to an isotropic material if the 
initial state is one of hydrostatic pressure. ‘This conclusion has been reached 
by Warburton (1946) by a different analysis. 


3.2. Variation of pressure with temperature 

By the method of § 2 we obtain for the variation of the pressure on the fluid 
phase with the variation of the common temperature of both phases when the 
solid phase is under generalized stress, 


Voy 26 Voy Za OL 
ap Lon “YOT aT “4 dn_| * nT 
Ai an i) es eecee (ot) 
7 


OL, 


—— is the latent heat of transfer of unit quantity of the component common to 


On 
both phases from a large quantity of the solid phase to a large quantity of the 


fluid phase. 


Case 1. Simple tension 
Xo9 = X33 = X12 =X23= X31 =0. 
OV ee Olin OV Zu | 0L 


ap _ Lon ar ~ aT or ae. 


S 
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for an isotropic material and in the case of swelling 


1 aL | 
op _|Ton | 
oT as a ae S| RD A atone (39) 
for an isotropic material and in the case of solution off the stressed faces 
— de Ei kcye 
sp Lo arkn| +750 
oT — ern) | ia | te ee se rommoes (40) 
a 
for an isotropic material and in the case of solution off the stress-free faces, 
— de po ed Roh if 
Op ea ay pants i. 
aT = ee a. a Lee i a me ) Ebi O cE (41) Tl 
E: 


Case 2. Simple shear 
KX) = X99 = X93 = X93 = X31 =0. 
E Geis) nOM ede a aL 
op 


Mn 2 aT OT! on | | Ton 


ap a 
a 


If we neglect the variation in shear modulus with temperature and composition, 
equation (42) becomes for an isotropic material and in the case of swelling 


1oL 
op _ Tan 
oT [7 ~~. |e (43) 
and in the case of solution off any face 
1 OL 
op Ton 
OT ein 2 ee (44) 
7 | 
The major effect of stress system on the value of Pie, therefore, its effect on 
the latent heat. 


3.3. Variation of pressure with composition 


Here it will be necessary to treat swelling and solution separately. 
For swelling we have 


Ops On 

pep ors a0) eoeegs (4a) 
ay 

Op On 

on - TPE? oeeee(46) 


Op . 
where an iS the change in pressure on the fluid for an increase in the quantity 


of the common component absorbed by the solid. 
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For solution we have 


On. a ene 
a, 0% + ey ie Reeces( te) 
ah 
Op on 
ie oie (48) 


on = | 
on 


giving the change in pressure on the fluid with increase in the quantity of the solid 
dissolved in the fluid. These expressions are not very useful in evaluating 


pop. . Pirise 
BP as — is not a quantity directly measured experimentally. They are useful, 


‘On’ On 


however, in connections with evaluation of other derivatives. 


3.4. Miscellaneous 


In the expressions so far obtained, the pressure on the fluid has been assumed 
not to act on the solid. If it does act on the solid, then in the case of solution 
it can only be permitted to act on two opposite faces of the solid as the equilibrium 
pressure is different for the three opposite pairs of faces. If the normal to the 
faces on which it acts is denoted by m, which may take values 1, 2 or 3, then the 
pressure exerts tensile stress on these faces equal to X,,,,,=—p. The value of 
op 
OX . 


by the factor (1 + 


: : 0 : 
(Xinm Varying so as to equal —/p) is equal to a (Ximm Constant) divided 
kl 


op 
OX, m 


) - In the case of swelling, the pressure may be allowed 


to act on all three faces and the corresponding dividing factor becomes (1 af 3 i.), 
= Os 


The above corrections apply for mmkl. For mm=kl, the expressions of 
(3.1)-(3.3) apply without correction, it being understood that X.,,,,, is the resultant 
of the applied normal stress and pressure of the fluid. Thesame dividing 


0 
factors should be used to correct s. 

The derivatives of the pressure on the fluid with respect to the other variables 
of the system—stress on solid, temperature, and composition of phases—have 
now been given. ‘These derivatives may be used to calculate other quantities. 
For example, the variation in composition with temperature may be computed 


as follows : 


= Oe pee Posy : 
dp= axe tee apa + a, at ar (49) 
For constant p and X,, these are 
aU! 
On 0 
AT = =a e@eeeee 50 
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For swelling, using equations (39) and (46), 


_laL \ i 
= a ee (51) |} 
| | tt 


For solution at low stress, using equations (40) and (48) andJneglecting the firs 


term in the numerator of (40), | 


| 
pe = a me (52) | 
: 


s F | 
For ~ >Oand for | | and | $e | of the same sign, increasing the temperature}, 
n n n 


’ 
ne 


reduces the amount of the common component absorbed by the solid, (i.e. reduces 


the amount of swelling), but increases the amount absorbed by the liquid, 
i.e. increases solubility. 


In a similar manner, we have for variation of the composition with stress 


o> 
on OX yy 
Dorn ap : veers (OO) 
; On 
and for variation of temperature with stress 
= 202 
Of + éXy; 
Ox, | op e vevece( oul 
oT 


If there is only one component in each phase, both — and 7 
n n 

volumes. With this interpretation, equation (54) can be used to obtain the stress 
coefficient of melting temperature of a pure substance. 

The difference in derivatives for the case of solution when this takes place 
off a stressed face or a stress-free face is interesting. In the latter case, the effect 
of stress on the free-energy change is only manifest in the loss of the strain energy 
of the material transferred to the fluid phase. Strain energy is positive for 
positive or negative stresses, and so the effect on the independent variable, e.g. 
the pressure on the fluid phase, is independentfof the sign of the stress. In the 
case of solution from a stressed face, the potential energy of the external forces 
is changed and the change is of opposite sign for tension and compression; hence 


the effect on the pressure due to this effect depends on the sign of the external 
forces. 


are specific 


It shoud be noted that all the terms in the expressions obtained are functions 
of the independent variables. For example, the term oe in expression (26) is 
n 


a function of temperature, of concentration and of the stress. It is not sufficiently — 
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iccurate to substitute for it its value at zero stress. Some idea of its stress 
lependence may be obtained as follows. If we divide the strain into a strain 
jue to swelling in the absence of stress (=¢,,) and a strain due to stress in the 
ibsence of swelling (=e) and if we neglect interaction of swelling and stress. 
we may write 


y 
i 


For spruce under tension along the grain and at about 15°{ moisture content, 


oa. ~0-0001, whereas at 


‘aking the unit for m as 1% of weight of dry solid, 


20,000 Ib./sq. in. stress — rE x x0 ‘00035, a value three and a half times oe ; 
n 


| 
For a fabric-reinforced plastic, stressed to 15,000 Ib./in? in the plane of the 


“sr 0.001 and — 5 &* = 0.0005. In com 


laminations, similar figures are 
pression é,, has opposite sign to é,y, and it is quite possible that x may be negative 


; , de, 
it high compression stresses. In a similar manner = aT ! in expression (38) will be 


ffected by the change in Young’s modulus with temperature. 

The derivatives given in S§ 3.1-3.3 are obtained by exact thermo- 
lynamic analysis and include terms omitted by other authors. For example, 
3arkas (1945), by using the method of thermal cycles, has derived an expression 


or ies similar to that in equation (26) but his expression omits the first two terms 
11 
f the numerator. It is therefore of interest to estimate the error due to this. 


[he following figures are for a typical fabric-reinforced bakelite material swelling 
lue to water absorption from a vapour phase. ‘The swelling coefficients are 


a 
stimated for a stress of 15,000 Ib./sq. in. 22n 0.0015, ae 0-001, = 0-01, 


he unit for m being 1% change in moisture content estimated on dry weight. 


e14 0€o9 Ole a : : 

ay? x10, — = —3:35 x 10-%, = — 1-67 x 10-’, the unit for_X,, being 

Xi 0X4, 0X4, ‘a 
Ib./sq. in. Ata stress of 15,000 Ib./sq. in. the sum of the first two terms of the 


umerator of equation (26) is about 8°, of the third term so that in this somewhat 
xtreme case Barkas’s expression is in error by some 8%. For spruce subject 
o tension along the grain the following figures are estimates of values at 20,000 
b./sq. in. stress, the units for n and X being as before. ‘The moisture content 


"about 15%. 
0e Olo9 e533 mois 
“11 -~0)-00045, —? 0-003, a 20-0015, 
on on on 


=—54x10-". 


0e1, = 0eo9 th) O€35 
Ei) Sekt) Ae —— =—45x 10 ) 
CAG ‘ 0X41 0X1, 
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At a tensile stress of 20,000 Ib./sq. in. the sum of the first two terms of ti} 
numerator of equation (26) is about 20% of that of the third term. This is of coury 
an extreme case, as the stress chosen is about equal to the breaking stress of tl 
wood. ‘The error is proportional to the stress. 


de, 


For spruce subject to simple shear along the grain (see equation (30)) aX 


has a value of about 2 x 10-5 at a stress about equal to the shear strength of tH 


OV Ce ; | 
material (taken as 1000 Ib./sq. in.). The value of =— Xy aX, in equation (3¢ 
12 


on 

OV 0e14 De | 

is therefore about equal to the value of — X,, —++ ofequation (26). If we tal 
On 0X4, 


ate tk ee and if weassumethat eee equals e es then the value of —* : 


On G? an Gon E on On 


d eel | 
1000 Ib./sq. in. shear stress is about equal to the value of a at 20,000 Ib./sq. in} 


tensile stress. The effect of shear on vapour pressure in this case is of the sa 
order as that of tensile stress in the direction of the grain. 

If spruce is subject to a tension at right angles to the grain, the followin, 
figures apply: 


es3 : Oey, r Ces» 

10-5 eo US 10s, = = —0: 10g 
IX iy oon nonae i avg ots trae ) 

At a tensile stress of 500 lb./sq. in. (of the order of the breaking stress) the errojfi 

in omitting the first two terms of the denominator of expression (26) is of the orde#| 


of 1%. For this case Barkas’s expression is sufficiently accurate. 


: : : L coe N il 
in moisture content per lb./sq. in. stress (; ay ) is about 0-1 x 10-® at zeraf 
n 11 | | 


stress, rising to about 0-5 x 10~® at 20,000 Ib./sq. in. tensile stress. To calculated 


the latter figure, the stress-free value of = has been used. The value of 
n 


_at 20,000 Ib./sq. in. may differ somewhat from this. For the fabric-reinforced} 


| 

| 

' 

bakelite, the value of : = is estimated to be about 0-2 x 10-6 at zero stress, cisinll 
11 

to about 0-3 x 10~% at 15,000 Ib./sq. in. tension in the direction of the laminations. 


§4. DERIVATIVES OF ENTROPY FOR SOLID-FLUID EQUILIBRIUM 


The discussion is confined to equilibrium between one- and two-component | 
phases. ‘The expressions in 3.2 for the change in pressure on the fluid phase} 
with temperature involve the latent heat of transfer of the common component 
from the solid phase to the fluid phase. It is therefore of interest to compute 
the derivatives of latent heat with respect to the explicit variables of the system. 
There is, however, a difficulty in obtaining results having much generality. When 
one of the explicit variables of the system is varied, another must be sumultaneously 
varied to ensure equilibrium. Thus it is not possible to compute true partial 
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{lerivatives of latent heat. For example if, when the stress on the solid phase 
\s varied, the pressure on the fluid phase is varied to maintain equilibrium, we have 


oL\ 
ol — : 
Ge) a (aS? _as® ee: 
VG NCD. OS a) ih a ae he es (>) 
Dost ep 0 eS 
Be ee ee | age enter 3 
Up ike. GES =| (38) 


Jn the other hand if, to maintain equilibrium, we altered the composition of the 
luid phase, we would obtain 
f 


2) 
ty r| = Ue Ra =] (57) 
OX yy On On LOX Oxon Yo ge ts 

or again, we could alter the temperature or another of the stresses on the solid 
hase. If the latter, then we obtain (calling the second stress which is varied X.,,,,.) 


e 

an a /as\S a /as\s 

Gg) ed eRe oe eee 5 
one | ar| aa) alan) oe) 


in the circumstances, rather than give a multitude of formulae applying to par- 
icular cases, it seems best to compute the derivatives of entropy of the two phases 
with respect to their explicit variables separately. Derivatives of any particular 
ype of latent heat may then be obtained by formulae of the type (56) to (58). 


+.1. Variation of entropy of solid phase with stress 


Equating the differentials of the first coefficient of equation (8) with respect 
o stress to that of the second coefficient with respect to temperature, we obtain 


ashe a 0e;4 a Aye i 
ie | iit ce PALIN i yas tea i ee 
ean lax aad) anh Dall eo 
oS oloS eye de,\ a Dex { 
a ape OE | CO yee OS) eS yy OC j 
aX,,an andXy | eaxc( 5) al wane 
dace (60) 


‘or simple direct stress this becomes 
Cie See Vy dey, dey Vy Oe” 


OX or Ono ol |. of aT eax. | 


‘or an isotropic material having shear modulus G 


CRO Saw de yl 
a | Vt La ye 61 
0X,, On an rr G co) 
n the case of swelling, Z means the change in the quantity inside the square 
n 


rackets due to addition of unit quantity of the common component to a large 
uantity of the solid. 


In the case of solution as may be omitted if, instead of V, the specific volume 4 


on 


written, 
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4.2. Variation in entropy of fluid phase with pressure 


Differentiating the first coefficient in expression (22) with respect to pressul} 
and the second coefficient with respect to temperature, we obtain | 
ON: 20) a re (62)i] 

Op oT | 

and 

d-0S |. Gs0V ee cre 
dpdn OndT OT On 
For the swelling case in which the fluid is a pure substance, expression (63) 
simply minus the temperature coefficient of the specific volume of the fluiff 
For the solution case, expression (63) is minus the temperature coefficient of t 
selling of the fluid when unit quantity of the common component is mixed wit 


a large quantity of fluid. 


4.3. Variation of entropy with temperature for solid and fluid phases 
GRGIy OE: 


aT an 7 , where C,, is the heat capacity at constant pressure or stresif 
n n | 


‘For a pure phase o (C,,) means the heat capacity per unit mass, that is the specifi! | 
n | 


heat. For a two-component phase it requires careful definition. To measur 
it, it is first necessary to find the heat required to raise the temperature of a largg 
quantity of the phase by one degree of temperature. ‘Then let the phase absori]) 
unit quantity of the common component. At the initial temperature and pressur#f’ 


again find the heat to raise the phase by one degree. = (C,,) is the difference! 


between these two quantities of heat. 


4.4. Variation of entropy with composition 
Re : : Pree Gals) : 
The variation of specific entropy with composition is Pack This can only 
n , 
be obtained via latent-heat measurements, and no useful thermodynamic relation} 
expressing it in terms of other parameters which can be obtained from direc 
experiments are possible. 


1] 


§5. THERMODYNAMIC RELATIONS FOR INDEPENDENT 
VARIABLES NOT INCLUDING STRESS 

So far the independent variables of the solid phase have been temperature, 

composition, and stress, and for the fluid phase, temperature, composition, and 

pressure. . Instead of stress we may use strain as independent variable. Equatio 

(5) gives the work done in terms of strain as explicit variable. Substituting? 
this in (1) we obtain 

dF = —SdT + V2IX,,de,,+uydnyt+podtg, savin (64) 


Some of the derivatives with respect to strain, similar to those with respect to 
stress, which are given in §§ 3 and 4, will now be given. The method is formally 
equivalent to that used in these sections. The independent variables are tem- 
perature, composition strain of the solid, and pressure in the fluid. 
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Instead of equation (24) we have 


‘or the cases of swelling and solution, dV/én has the significance already 
iscussed. Instead of equation (37) we have 


Ea 


a rr (66) 
a 
Instead of equation (60) we have 
0 0S of oa S 
ae mil ar’ =Xo | at Sue reed (67) 


Instead of stress and strain we might also use force and displacement as 
ndependent variables. By comparing expressions (2) and (5) and (4) and (6) it can 
ye seen that derivatives with respect to force and displacement can be obtained 
tom those with respect to stress and strain by writing 1 for VS, P,; for Xj; and 
4; for e,;; for example the expression equivalent to (24) is 


fa] OX, fa] 0x;,\ 18 
ICA Sipe UOT, Neen Ss pn Oks 
Op. Ble sar) p=? i all 


aP,, [z eee (68) 
on 
ind that equivalent to (26) is ; 
Su | 
Op On 
Wa, ae (69) 
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THE KEW RADIO SONDE 


By E. G. DYMOND, 
University of Edinburgh 


MS. received 23 December 1946 


IBSTRACT. ‘The British radio sonde is a system for telemetering indications of pressure.,,. 
smperature and humidity from a free balloon to the ground. It is used on a large scale for 
yutine observations of the upper air for meteorological forecasting. 

It works on the principle of a varying inductance changing the note of an audio-frequency 
scillator, which modulates the radio transmitter. The design of airborne instrument, 
round receiving apparatus and calibrating plant is described. An account is given of the 
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performance of the radio sonde, and of the errors to which it is subject in actual operatic} 
The probable errors are in the neighbourhood of :=:5 mb. and +0°:4c. for pressure a} 
temperature over the atmospheric range up to 22 km. height, and +10% relative humid] 
down to temperatures of —20° c., below which the hygrometer element becomes unreliak 
or inoperative. The reliability is high, over 95% of the soundings being successful. 


§1. INTRODUCTION 


RADIO SONDE is a meteorological instrument which can be attached to 
free balloon in order to measure pressure, temperature, and humidity duj 
£ ing ascent. The indications are transmitted to the ground by a radio lin} | 
A network of stations using such instruments enables a three-dimensional pictuaf} 
of the atmosphere to be obtained, thus providing the forecaster with far morf 
information than can be derived from surface measurements alone. | 
The following is an account of the radio sonde developed for the Meteorologicaf; 
Office during the war. It is generally known as the Kew Mark IA radio sonde¥q 
It has been briefly described, in a general review of recent meteorological develof} 
ments, by Johnson (1946). | 
The requirements for such an instrument are that it shall measure pressur 
and temperature to an accuracy of at least 1%, of the range, humidity to betweea}} 
5 and 10%, that it shall be sufficiently light to be carried by a balloon to a height of 
16km. ona majority of occasions, and that its cost shall be sufficiently low to allov 
of large-scale use, even when the chance of recovery after a flight is small. 
The progenitor of the Kew radio sonde was an instrument designed by 
Thomas (1938) at the National Physical Laboratory. This gave continuoud 
readings of pressure and temperature but there was no means of measuring: 
humidity. It incorporated two audio-frequency oscillators with variable inductors, 
each of which was controlled by a meteorological element in such a way that the! 
frequency of oscillation was a function of pressure or of temperature. The twolf} 
oscillators simultaneously modulated a radio transmitter. Reception on th eH | 


ground was by a normal communications receiver, the output from which was} 


matched in frequency by ear with that of a calibrated variable oscillator. The two} 
audio-frequencies were sufficiently spaced so that no confusion arose betweelll 
them. Power for the balloon-borne instrument was provided by dry cells. 
This radio sonde was not satisfactory for two reasons. No measurement of 
humidity was possible, nor was the frequency stability adequate to give acceptable | 
accuracy. A modified form was produced by Thomas in 1939 in which the| 
inductors were redesigned and a humidity unit added. The most important 
change was the substitution of mumetal for silicon iron as the material of the 
inductor cores. ‘The frequency stability was much increased and adequate 
accuracy in the air could be expected. But the instrument still suffered from the 
following disadvantages :— 
1. It was very heavy, weighing 2920 grams, of which the battery represented 
960 grams. 
2. ‘The temperature unit, though possessing the desirable feature of very quick 
response to changes in temperature, was insufficiently stable. In particula- 
it was unduly sensitive to gravity and to changes in tilt. As a radio sonde 
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is apt to swing through quite large arcs while ascending, unpleasantly large 
errors would be introduced. 

3. The humidity unit was unsuited to routine use. It operated by causing a 

change in the pressure calibration in steps as the humidity varied. 

For the above reasons the Thomas instrument was not adopted for use in the 
Aeteorological Office, but a new design was called for, operating on the same 
eneral principle of variable inductance, but avoiding the undesirable features 
described above. 


General features of design 

, As the humidity unit of Thomas was quite impracticable when applied to an 
astrument required for large-scale use, owing to the large number of separate 
ressure calibrations required, it was decided to add a third inductor, similar to 
nose for pressure and temperature. But if a third audio-frequency circuit were 
dded, the weight and complexity of the instrument would be increased to an 
qadmissible extent. Furthermore, reception would become difficult, as three 
udio-frequencies would be transmitted instead of two. ‘Trials with an experi- 
aental model incorporating three oscillators confirmed this view and showed that 
his line of attack was not feasible. 

Accordingly, in the Kew instrument, there is only one audio oscillator. Each 
aductor is in turn connected into the circuit by means of a switch which is driven 
yawindvane. The vane rotates in the vertical slip stream. Two good features 
f the Thomas design were sacrificed, continuous recording and total lack of 
noving parts other than those of the meteorological elements themselves; but it 
ow became possible to measure humidity in a simple manner and also to reduce 
he number of valves inthe circuit. Asan indication of the extent of simplification, 
ne total weight was reduced from the 2920 grams of the Thomas model to 1400 
rams. ‘This, however, was partly achieved by the adoption of another type 
f battery. 

The individual meteorological elements, with their inductors, form a unit 
rhich is detachable, as in the Thomas instrument. This is of importance in 
alibration, as the test chambers required are very much smaller than 
‘the whole radio sonde had to be placed within them. In order to cheazen 
roduction the three vxits were made as nearly as possible alike. 


§2. DESCRIPTION 


A schematic diagram of the radio sonde is given in figure 1, which shows the 
wree variable inductors operated respectively by an aneroid capsule for pressure, a 
imetallic strip for temperature and a strip of goldbeater’s skin for humidity. A 
hotograph of the complete instrument without its container or battery is shown in 
sure 2. The battery rests on the lower circular panel. A cylindrical case of 
akelized cardboard protects the two panels. ‘The three inductors, which project 
om the case into the air stream, are shown in their shields to protect them from 
lar radiation. In figure 3 is given the circuit diagram. All three valves are of 
pe HL 23, taking 55 ma. filament current. 


The audio oscillator 
This consists of a Hartley oscillator (V,) with a frequency range of 700 to 
)00 cycles per sec. Cy, is the condenser, of 0-07 mr. capacity, which with the 


648 E. G. Dymond 


inductor in circuit at the moment forms the tank circuit of the oscillator. TI} 
precision of the instrument depends largely on the stability of this condens¢} 
As an overall constancy of 0-5 c./s. in frequency is aimed at, this condenser mu} 
maintain its capacity to well within one part per thousand even at the loweyy 
temperatures likely to be reached. Silvered mica condensers were first used, bj 
difficulties in production of the necessary quantities led later to the adoption |} 
a clamped mica type* in which a very low temperature coefficient of capacii _ 
could be achieved. The average value of this coefficient in production samples |) 
29 x 10-8 per °c., though figures of 10 x 10-® are possible in selected condenser} 
Many types of silvered mica condenser have temperature coefficients up 1 
SOK 10 peta C2 

It is obviously important that the frequency should change as little as possib 4# 
with battery voltage. A large measure of stabilization has been achieved by th | 
method adopted by Thomas, in which a combination C,R, is inserted between t 
oscillating circuit and the driving valve. The large impedance of this combinati 
tends to swamp small changes in valve constants which might cause frequenci 
variation. Frequency instability due to changes in grid current is discussed in 
later section. Values of C, and R, are chosen empirically to give the best peg 
formance. It is possible to reduce the variations due to changes in anode voltagi§| 
to zero over a small range, but those due to low-tension changes cannot be com 
pensated at the same time. A compromise is arrived at in which simultaneou! 
alteration of high and low tension supplies causes frequency variations of opposit if) 
sign. ‘Typical figures are —0-12c./s. per volt for high tension and +3-5c./s. pe 
volt for low tension changes. In actual practice this means an overall variation off 
+0-3 c./s., due to the average drop in battery voltage to be expected duriad 
a flight. i 

An important com- 
ponent of the circuit is the 
condenser Cy. ‘This 
serves to decouple the 
grid of V, from radio- 
frequency _ oscillations 
arising inthe transmitter. 
Without this condenser, 
it is found that there is ,.. 
some feed-back through 
the modulator _ stage. 
The radio-frequency 
voltage appearing on the 
grid of V, is rectified and 
biases it back sufficient- 


of 


ly to alter the audio Figure 3. Circuit diagram. 

frequency. This effect is R,=R,=R,=R,= 22K. Cre 550 ne 

particularly disturbing as R,;=R,=47 kK. C.=20 pr. 

it depends in magnitude pee, Cr=5 pF. 
hist andi ass C,=0-01 mr. C,=100 pr. 

on which inductor 1s in C,;=C,=0-001 mr, Cy=500 pr. 


* Designed by the Dubilier Condenser Co. Ltd. 
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:1. Schematic diagram of the Kew radio 
sonde. 


Figure 2. The radio sonde, without container or battery. 
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An inductor, with temperature element. 


: ce ; : +i _ : > unit, wi radiation shielding. 
fad elevation, Slightly diagrammatic. Figure 5. The pressure unit, without radiation shielding 
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Figure 6. Relation between width of gap in the Figure 7. Frequency change, dF, against oscillator 
magnetic circuit and oscillator frequency. frequency, for various temperatures. 
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Figure 8. The battery, providing 86 volts high tension and 
2-4 volts low tension. 


The Kew radio sonde 649 


circuit, due to differences in the r.f. impedance of the leads, and on the loading of 
the r.f. stage. A decoupling condenser of 500 pr. capacity is sufficient to make 
all variations due to r.f. interaction less than 0-1 c./s. 

During calibration, only the inductor units are placed in the cold chamber. 
It is therefore necessary that the remainder of the oscillator circuit as a whole 
should be insensitive to temperature, as during an actual ascent it will be subjected 
to cold conditions. This question has been studied by reversing the normal 
calibrating conditions. The body of the instrument is placed within the calibrating 
chamber, with the inductor outside at room temperature, connections being made 
with leads through the chamber wall. It is found that a temperature change from 
+15 to —60°c. causes a frequency shift of +0-4c./s. As the condenser C, alone 
should give about + 1-0c./s. in these conditions, the rest of the circuit, including 
the valve, produces a shift of about —0-6c./s. The net effect is sufficiently small 
to be neglected. 


Modulator stage 
The valve V, is interposed between audio- and radio-frequency oscillators to 
impose a constant load on the former and so maintain its stability. Some measure 
of amplification also occurs in this stage. 


Radio transmitter 

This works in the frequency range 26 to 30 Mc./s. The single valve oscillator 
Vz is grid-modulated by the output of V,. The depth of modulation can be 
controlled by the magnitudes of the coupling resistor and condenser, R; and C,, 
yetween V, and V;. It is found that two states of modulation are possible. 
[In one, the modulation depth is 30°% or less, with little distortion of the audio- 
requency wave-form. Inthe other, the oscillator V, is over-modulated, as during 
yart of the cycle it is completely cut off. Depths between 30 and 100% cannot 
ye obtained. The state of over-modulation was chosen to obtain the maximum 
iignal strength. The wave-form is much distorted, but this is of no consequence. 

With this type of circuit there is a large measure of frequency modulation in 
iddition to the amplitude modulation. This has not been accurately measured, 
yut the frequency swing is of the order of +50 Kc./s. When receivers with narrow 
yass bands are used, there is little gain in signal strength when the modulation 
lepth is increased from 30 to 100%. But in addition to its use for measuring 
yressure, temperature and humidity, the radio sonde is also used for measuring 
vinds, as described by Johnson. ‘The direction-finding receivers used for this 
vork are not as selective as those for radio sounding and the mode of greater 
nodulation gives some advantage in signal strength. 

The aerial is end-fed, half a wave-length long, and is attached alongside the 
uspending cords from the balloon. The aerial current as measured by a thermal 
nilliammeter inserted in the midpoint of the aerial is of the order of 15 to 25 ma. 
t depends largely on the particular valve, as these vary widely in the efficiency of 
scillation. In practice, the radio-frequency valve is selected to give a minimum 
utput of 15 ma., with an anode voltage of 85 volts. Assuming an aerial impedance 
f 70 ohms, these currents correspond to a radiated power of 16 to 44 milliwatts. 
‘his power is amply sufficient. The maximum altitude of ascent is reached in 


~ 
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45 to 60 minutes, and it is only on very rare occasions that the instrument is carrie), 
by the wind more than 100 miles (160 km.) in this time. But instances have bee | 
recorded of the radio sonde from one station being heard by another when oval) 
175 miles (280km.) distant. It appears that limitation in range is due rather ° 
passing of the transmitter below the horizon than to fading of the signal owing 
distance alone. . 

As the radio transmitter is subjected to a large change in temperature duri 
flight, its frequency suffers a steady drift. This is minimized by use of an aij 
dielectric condenser C,; as the tuning condenser. Drifts are also caused by tk 
voltage drop of the battery. In practice the frequency shift during a fig! 
averages 100 and rarely exceeds 200 Kc./s. | 


Meteorological units | | 

These, as already mentioned, are separate and can be plugged into the ma 
body of the instrument. Whereas the battery and circuit elements are enclosq 
for protection against the weather and for thermal insulation, the meteorologic 
elements and their inductors are fully exposed to the air. ‘This is of importance df 
the inductors are somewhat sensitive to temperature, and in order to apply corre 
tions accurately their temperature must be known with some precision. TH 
inductors are all alike, with the exception of that in the humidity unit, in which th 
number of turns of the coils is reduced. This is for the purpose of slightly rais1 
its frequency range, so as to.separate it to some extent from those of the other t 
units. 

It is important in the design of these units that they shall be mechanical] 
robust, so that they do not distort under the shocks of transport, and that thes 
should be a minimum of metal in regions where stray magnetic flux is strong 
This flux sets up in all the metal parts eddy currents, which react very unfavourabl 
on the frequency stability. 

An inductor is shown diagrammatically in plan and elevation in figure 4. 
photograph of the pressure unit without radiation shield is given in figure 4} 
The core A is made of six mumetal stampings, each 0-005 in. (0-127 mm.) thicl} 
whose ends are turned up to form flat pole pieces. The coils B are wound olf, 
moulded formers, each with 1200 turns of No. 38 S.W.G. copper wire, insulatel ) 
with fused cellulose acetate. In the case of the humidity unit, the coils are wounif| 
with 1100 turns only. ‘The coils are placed as close to the pole pieces as possible, : | 
reduce the leakage flux. The resistance of the two coils is about 120 ohms 4 
15°c., but falls to 80 ohms at —60°c 

The moving armature C is a single stamping of mumetal 0-005 in. (0-127 mm\f) 
thick, supported by a nickel silver stamping D of the same thickness. Onif| 
portion of this stamping serves as a spring hinge for the armature; to the other itt 
attached the meteorological element. The flux density in the armature is mucif) 
greater than in the core, and it is necessary that it should be of the highest pera 
ability. ‘This is required not so much to obtain a high value of inductance as td | 
reduce the losses in the mumetal. These losses, partly due to hysteresis and partly 
to eddy currents, are smaller the higher the permeability. It is therefore i impel | 
tant that the strip from which the armature is cut should have been rolled in th) 
direction of its long axis, in order to obtain the best magnetic qualities, and thal | 
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after heat treatment the armature should be treated carefully. Mumetal in its 
high permeability state is very sensitive to mechanical handling. It is found 
that the stamping D may be soldered on without affecting the permeability, but 
that spot welding is definitely deleterious. 

It will be noted from figure 3 that grid current flows through one coil of the 

inductor. ‘This current, though small, produces a permanent flux in the magnetic 
circuit which reduces the incremental permeability. Any change in its value will 
therefore alter the oscillation frequency. An attempt was made to improve the 
frequency stability by using a grid leak with condenser coupling, thus removing 
the grid current from the coil. It was found, however, that the stability was 
worsened. Apparently when the supply voltages are altered the effect of changing 
grid current partly compensates for the variations in the other characteristics of the 
valve. 
_ Atypical curve showing the variation of frequency with air gap in the magnetic 
circuit is giveninfigure6. ‘The useful range of movement of the armature is about 
25mm. ‘The sensitivity varies from 40c./s. per mm. at 1000c./s. (wide gap) to 
230 c./s. permm. at 700c./s. But the precision of measurement cannot be expected 
to increase in the same proportion, as at the low-frequency end the gap is so small 
that slight distortions in the frame of the unit will have proportionately a bigger 
effect. ‘The design is such that meteorological conditions on the ground corre- 
spond to high frequencies, both for pressure and temperature. 


\ 


The pressure unit 


The sensitive element is an aneroid capsule of steel, K monel or beryllium 
copper. A very low value of elastic hysteresis is required, and also a nearly linear 
relation between deflection and pressure. ‘The Meteorological Office specification 
calls for a maximum width of the hysteresis loop of 2 millibars in a complete 
pressure cycle of 1000 mb. amplitude. 

A deflection linear with pressure, when combined with a frequency-deflection 
relation as shown in figure 6, gives a very desirable characteristic to the instrument. 
Due to the logarithmic relation between atmospheric pressure and height, a much 
higher pressure sensitivity is required at low than at high pressures. The Kew 
-adio sonde does not achieve the ideal of linear height sensitivity, but approaches 
t more nearly than do most such instruments. 

The pressure unit is sensitive to temperature and, as it is subjected to the full 
ange of atmospheric temperature, it is necessary to evaluate corrections for this. 
[he change dF in frequency due to temperature may be expressed as 

dF=dF,+4dF,+dF3, 
vhere dF, is due to the aneroid capsule itself, d#’, to the inductor coils, and dF, 
othe mumetalinarmatureandcore. dF, is caused by the temperature coefficient 
f the elastic constant of the capsule. The effect of this is greatest at ground level, 
vhen the stress on the capsule is a maximum, and it becomes zero at the top of the 
tmosphere. The temperature changes at ground level are, however, compara- 
ively small, and so the importance of dF, increases with height to a maximum at 
bout 200 mb. pressure and decreases again with further increase in height. — It is 
ossible to introduce some form of compensation in the capsule, but this course 
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has not been followed as it is found that the contribution of dF, to the whole effe} | 


is small, 
The resistance of the coils changes by about 30% between +15 and —60°), 
This alteration in the resistance of the oscillating circuit changes its frequency I} 
dF,. dF,is caused by the variation in hysteresis and eddy currents in the mumet} 
and, in a minor degree, to the change in permeability. 
The total variation, dF, is not a linear function of either temperature or fr 
quency, and it also varies widely from instrument to instrument. ‘The avera 
values are shown in figure 7, where dF is plotted against observed frequency f| 1] 


various temperatures. _ It is seen that in the upper atmosphere, corresponding 

the region below 800 c./s., the corrections which must be applied are quite larg} 
and may reach, when converted into pressure, 20mb. ‘This is an importa 
fraction of the total pressure. 


Some insight into the relative magnitudes of dF’, dF,, and dF; may be gained from tif 

following considerations :— 
(a) By fitting an extension to hold the aneroid capsule at some distance from the rest 
the inductor, the change in frequency can be observed when (1) the whole unit 
cooled and (2) when only the capsule is cooled by immersion in a suitable bat 
The differences give the effect of the capsule alone. Changes due to ther | 
contraction of the frame can be shown to be small. In a typical example it is four) 
that dF\=2-0c./s. at surface pressure for 80° c. change. At 200 mb. pressulf 
(800 c./s.) dF, =—0-04 dF, and is, therefore, negligible. 
(6) The change in resistance of the coils on cooling is measured. Resistance is no 
added to the oscillating,circuit when cold to restore the original value. "The alter} 
tion in frequency due to the restoration of resistance is measured, and this mul 
equal dF,. For an 80° c. change dF, is found to be —4°8 c./s. | 
(c) From the foregoing results dF; is seen to be 1:52 dF at 200 mb. It is, therefore, 1 
far the most important factor, and its variation from instrument to instrumes 
contributes to the wide range of dF found in practice. 
The effect of the mumetal is itself complex, as both core and armature have to be take: 
into account. ‘The relative effect of these components can be estimated by removing thi 
armature altogether. But this can only give rough results, as, without the armature, the flu 
in the core differs widely from the working conditions. 11 

More reliable estimates can be made from the following experiment. The whole uni 
is cooled to a low temperature and is then suddenly placed in an air stream of about 5 metre We 
sec. at room temperature, while the change in frequency with time is measured, as the un/f. 
warms up. ‘I'he curve connecting dF with time consists of two exponentials, with hali 
value periods of 5 and 25 seconds and relative amplitudes of 3 to 1 respectively. The cur i 
of quick decay represents the change due to the armature, which is very thin and exposed i i 
the full ventilation. ‘The slower curve corresponds to the coils and core, which are to bif 
expected by reason of their construction to change their temperature together. 

This experiment is of importance also in assessing the accuracy of pressure measuremeni} 

The proper application of the correction dF to observed values of frequency assumes that a 
parts of the pressure unit are at the same temperature or, more exactly, that they have thy 
same relative temperature distribution during flight as during calibration. It is seen fror# 
the above discussion that the greatest contribution to dF arises from the armature, whidh 
follows the air temperature very rapidly. The coils and core have a considerable lag bu 
do not have a large effect on dF. This lag does, however, limit the ultimate accuracy witli 

which pressure can be measured, which, as will be shown later, is of the order of 5 mb. | 


The temperature unit 

The sensitive portion is a bimetallic strip, 0-025 mm. thick, rolled into a cylindes 
lcm. diameter by 1-6cm. high. The bending into a circular arc sets up stressed} 
which are only slowly relieved, in spite of repeated cycling of the element over the 
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‘complete working range of +30 to —70°c. Investigation has shown that the 
ate of recovery with time after bending is exponential. In the first instruments, 
. bimetal of brass and invar steel was used, in which the amount of creep after 
olling equalled the deflection due to 3°-25c. change; 90°% of the deflection was 
eached in 135 days. It is not possible to anneal this material effectively, as high 
emperatures lead to softening of the brass and destruction of the elastic properties. 
\ combination of ordinary and invar steel was finally adopted, which gives a creep 
fter rolling equivalent to 1°-3c., with a 90% period of 110 days. Although this 
ype of bimetal can be annealed, this is not possible in the actual elements used. 
“hese are arranged to curl up with increase of temperature, and at the annealing 
>mperature the edges of the split cylinder would meet and set up fresh stresses. 
n spite of having only three-quarters of the sensitivity of the brass-invar com- 
ination, the new material has been found to give markedly improved performance, 
ue to its better elastic properties. As calibration takes place at least one and 
sually several months after rolling, the effect of creep can be kept quite small. 

__ At low temperatures, the sensitivity of bimetal is reduced, owing to the increase 
1 Young’s modulus. This is countered by the increasing sensitivity of the in- 
uctor for small gaps, as shown in figure 6. ‘The combination gives a variation of 
‘equency with temperature which may be made linear or slightly increasing with 
Jling temperature, depending on the sensitivity of the particular bimetal. 

An important characteristic of a temperature element for radio sonde work is its 
seed of response. In this instrument the time for a 50°% response to an instan- 
neous temperature change is 4-5 sec. in an air stream of 5 m./s. and of normal 
ensity. ‘The thickness of metal forming the bimetallic strip is the controlling 
ctor in determining the lag. It is not feasible to reduce this further without 
npairing stability, as the cylinder would become too weak. It is also important 
iat the strip should be ventilated as freely as possible. The lag gives rise to a 
rstematic error near the ground of 0°-2c. when the instrument is rising at its 
ormal rate in an atmosphere with a lapse rate of 6°c. perkm. ‘This error varies 
versely as the square root of the air density, and will amount to 0°-45 c. at 200 mb., 
out the level of the tropopause. In the stratosphere the error becomes negligible, 
nce in this region the temperature itself is practically constant. 

No attempt is made to apply a correction for the effect of lag. Its variation 
ith height leads to a very small but significant error in the lapse rate; however, 
ace all instruments of the same type are equally affected, horizontal temperature 
adients are not appreciably changed. 

The temperature coefficient of the inductor itself is the same as that in the 
‘essure unit. Errors due to the inductor, however, will only arise if the temper- 
ure distribution of the various parts is different in actual flight from that occuring 
iring calibration. ‘The performance of the instrument does not suggest that 
y perceptible error arises from this cause. As previously shown, the armature, 
hich makes the largest contribution to dF, has a lag coefficient which is so close 

that of the bimetal that the two may always be considered to be at the same 
mperature. 

The most difficult problem in designing a temperature-measuring system for 
dio sondes is the prevention of radiation errors, particularly in the higher levels 

the atmosphere, where solar radiation is most powerful and ventilation least 
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| 
effective. Not only direct radiation from the sun but also that from cloud ; 
beneath the instrument must be considered. At night there is also the possibili, 
that the bimetal may be cooled by radiation into space. 

On all these counts it is of the first importance that the surface of the bimed 
shall be as highly reflecting as possible. Unfortunately, it has been found that 
coating of nickel or chromium adequate to take a high polish is so thick that ni 
only is the sensitivity reduced but the stability of the element is also impaire 
But one commercial grade of bimetal* is formed of stainless steel which 
itself take a high and permanent polish. 

The perfect radiation shield for radio sondes has yet to be designed. There 
no difficulty in protecting the sensitive element from radiation arriving at a le 
angle to the horizon, but the problem of dealing with high solar elevation has nip 
been completely solved. The following requirements, some of which are mutual 
antagonistic, should be met :— i} | 

1. The shield must not allow solar radiation to strike the element directl]} 

2. It must prevent radiation reaching the element after multiple reflectiqfi 

within the shield. | 

3. The shield must not itself absorb sufficient radiation to warm appreciabij} 

the air flowing through it. 

4. There must be no interference with the free flow of air past the element. } 
Condition 1 suggests a tall shield with narrow opening at the top, but 3 requires tl 
reverse; 2 demands a complicated structure which will conflict with 4. Tl} 
screening of the Kew radio sonde is necessarily a compromise. ‘The present for 
was reached after many modifications during the last three years, and is by 
means ideal, as the necessity of maintaining production continuously did not alla 
of drastic alterations to preceding designs. It consists essentially of a dou aH 
aluminium shield which is extended in the upward direction by a thin rectangullfl} 
tube (see figure 2). Hy 

It is believed that this system is fully effective in temperate regions up to tl 
highest levels. ‘The evidence for this statement will be discussed below, und} ! 
the heading of ‘‘Performance’’. But in tropical regions, in the period around noo} 


it cannot be expected that this or any other radio sonde will give temperatulf! 
readings which are not falsified by radiation effects. | 


The humidity unit 

The sensitive element is a strip of goldbeater’s skin. This material has seve 
advantages for hygrometric measurements over the conventional hair. It is mudf! 
more sensitive, it gives more reproducible readings, and its lag in conditions 
changing humidity is much less. The sensitivity varies from 4 to 8% change 
length, depending on the particular sample, for 100% change in relative humidit! 
and is independent of temperature. 

As the distribution in the atmosphere of humidity with height is much moj 
irregular than that of temperature, it is important to have an instrument wit | | 
minimum of lag. Unfortunately, the speed of response falls rapidly with fallis 
temperature, as table 1, due to Gluckauf (1947), shows. 


Table 1 
Temperature (° c.) +18 0 — 30 —69 
Time constant (sec.) 2°4 6 60 1800 


* Hiflex. supplied by Hance Wieommnennae 
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These results were obtained in an air stream of 5 m./s., about the speed of ascent of 
a radio sonde. The corresponding figure for hair at +18°c. is about 30 sec. 
Gl. -ckauf has also shown that the maximum speed of response at a given temper- 
ature occurs for changes in the neighbourhood of 50°% relative humidity, and 
falls off both in very dry and in very damp air. In particular, the lag approaches 
pty at 100% R.H. The lag at low temperatures limits the region of reasonable 
accuracy to above —20°c., and at —40°c. the material becomes useless for 
hygrometry. 

Gluckauf has also shown that goldbeater’s skin exhibits a hysteresis effect 

when subjected to a cycle of humidity changes, which includes very dry conditions, 
but that it recovers its original calibration when it returns to above 70% R.H. 
There i is no hysteresis between 70 and 100° R.H. 
_ Thus it is seen that an instrument using goldbeater’s skin leaves much to be 
desired. No other material, however, is available with better qualities, nor do 
the electric surface-resistance types first developed by Dunmore (1939) show any 
better performance at low temperatures. 

The successful use of the material depends on the observance of the following 


oractical points : 


1. The skin must be single-ply and unvarnished. 
2. ‘The maximum working tension must be limited to 50 grams per cm. width. 


3. After mounting on the unit, the skin must be seasoned for several hours in a 
saturated atmosphere, while subjected to its working tension. ‘The material 
acquires a permanent strain under this treatment, without which it is 
impossible to obtain reproducible results. 

4. In order to minimize the hysteresis, it is advisable to condition the element 
by placing it ina saturated atmosphere for 20 minutes both before calibration 
and use, and to calibrate from damp to dry conditions. This simulates 
the usual direction of humidity change during an ascent. 


5. While after the conditioning process no further permanent change in 
length occurs in a saturated atmosphere, this is not true if the material is 
placed in liquid water. ‘Therefore the strip of goldbeater’s skin must be 
protected from rain. It has been found that passage through cloud does 
not affect the calibration, but prolonged exposure to extremely wet fog while 
preparing for an ascent has on occasions given rise to further stretching. 


The inductor of the humidity unit is similar to those for the pressure and 
smperature, except that the coils are wound with 1100 instead of 1200 turns of 
ire. Owing to the limitation in accuracy imposed by the nature of the material, 
reat precision of reading is not required and the range of frequency is limited to 
out 100c./s., in the upper portion of the band. In the higher atmosphere, 
here humidity readings are useless, the frequency of the unit is then well 
parated from those of the pressure and temperature units. 

The effect of temperature on the calibration can be neglected. Gluckauf has 
own that the calibration of the skin itself is independent of temperature, and 
rections due to the inductor are unimportant above —20°c., where useful 
adings may be obtained. It is thus unnecessary to calibrate the unit except at 
om temperature, an important practical advantage. 
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The battery 


The power supply for the radio sonde must have the following 
characteristics :— 

1. Small weight. 

2. Constant potential during discharge. 

3. Long shelf life before use. 

4. Relative insensitivity to low temperatures. | 
The form of battery most nearly conforming to these conditions is that used by} 
Vaisala (1937). A similar design, of larger capacity, has been adopted for the Ke f 
radiosonde. A photograph is shown in figure 8. Both high- and low-tension cells} 
are constructed with lead peroxide positive and amalgamated zinc negative plates. 
The electrolyte is sulphuric acid, of density 1:27. After prolonged storage, the} 
mercury on the zinc electrode diffuses into the body of the metal; to counter this} 
effect about 1°% of mercuric sulphate is added to the electrolyte. This provides aj) 
freshly amalgamated surface at the moment of use. The case is moulded ini} 
cellulose acetate. | 

Such a cell gives an e.m.f. of between 2-4 and 2:5 volts. The characteristics of} 
the complete battery are shown in table 2. 


Table 2 
Discharge Discharge : ‘ 
aps ee OWS = BT VE a ee ahi fee 
: (ma.) (ma.) . j 
HT Mk. I 36 86-0 10 6 12 i] 
LT. Mk. I 1 2-4 250 aS) 300 ii} 
HT Mk. III 40 98-0 30 30 45 1 
LT Mk. III 3 2 600 600 900 29 


The Mark I battery is that used for the radio sonde. A single moulding contains both 
high- and low-tension cells. ‘The weight complete with acid is 300 grams. This can be 
considerably reduced, as later developments have shown. As an example of what is now 
possible, figures are also given for the Mark III battery, developed for another type of \ 
instrument. ‘The increased performance has been attained by increasing the amount of 
active paste relative to inactive grid in the positive plate, and by reduction of its thickness 
to the minimum required for mechanical strength. As the discharge rate is very high, the 
capacity is dependent on the surface and not on the volume of the plate. 

At the working discharge rates given in the table, the e.m.f. remains constant to 5% for 
at least 13 hours, which is usually sufficient not only for the ascent but for a large part of the 
descent also. This constancy is of assistance in maintaining the frequency stability of the 
oscillators. 

The positive plate is given a special forming charge during manufacture, and is carefully | 
washed and dried before assembly. The capacity falls with time, but the stated performance 
can still be obtained after 12 months’ storage. There is evidence that most of the reduction 
takes place in the first three months; but if the battery is kept in a dry atmosphere, sealed 
from the air, there is no diminution in capacity, and in this condition the shelf life is_ 
indefinitely long. 

The sensitivity to low temperature depends on the rate of discharge. The e.m.f. 
changes little, but the internal resistance rises, with fall of temperature. At low rates of 
discharge the cells can be used down to about —30° c., but at the maximum rate failure 
occurs at about —15°c. This has been shown by Marth (1944) to be due to precipitation 
of zinc sulphate from solution, leading to the formation of a high-resistance layer at the 
negative electrode. Tn actual practice the battery is well lagged in cellulose wadding and 
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is placed within the case of the radio sonde. Its temperature during an ascent can be 
studied by laboratory experiments in which the thermal lag of the battery is measured in 

| conditions closely approximating to those during a flight. These lead to the conclusion that 
if the maximum altitude is reached in 45 minutes, with an air temperature of —60° c., the 
battery will fall to —15°c. As radio-sonde failure due to battery trouble is rare, it is 
believed that these experiments give a pessimistic view. In many cases the instrument can 
be followed, after the balloon has burst, until the descent is complete, with no indication 
of battery failure. 


The switch 

_ This connects in turn each meteorological unit to the audio-frequency circuit. 
The contacts, which are of gold-plated phosphor bronze, are operated by a cam 
driven through worm and gear wheel by a three-armed windmill, similar to a cup 
anemometer. ‘This rotates in the air stream created by the ascent of the instru- 
ment. Near the ground, the switch makes a complete cycle of operations in about 
20 seconds, giving 6sec. to record each meteorological element. In the strato- 
sphere, the rate decreases to about 1 cycle per minute. As the amount of power 
available at high altitudes is very small, the switch and gear must operate with a 
minimum of friction, and no lubricant can be used owing to the low temperature. 
The contacts are protected by a closely fitting cover to prevent condensation of 
moisture given off by the battery. 


Ground-receiving apparatus 

The apparatus on the ground for receiving and analysing the signals of the 
radio sonde consists of 

(a) Radio receiver. 

(6) Calibrated variable audio-frequency oscillator. 

(c) Cathode-ray oscillograph. 

The audio-frequency signal, derived from the receiver, is applied to one of the pairs 
of plates of the oscillograph, and the output from the variable oscillator to the other 
pair. A stationary loop is seen on the screen when the two frequencies are equal. 
The oscillator can be set by this means rapidly to within 0-1 cycles/sec. of the 
frequency of the radio sonde, the value of which can be read off a dial. 

The superheterodyne receiver and oscillograph are normal commercial pro- 
ducts and call for no comment. The oscillator must be accurate to within 
0-2 c./s. over the range 700 to 1000 c./s., a degree of precision which is not attained 
by any commercial instrument. A beat-frequency oscillator was first developed, 
but because of drifts in frequency it required standardizing against an electrically 
maintained tuning fork at short intervals. Ultimately a resistance-capacity 
oscillator * was used which had a reading accuracy of 0-2c./s., and which was 
constant to this amount over periods of at least two hours. It was therefore only 
necessary to check the calibration against the tuning fork once before each ascent. 
The tuning fork itself is of Elinvar, but is not maintained at a constant temperature, 
so that variations of frequency due to extremes of temperature may be of the order 
of 0-1 c./s. 

The procedure of taking observations and computing the results is as follows. 
One man observes and measures the frequency of each signal, corresponding to 
pressure, temperature, or humidity, as they occur in turn. He plots against time 

* Developed by Muirhead and Co. Ltd. 
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each observed frequency, a special clock graduated in 1/20 minutes being used fo 
timing. The scales of the plotting chart are so adjusted that with readings takes 
to 0:5 c./s. no interpolation is required. This is necessary as the time for observ) 
ing and plotting each point is only 6sec. The record therefore consists of a serie! 
of dots, running in three lines representing frequencies of the pressure, temperaturqy 
and humidity units. There is nothing to indicate which signal corresponds te 
which meteorological element, and as the records may intersect, it might be though 
that analysis would be difficult. In actual fact this is not so, and confusion very 
rarely arises. At the beginning of an ascent, knowledge of the ground conditions 
enables the three frequencies to be identified. In general the pressure frequency 
is the highest. At the top of the ascent, the humidity element always has the 
highest frequency. At intermediate points the character of the individual records 
isa guide. Pressure gives asmooth curve Temperature, while running roughly} 
parallel to pressure, will have irregularities corresponding to inversions and changes E 
in lapse rate. Humidity may make large changes. } 
Each recording chart lasts for ten minutes. At the conclusion of this perioa 
the completed record is handed over to a computer, who applies the necessary 
corrections, and from the calibration charts evaluates the frequencies in terms of | 
pressure, temperature, and humidity. The results of the ascent are fully computed} 
and ready for telegraphic transmission some 15 minutes after the balloon has burst 
There has been no attempt at automatic registration. While the labour of the t 
operator would be eased by a mechanical recorder, the man himself could not ba 
eliminated. As, also, such a recorder must necessarily be somewhat complicated jf 
the reliability of the whole installation would be reduced and maintenance, always a 
difficulty in remote stations, increased. 
The complete cycle of pressure, temperature and humidity measurements is} 
repeated every 20 seconds during the earlier stages of an ascent, so with the averag: ol 
speed of ascent of 300 m./min., points every 100 metres in the atmosphere can bel 
evaluated. 


$3. CALIBRATIVON AND CON DROW 


As the meteorological units are detachable from the main body of the instru-} 
ment, these can be subjected alone to varying conditions in suitable chambers. |} 
The radio sonde proper stands outside the chamber and is connected to the units 
within by leads. lt has been established that these leads introduce a negligibly 
small change in frequency, provided that the audio-frequency valve is fully’ 
decoupled with respect to radio frequency. | 

Pressure and temperature calibrations take place in the same vessel, which holds 
six units, pressure or temperature, at atime. ‘The chamber is cooled by a bath of 
trichlo ethylene surrounding it. The bath is vigorously stirred and can be} 
controlled in temperature by addition of solid CO, or by electric heating elements. 
The chamber itself is ventilated by a fan, and temperatures are measured at two 
points at the top and bottom by means of thermocouples. The use of two couples | 
assures the operator that there are no undesirable temperature gradients at the| 
moment of observation. In spite of forced air circulation, there is always some | 
difference in temperature between top and bottom of the vessel, but this should not | 
exceed 1°c. even at the lowest temperatures. This gradient is due principally to | 


i 
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the fact that for constructional reasons the top of the chamber is not immersed in 


' the bath. 


The usual range of temperature calibration is from +25 to —70°c. Atmo- 
spheric temperatures as low as — 85° c. are occasionally encountered in this country 
and —90° has been recorded in equatorial regions. A number of experimental 
calibrations, using liquid air as the cooling agent, have established that extra- 
polation of the normal calibration down to these temperatures will not produce 


' errors greater than 1°c. 


The pressure unit is given a full calibration from ground pressure to 50 mb. at 


»15°c. It is then cooled to —65° or —70°c. and readings for 300, 200 and 


100 mb. taken, giving the frequency changes dF due to the change in temperature 


at these various pressures. As the variation of dF with pressure and temperature 


is complex, and due to several causes, it is not to be expected that all units will 


i 


| 


follow the law embodied in figure 7. It is found, however, that toa first approxi- 
mation the behaviour of any unit can be represented by the curves shown, when 
the ordinates are multiplied by a constant factor Qy, peculiar to that unit. It is 


_ therefore only necessary ideally to determine dF at one pressure and temperature 
in order to find Q;. In practice the factor is determined at three pressure points, 
not only to improve the accuracy but to detect the small percentage of anomalous 


units which do not conform to the curves of figure 7. These latter are rejected. 
This procedure for applying a temperature correction to the pressure unit gives 
only approximate results. Higher accuracy would undoubtedly be obtained by 
individual exploration of each unit. Practical considerations, however, rule this 
out. When large numbers of instruments have to be calibrated, the extra time 
involved would be prohibitive. Furthermore, the computation of a sounding 


' must be as simple and rapid as possible if the results are to reach the forecasting 


centre in time to be of use, ‘The approximate corrections lend themselves to 
swift computation by specially designed slide rules, embodying the data shown in 
figure 7. This would not be possible if individual correction charts were to be 
used with each instrument. 

Humidity calibration is carried out in a separate apparatus. ‘T'his comprises a 
chamber holding 24 units, in which the air is rapidly circulated, by means of a 
blower, past ventilated dry- and wet-bulb thermometers for measuring the humidity 
and through one of four vessels, containing respectively warm water, saturated 
solutions of sodium nitrate and calcium chloride, and silica gel. Any one vessel 
can be selected by means of a multiple valve, so that relative humidities of 100, 70, 
40 and 10% are readily obtained. 


Control corrections 

Before the radio sonde is used in the air, the calibration at surface values of the 
meteorological variables is checked ina ventilated screen. These control readings 
are made with the instrument ready for flight, and take place a few minutes before 
release. 

Slight changes in frequency relative to the calibration values are usually found. 
These arise from a variety of causes :— 

(a) Differing standards of frequency at calibrating and observing stations. 

(b) Use of different battery voltages during calibration and control. 
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| 
: S| 
(c) Influence of leads and of the surrounding metal chamber of the calibration , 

apparatus. | Wi 


(d) Secular changes in the meteorologically sensitive elements. 


Errors due to (a) never exceed 0-25c./s., as each station is equipped with an 
electrically maintained tuning fork for the standardization of frequency. Some'}| 
variation in voltage occurs from battery to battery, which in spite of the stabilization | 
introduced into the oscillating circuit may in extreme cases give rise to 0:5c. /s.| 
change. ‘The effect of (c) is relatively constant from instrument to instrument, | 
and lies between 0-1 and 0-2c./s. Thus although (a), (6) and (c) are all small, their | 
cumulative effect may be of importance. Under (d) are included changes with ]f 
time of the aneroid capsule and bimetallic strip, possible distortion of the frames |}} 
due to mechanical shocks, and variation in the permeability of the mumetal owing | 
to ageing or rough treatment in transport. 

The overall change in frequency due to all causes amounts on the average to 
1 or 2c./s. A constant correction, called the control correction, is applied to the | 
calibrations. ‘This proceeding is somewhat arbitrary as it is not to be expected |} 
that the frequency changes remain the same at all values of the gap in the magnetic |} 
circuit. One factor, (a), is obviously independent of gap, and (4) and (c) give rise | 
to errors which inversely vary as the gap, while (d) usually increases with gap. 
Thus it is impossible to lay down a general rule for variation of correction with 
frequency, as in any pacman case the relative importance of the various factors is 
unknown. | 

The application of a constant correction is therefore only an approximation, but |} 
has the merit of allowing rapid computation. In order to limit the errors that may |] 
arise from this approximation, no radio sonde is used whose control corrections for |} 
pressure and temperature exceed 5c./s. 


§4. PERFORMANCE 


It is not easy to assess the accuracy of aradiosonde. Direct comparison with a 
recording meteorograph attached to the same balloon will reveal gross errors, but | 
the performance of the meteorograph itself is not sufficiently well known for 
critical work. Comparison against aircraft thermometers gives some information, 
but as it is not possible to ensure coincidence in place and time for both instruments, 
a lengthy series of measurements is required, and only mean figures for accuracy 
are thereby obtained. It is also not possible by this means to check the radio 
sonde at altitudes greater than 12km., or about 200mb. pressure. It is also 
generally impossible to separate pressure and temperature errors. But pressure 
measurements alone may be accurately assessed by comparison of heights com- 
puted from the readings with those directly determined by radar. 


Accuracy of temperature measurements 


Apart from the use of aircraft comparisons, casual errors may be assessed from 
the following experiments. A series of ascents was made with radio sondes in 
which the humidity units were replaced by extra thermometer units. Each unit 


of a pair was separately calibrated so that the final results include calibration errors, 
so far as these are not systematic. 
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The average difference in six flights between the pair of units in each instru- 
ment is givenin table 3. In view of the fluctuations, the variation of the difference 


Table 3 


| Presure level (mb.) 800 600 470 350 250 180 100 Us 50 
, Difference (° c.) 0-45 0:50 0-67 1:00 0:56 0-61 0:22 0-44 1:00 


‘with pressure is not significant. As the errors may be assumed to be equally 
distributed between the two elements, the probable error of one is + 0°-4c. In this 
figure are included all sources of casual error, except that due to variation of 


‘battery voltage during the ascent. 
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Figure 9. Difference of temperature between Figure 10. Mean difference of temperature 
ascent and descent. between soundings at 1200 and 0000 hours 
Full curve: Suspension between balloon and (full curve), for May to July 1945, and 
instrument 12 m, between soundings at 1800 and 0600 hours 

Dotted curve : Suspension between balloon and (dotted curve). 


instrument 40 m. 

The chief systematic errors arise from the effect of solar radiation. These are 
of two classes, respectively due to the action of the sun on the balloon and on the 
instrument itself. It is well known that solar radiation heats the balloon envelope 
to temperatures of which there is no reliable estimate but which may be 10 or 
20° c. above that of the surrounding air. What has not been fully appreciated in 
the past is that the balloon as it ascends leaves a wake of heated air through which 
the radio sonde moves. The consequent temperature error becomes more 
important with increasing altitude, but can be minimized by using a sufficiently 
long suspension between balloon and instrument. 
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The error does not arise during descent, so that comparison of ascent and dei) 
cent records will reveal its magnitude. Results of such a comparison are show 
in figure 9. The full curve shows the mean difference between ascent and descer 
for a series of soundings around midday, when the distance between balloon an} 
sondeis12m. ‘The dotted curve gives the similar difference when a 40-m_ sus}f 
pension is used. It is seen that with the shorter suspension the ascent may giv} 
temperatures too high by as much as 4°-0c. at the highest levels, but that the errct 
is negligible at a height of 14km., or 150mb. At lower levels it again become 
appreciable, but this is not due to radiation but to other factors, such as a tendenc 
for the battery to run down towards the end of a flight, and to a pressure erro 
discussed below, which gives rise to a systematic difference in pressure recorded o#| 
ascent and descent. ‘his pressure error is effective in falsifying temperature}} 
only below the tropopause, as above this level temperatures do not vary wit] 
pressure. It will be observed that this apparent cooling on the descent at level 
below the tropopause is also found with the long suspension. With a shor 
suspension, the fall in temperature from the value on the ascent to that on thy 
descent is nearly instantaneous and is a very pronounced feature of the flighif 
record. When the supporting string is lengthened to 40 m. no sign of this sudde 
drop in temperature is found. |} 

The effect of direct insolation of the instrument is more difficult to measur | 
and to remove. It may be studied by comparing temperatures at the same heigh#) 
taken during neighbouring soundings at midday and midnight. The mean4} 
taken over a long period should eliminate variations due to changing weatheil} 
conditions. The full curve of figure 10 shows the mean difference in temperature}. 
at 0000 and 1200 hours during the three months May to July 1945, the observationg}/ 
being taken from three English stations. Sucha curve shows not only the radiationif} 


itself. It is indeed believed that the contribution of instrumental insolation is 
small, and that the diagram in fact gives a nearly true picture of the real daily 
temperature changes. 

The evidence for this belief is as follows :—_ 


(a) Many variations have been made in the form of the radiation shields around thelf 
temperature element. Also the surfaces of the bimetallic strips have been changed ! 
from a dull matt to a highly polished nickel-plated tape. This caused wide variauanll 
in the amount of radiation which the element was capable of absorbing. None of 
these changes has been found to make a significant change in the form of the curve in } 

figure 10. It is reasonable to assume therefore that the instrument is insensitive to 
incident radiation. j 

(b) Observations are taken at 0600 and 1800 hours, and the temperature differences at} 
these two times at various heights have been determined. A true diurnal variation \ 
will cause the air to be warmer at 1800 than at 0600 hours owing to the phase lag | 
between air temperature and solar radiation. Direct radiation effects on the radio 
sonde will be equal at both times and will not appear in the difference. The results 
are shown by the dotted curve of figure 10. There is a difference, nearly constant 
with height, of about 0°:5 c. between the two times of observation, from which we | 
can conclude that there is a true diurnal variation of temperature. 

(c) The height of the radio sonde at any point can be computed from the pressure at that 
point and the temperature distribution below the instrument, using the usual | 
barometric formula. The height can also be directly determined by radar methods 
to a much higher degree of accuracy. If the observed 1200—0000-hour differences 
(full curve of figure 10) are largely radiation errors, then in computing heights of a 


— 
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daylight sounding more accurate results would be obtained by utilizing the midnight 
rather than the midday temperatures. Piagsa (1946) has shown that this is not so. 
If the radar measurements are taken to be exact, the mean errors in height for about 
50 daylight ascents are —86 metres when the temperatures as actually measured are 
used for computing, and +1000 metres when temperatures derived from the 
! «previous midnight soundings are taken. 


_ We are therefore led to believe that instrumental errors due to radiation are 
small, and they can be roughly estimated as not exceeding 20% of the values given 
by the full curve of figure 10. At the very lowest pressures a larger contribution 
‘due to insolation cannot be excluded, as the number of observations at less than 
60_mb. is much less than that at higher pressures. 

A daily variation in the temperature of the upper air is not unexpected, though 


it is difficult to explain its magnitude. ‘This question has been recently discussed 
by Dobson (1946). 


Accuracy of pressure measurements 
! 


_ This can best be estimated by comparing the heights as computed from the 
radio-sonde observations with those directly determined by radar. It is routine 
practice at some stations to attach to the balloon a radar reflecting target and to 
observe its motion by means of a standard Army centimetric radar set, type A.A. 
No. 3 Mk. II. The high precision of range and elevation measurements gives an 
acceptable standard for checking the radio sonde. 

Two series of comparisons have been made, by Harrison (1944) and by 
Piagsa (1945). The results are summarized in table 4, which gives not the 
actual height errors but the equivalent errors in pressure. 


Table 4 
Height interval Radio-sonde pressure errors 
(km.) (mb.) 
1944 series 1945 series 
Oto 5 5-4 6-4 
5 to 10 2°8 8-2 
10 to 15 0-4 8-0 
Satow22 floil 6:8 


The two series made at different stations at different times are significantly 
different. The 1945 series is distinguished by the fact that the pressure control 
corrections were throughout larger than normal, for reasons not yet fully explained. 
These results are not therefore fully representative. The systematic errors in the 
lower layers in the 1944 series are partly explained by the use at that time of an 
incorrect temperature correction diagram. A more accurate diagram would 
reduce the errors up to 7km. by about 2 mb. 

Casual errors may be assessed in the same way as for temperature measure- 
ments. A series of ascents was made with instruments carrying two pressure 
units. The probable error of a single determination was found to rise from 
+1-5mb. at 1km. height to a steady value of +45 mb. from 13,km. upwards. 
The source of casual error is due to the application of the temperature correction. 
As previously explained, the curves in figure 7 are the means for a large number of 
instruments. Individual radio sondes will not follow the curves exactly. Syste- 
matic errors can arise not only when large control corrections are found, but also if 
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the pressure unit is not at the temperature indicated by the thermometer. The} 
is no systematic difference in pressure errors between night and day soundings, | 
that the radiation shielding of the pressure unit must be efficient, but as differej 
parts of the unit make different contributions to the temperature effect and hay 
different thermal lags, some error must arise from this cause. 

This differential thermal lag is particularly apparent when heights on th} 
ascent and descent are compared. The tropopause is found to be on the averag| 
at 10 mb. lower pressure on the descent. This is in the opposite direction fror 
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Figure 11. Comparison between humidity measurements by radio sonde (full curve) and 
Dobson and Brewer frost-point hygrometer on aircraft (dotted curve). 


| 
what would be expected from elastic hysteresis of the capsule, and can be attributed | 
to the thermal lag of the mumetal core and coils of the inductance. This lag is 
of course only operative during the ascent, as on the descent the instrument traverses 
a region of practically constant temperature before the tropopause is reached. We 
should expect therefore that the descent should give a more accurate value of the 
pressure. The results shown in table 4 (1944 series), however, are notin accordance 
with this view, but indicate that the systematic error on the ascent is small. It is 
plain that there must exist another source of error, of approximately equal magnitude 
but opposite in sign, to that due to lag. There is not sufficient evidence to define 
its origin, but it seems likely that the correction curves in figure 7 are not sufficiently 
accurate. As they are obtained from only a small fraction of the total number of 
instruments used, some sampling error is to be expected. 

We conclude, therefore, that the pressure element is subject to casual errors of 
up to +5mb., and while the systematic error does not in general exceed 2 mb., 
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lifferences in manufacture of various batches may lead to considerably larger 
values if the several sources of error do not cancel. 
Accuracy of humidity measurements 

Here the only means of assessing systematic errors is by comparing with 
measurements made on aircraft ascents. Because of the low temperatures, the 
Dobson-Brewer frost-point hygrometer (Dobson, 1946) is the sole instrument that 
san be used as a standard, and it can only be used for upper-air work in an aircraft, 
is it requires a skilled operator. 

The relative humidity of the atmosphere varies rapidly not only vertically but 
uso horizontally. It is necessary therefore for the aircraft to keep close to the 
yalloon during the ascent. This is very difficult to achieve in practice. As no 
urcraft with a sufficiently high rate of climb was available, in the trials it was 
yecessary to operate the radio sonde at about a third of its normal ascensional 
7elocity. ‘The ventilation of the goldbeater’s skin was accordingly deficient and 
the lag intensified. ‘The result of two trials, by Harrison and Brewer (1944), are 
shown in figure 11. ‘The sluggishness in response of the goldbeater’s skin, 
»specially at the higher levels, where the temperature is low, is evident. Deviations 
n the lowest layers between aircraft and radio sonde are to be ascribed to actual 
lifferences in the air, due to patches of clouds. ‘The temperature differences 
ndicated by aircraft and radio sonde on these ascents were within the probable 
errors and showed no anomalies in the region of gross differences in humidity. 

Errors up to 25°% relative humidity are shown by these trials. ‘They do not 
srovide a really fair indication of the performance of the radio sonde, for the 
-easons mentioned above, and it is to be expected that in proper conditions the 
nstrument may attain an accuracy of better than 15% R.H. 

Mutual comparison of two humidity elements on the same radio sonde, on the 
same lines as for pressure and temperature units, shows that the average difference 
s5°%, R.H., witha maximum of 10%. The self-consistency of this type of element 
s therefore reasonably good, with a probable error of a single determination of 
+ 24% R.H. 

On the other hand it can be seen that humidity measurements by radio sonde 
ure not satisfactory. While a fair measure of accuracy is to be expected at levels in 
which the temperature exceeds —20°c., at lower temperatures the instrument 
zives little indication of the true conditions. No simple method of measuring 
humidity applicable to radio sondes will give acceptable results in this region. 
The reason for this lies in the exceedingly small quantity of water vapour which the 
4ir can contain at these low temperatures. 
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ABSTRACT. More experimental information about the nature of the binding forces} 
between nuclear constituents is necessary before an advance in fundamental nuclea 
physics can be achieved. By considering the type of information which would be most}! 
useful, the conclusion is reached that it necessary to have available protons of energies} 
of about 1000 Mev. in order to carry out the necessary experiments. It is with a method} 
of obtaiming protons of this energy that this paper is concerned. An examination of the})” 
possibilities of achieving such high energy protons by the existing methods leads to a pesaiil 
mistic conclusion, and a new method is suggested. 1) 

This new method, the synchrotron, is described in principle, and its advantages are} 
outlined, a very important factor being its comparatively low cost. An accelerator of this#), 
type is being built at Birmingham University with a grant from the Department of Scientific}, 
and Industrial Research, and its design is considered in some detail. The magnet and its}) 
excitation form the greatest part of the apparatus in size and cost. Several alternative!) 
methods are suggested and discussed for both the magnet design and its method of} 
excitation. An air-cored magnet is considered but rejected because of the very large} 
mechanical forces involved and the precision required in positioning the conductors. As}, 
a result an iron-cored magnet has been chosen for construction. The excitation of the | 
magnet is to be achieved by a d.c. motor-generator supplied with a fly-wheel. The } 
requirements of the accelerating system, in which is included a radio frequency which | 
changes by a ratio of about 1 : 36 during the acceleration, are quite exacting. The methods | 
by which it is hoped that these requirements will be met are outlined. The problems } 
associated with injection and extraction of the particles receive some attention, and a ) 
schematic description of the proposed vacuum chamber is included. 

When protons of energies greater than 10° ev. are to be obtained by a synchrotron, 
the cost of the device becomes overwhelming and some alternative method will have to 
be suggested. The application of the synchrotron being built at Birmingham to accelerating 


electrons, is limited to achieving electron energies of about 300— 00 Mev. because of 
tadiation losses. 
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§1. INTRODUCTION 


URTHER advance in fundamental nuclear physics is dependent upon an 
increase in experimental information about the nature of the binding 
forces between the nuclear constituents. The most obvious way to obtain 

chis knowledge is to extend Rutherford’s method of exploration of nuclei by 
yombardment with fast particles to much higher bombarding energies than 
aave hitherto been available and to examine the laws of scattering of protons 
ind neutrons in very energetic collisions with similar particles. 

At the present time there is no real understanding of the forces between the 
elementary particles and, indeed, no satisfactory explanation of the existence 
of only a certain limited number of such particles, with very different masses, 
some electrically charged, others uncharged. (Peierls, 1946). The primary 
problem from the point of view of the physics of nuclei is that of the proton- 
neutron interaction. The mass of the neutron is greater than that of the proton 
for reasons which are not at all understood; energetically it should be possible 
for a neutron to transform spontaneously into a proton and electron, but this 
‘ransformation has not yet been observed. Attempts to explain proton-neutron 
forces in terms of virtual creation in the immediate neighbourhood of the particles 
of pairs of electrons or mesons or of quanta are little more than assumptions that 
fields of particular forms exis‘ roundthem. Such at:empts have failed to explain 
the observed binding energies of nuclei. It is unlikely that substantial progress 
will be made by further guessing in this field of physics unless such guesses 
are guided by fresh experimental facts. 

Primarily, interest mu:t centre round the interactions at close distances 
of approach between the elementary particles, viz. protons, neutrons, electrons, 
mesons. It is probable that very energetic neutrons can be produced only by 
bombardment of matter with high energy protons. From the practical point 
of view it is therefore necessary that protons and electrons should be accelerated 
‘o energies which are as high as possible and their interactions with matter 
»bserved. The relative value of protons and electrons for this purpose is 
lifficult to determine in advance. ‘The great success of the cascade theory of 
shower production in cosmic radiation suggests that the interactions of nuclei 
vith electrons are better understood than the interactions with heavy particles. 

It would appear, then, that it is essential to produce protons with energies 
is high as possible and somewhat less necessary to accelerate electrons to com- 
yarable energies. It is important to be quite clear about the importance of 
ccelerating protons, for the acceleration of electrons to energies of the order of 
)-5 x 10° ev. is so much simpler and cheaper that there is a great temptation to 
ind excuses for accelerating electrons and for postponing the difficult problem 
f proton acceleration. 

It is necessary that observations should be carried out at energies at least 
quivalent to the proper energy of a pair of the hypothetical nuclear mesons, 
nd if it is assumed that these mesons have the same mass as the free mesons 
bserved in cosmic radiation, particles are needed with energies above about 
00 Mev. Since recoiling nucleons can carry away at least half of the initial 
nergy it is probable that bombarding particles with energies above 600 Me v. 
re desirable. The total binding energy o! nuclei of medium atomic weight is 
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of the order of 1000 Me v. and the character of nuclear reactions is likely to changt}, 
in this region of energies. | 
It is clear that a good target figure at which to aim in the development q 
new methods of acceleration is 1000 Mev. or more. Experience of othe 
methods of acceleration suggests that if the maximum energy for which t 7 
equipment is devised is 1000 Me v., the maximum useable energy is likely ty 
be lower. Thus an equipment designed for 1000 Mev. will be reasonabli® 
certain to deliver energies well above 600 Me v. without straining the apparatug} 
To settle some questions, particles with energies much greater than 1000 Me 
may be required, but it is probable that these higher energies will be obtained 
only after some experience in the region of 1000 Mev. In what follows |} 
particular method for obtaining protons with energies above 10° ev. is describeq| 
after some consideration of reasons for preferring this method to others whicllfj 
have been suggested. 


§2. LIMITATIONS OF EXISTING METHODS 


Acceleration methods may be divided broadly into two classes. In the firs}}) 
are all systems in which the particles are accelerated along straight paths; thdf} 
second includes all methods in which a magnetic field is used to bend the particles] 
during acceleration into spiral or circular orbits. iit 

High-voltage methods belong to the first class. Such systems possess inherent} 
stability of particle paths, provided the ordinary rules of electron-optics ardl} 
observed, but they are limited to energies less than about 10 Me v. and are trouble+ 
some above 5 Mev. ‘To this class also belong the so-called linear accelerato 
methods in which the particles are pushed along by a travelling wave movingj) 
at suitable velocity along a wave-guide, or in which they pass through a series) 
of resonators where the phases of the fields are suitably adjusted. It is an inherent}}} 
defect of linear accelerators that it does not appear possible to achieve directionall) 
focusing of the particles at the same time as phase stability. It is necessa i 
to use external focusing methods, such as an axial magnetic field, which ist)! 
difficult for large apparatus and high energies, or to use thin foils across the exit 
openings from the accelerating gaps in the manner proposed by Alvarez.* He has} 
commenced the construction of a linear accelerator for protons in which the exit} 
from the gaps is covered with thin beryllium foil. He hopes to gain an energy}, 
of 1 Me v. in each foot of the accelerating system so that an apparatus to produce} 
protons of 1000 Me v. would be about 1000 feet in length. An enterprise otf) 
this sort is practicable only when a long building can be provided or where the} 
equipment can be used out of doors. If it is successful this equipment may 


| 
provide the simplest and cheapest form of accelerator capable of extension tol) 
almost unlimited energies. There are no difficulties due to radiation from | 
the particles as they move in straight lines and no troublesome problems of injection [ 
or extraction of the particles. However, the engineering problems are formidable 
and the proposed solution to the focusing difficulty is not yet proven. 

One advantage of these linear methods of acceleration is that they are applicable }) 
equally to all charged particles. 

Apparatus in the second class includes the cyclotron, synchro-cyclotron, 
betatron and synchrotron. Heavy particles, such as a-particles, have been } 


* Private communication. 
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accelerated in the cyclotron to energies of 30-40 Mev. by Lawrence and his 
co-workers. The relativistic increase in mass of protons at energies above 
about 20 Mev. makes it extremely difficult and wasteful of electric power to go 
to higher energies by the straightforward cyclotron method. This difficulty 
has been overcome by introducing a change of frequency during the acceleration 
(McMillan, 1945). The synchro-cyclotron is an extremely successful apparatus 
and promises to become the standard equipment for acceleration of protons 
and other heavy particles to energies of a few hundred million electron volts. 
However, to produce protons with an energy of 10° ev., a magnet is required 
with a field of 15000 gauss over a circular pole of radius 15 feet. Such a magnet 
would weigh more than 10000 tons and would be extremely expensive to build 
and operate. A magnet of this order of size is under construction in U.S.A., 
to be financed from Government funds, but it is unlikely that similar equipment 
can ever be available in academic laboratories. 

The induction accelerator, or betatron, of Wideroe (1928) and Kerst (1941), 
has been developed successfully for the acceleration of electrons, but con- 
siderations of cost and complexity render it unsuitable for the highest energies, 
while it cannot be used to accelerate heavy particles. 

Various other attempts have been made to develop accelerating systems 
which can reach high energies, some of them employing resonance in a magnetic 
field, as those of Schwinger * and Veksler (1945), which use a combination 
of guiding field and linear accelerator or are modifications of the betratron, as 
Wasserab’s ‘‘ Wirbelrohr”’. However, none of these systems is very attractive, 
and they have not yet been either built or operated. 


SS aE Ea ONWON € ER OAR ON 

In September 1943 one of us submitted to the Directorate of Atomic Energy 
n the Department of Scientific and Industrial Research, a proposal for the 
acceleration of electrons and protons by a new method to energies above 10? Mev. 
Subsequently, and independently, similar proposals were made by McMillan 
1945) in U.S.A. and by Veksler (1945) in U.S.S.R. The name synchrotron 
was suggested by MacMillan. The essence of the new method is the conception 
yf stable circulating orbits which increase in energy through a cyclotron type of 
esonant acceleration as a result of an adiabatic variation of the magnetic field, 
f the frequency of the accelerating electric field, or of both. ‘The success of 
he synchro-cyclotron ¢ afforded convincing proof of the validity of the general 
conceptions of the stability of the orbits for a system for the acceleration of heavy 
yarticles in which the frequency changes while the magnetic field remains 
onstant. Goward and Barnes (1946) were able to demonstrate that electrons 
an be accelerated in a system where the radius of the orbit and the applied 
requency of the electric field are constant but the magnetic field increases with 
ime. ‘There is a third system in which both frequency and magnetic field are 
aried during the acceleration. This system has been considered in detail by 
is and is now under construction. In what follows we give a general analysis 
f the proposed method and the considerations which have led to the designs 


dopted. 
* Unpublished note. 
+ Private communications from Berkeley. 
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The principal practical aspect of the synchrotron method of acceleration) 
that for energies of the order of 109 ev. its cost is not prohibitive. This is da 
to the fact that since the orbital radius is constant, a narrow annular guidit 
magnetic field can be employed, so that the first cost of the magnet is much ley 
than for a cylindrical field as used in the synchro-cyclotron. Much attentiqh> 
has been paid to the method of producing this field in an economical ari 
satisfactory manner. 

The essential data for the design of a synchrotron are the radius of the meat 


f 
orbit, p, the maximum value of the magnetic field, H, and the rate of revolution 


| 


v, of the particles in the orbit which determines the frequency of the acceleratin 
voltage. ‘These quantities are connected by the formulae: 


W=V/Ttct4 BE, eee (1a) 
c ha | | 
=s—,/l-(q—"), ene | 
, x fi Gren) (18). 


where W is the kinetic energy of the particles and Ey is the self-energy, mm c?/d}i 
of the particles. 

It is clear that in order to obtain high energies the maximum value of thal 
product Hp must be large. We are concerned here with the design of a syn) 
chrotron to produce protons of energy greater than 10° ev., and in what followd} 
we shall assume that W is to be 1-3 x 10° ev. 


Serber, 1941) and, in order to obtain an appreciable output in spite of inevitable 

radial and axial oscillations of the particles about the mean orbit, the width and 
depth of the annulus in which the particles move must not be too small. The 
magnetic field varies from almost zero to its maximum value during each cya 
of acceleration, so that the construction must be such as to allow of A.C. operation.|}) 
Thus the field can be generated in three ways; by using a system of conductors}f| 
properly spaced and carrying appropriate currents: by using a ring-shapedff| 
laminated iron-cored magnet, with pole-pieces of the proper contour; or byl 
shifting the magnetic flux to and from the annular space by purely electrical 

me hods or by rotating or oscillating an electromagnet near magnetic circuits} 


\} 
i] 
ly 
| 
| 


of proper design. In any case the cost of the magnet and its exciting circuits}, 
is the major item of expense and the choice of the magnet system determines} 
all other parts of a synchrotron equipment. 


§4. MAGNETIC FIELD AND RADIUS OF ORBIT 

The variation of the energy « stored in the magnetic field of a synchrotron, |} 

with the radius of the orbit, for a given ratio of gap dimensions (volume z) to }/ 
radius, is given by 

e =(H?/87).v~p 

for a fixed final energy of the beam produced. This magnetic field energy 

must be supplied by a source of electrical power, and the provision of this power 

represents the largest single item of expenditure. The above relation indicates 

that the cost of the power unit should decrease with radius and that it would 

pay to use the highest possible magnetic field. However, limits to H are set 


either by the saturation of iron or by the dimensions of, and forces upon, conductors 
where iron is not used. 
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(a) Azr-cored magnet.—We have considered a system of conductors in the 
form shown in figure 1, where a current flows in one direction for conductors 
shown in open section, and in the reverse direction for conductors shown in 
solid section. If the system is straight and long compared with its diameter, 
a sinusoidal distribution of conductors gives a uniform field across the equator. 
[f such a system is bent into a circular toroid the field increases across the toroid 
along a radius of the circle. To make the field fall off along the orbital radius, 
the sinusoidal distribution must be distorted, while, to enable the beam to be 
injected and ejected, the central conductor must be removed and suitable com- 
pensating conductors added as shown. The correct position of the conductors 
cannot be calculated, but a distribution can be chosen arbitrarily and the field 
calculated numerically. By a series of successive approximations a distribution 
of conductors was found which gave a reasonable approximation to the field 


Figure 1. Arrangement of conductors for air-cored magnet. 


required. However, it is found that the conductors must be placed and held 
very accurately in position. 

The current in the conductors is independent of p for geometrical scaling, 
s0 that the relative cross-section of conductor increases as p decreases, giving 
departures from the field-form required. Also, as H increases, the forces on the 
conductors increase and the tolerances in position decrease, so that the problem 
of holding them in position rapidly becomes insuperable. Accordingly a 
compromise of 15000 gauss, for which p is 450 cm., was chosen and the design of a 
synchrotron considered in detail. With a total of 22 conductors and diameter 
of orbital space of 30 cm., the allowable deviation of conductors from correct 
Dosition is 0:1 cm., and a peak current of about 80000 amperes is required. 
For operation at the equivalent of 25 cycles/sec. the peak driving potential across 
he coil is 25600 volts. ‘The forces on the conductors in this system are already 
»f the order of the ultimate strength of copper conductors. 

Continuous operation at 25 cycles would require a circulating energy of 
»< 10% kv.a. (6.4. 108 w-sec.), while the copper losses would be 5 x 10* kw. 
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It is clear that such a system must be operated discontinuously by storing UN} 
energy continuously at a reasonable rate and discharging it at intervals throug t 
the coil. If the storage system is an electric condenser, a very bulky capacit 
battery of about 20000 microfarads is required, costing about £175 000. TH 
alternative of a short-circuit type of alternator has been considered in which t i 
energy is stored as rotational kinetic energy, but the cost of the complete installatio} 
is of the same order of magnitude, while the engineering problems of installatiol}> 
and maintenance and the noise of such rapidly rotating machinery in an academi 
research laboratory render it even less attractive than the capacity battery. | 
(b) Iron-cored magnet.—The use of iron in a magnetic circuit reduces t 
volume of the useless magnetic field outside the orbital space and effects a savin}} 
of about a factor 2 in the energy stored. However, with a laminated structur, 
the maximum flux density is limited to about 15000 gauss. The minimum 
dimensions of the orbital space to secure stability and a reasonable yield of 
particles are considered in another paper (Gooden, Jensen and Symonds, 1947) 
An iron-cored magnet has been : 
designed in accordance with the 
results of these theoretical inves- 
tigations and has the dimensions 
given in figure 2. ‘he shape of 
the pole-tips has been found by 
model experiments in an elec- 
trolytic tank. 
Operation of this magnet at the 
equivalent of 25 cycles would 
necessitate constructing it from 
laminated electrical steel which is 
in very short supply. ‘Theoretical 
investigations (Gooden, Jensen and 
Symonds, 1947) indicated that the 
yield of protons might be improved 
by using a more slowly rising mag- | Parallel sided 
netic field and that the increased PIRES 
intensity of output in each pulse | 
might compensate for a lower re- 
petition rate. By improving the es 
vacuum conditions it is thought 
that loss of particles by scatteringin A Ne Selene REFERS SGN 
the residual gas'can be reduced to 
an extent where a time of acceleration of about 1 second is practicable, with an 
initial injection energy of 300000 ev. A slow rate of change of field also has the } 
advantage that the corresponding change in frequency of the accelerating ri 
can be more easily achieved by mechanical methods. Although the ener : 
which must be supplied to create the magnetic field is the same as for shorter 
periods of excitation the power is reduced in proportion to the time of rise of 
field. In particular, for a time of rise of field of about 1 second, it become 
practicable to supply the energy from a d.c. generator which is provided with 


450cm. 


Tapered 
laminations 
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a flywheel in the manner used for “field-forcing” in switch-gear testing equip- 
nent. 

_ At these very low frequencies the thickness of lamination which can be 
smployed is large. ‘The field is sensibly in phase over the orbital space for 
‘aminations 0-5 inch in thickness. It is thus practicable to build the magnet 
‘rom rolled sheets of low-carbon steel and a very good space factor can be secured 
if some of these sheets are tapered. Through the cooperation of Sir A. McCance, 
F.R.S., of Colville’s these special sheets are now in process of manufacture. 

_ (c) The electrical circuit.—The relevant electrical data for the magnet are 
given in the following table: 


Turns in winding a ni Se eh 22: 
Cross-section of Conducron me cm AS ESC mei 
Resistance ie ee We 5 6 .- 0-014 ohm. 
Inductance .. ae Be a a A fs, bilee 
‘Time-constant ; me ac ee eu BASE: 

Peak current for 15 000 gauss 2. a a .. 11000 amp. 
Volts to give rise in 0-8 secs. “its ‘ = .. 1100 volt. 
Number of cycles of excitation per mainte as <5 0 


The proposed cycle of operation is shown in figure 3. The generator, 
consisting of twin-coupled d.c. generators in parallel, driven by a 1500 h.p. 


Volts 
1000 


Time (seconds) 


Close magnet circuit 
Reverse generator 
Field current 

Reduce generator 
Switch in field current 


Field current 


Figure 3. Cycle of operation of magnet and generator circuit. 
motor and provided with a 36-ton flywheel, will be supplied by Messrs. Parsons, 
whose help we are glad to acknowledge. 
§5. THE ACCELERATING SYSTEM 
For the magnet under consideration the fundamental synchrotron equations 
(1 a, 1 b) become: 


W= 300-V HAD OF x10) 4 O61 X10 Oa 1h mares (2a) 


Ore a \4 
Sx i) eee ee sos Cae 
~-ailiiessh | hd en (eer) ° (2 b) 


where W is in electron -volts and H is in gauss. 
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It is clear from figure 3 that H will increase approximately linearly. q 
values of v for corresponding values of H determine the frequency of thi) 
accelerating voltage applied to the accelerating electrodes. For the slow rai}y 
of acceleration chosen, the energy added per revolution of the particles is only 
about 200 volts and the voltage amplitude of the a.c. applied to the electrode 
need be of the order of only 1000 volts. There is an optimum value for thi 
applied voltage which leads to greatest orbital stability and maximum outp ] 
current, the reason for which is discussed in another paper. ‘The same theoretica}f} 
reasoning shows that there are no advantages to be gained by using more tha’ 
one electrode, the frequency applied to which is y»=v. It can be show! 
(Gooden, Jensen and Symonds, 1947) that », must equal v to within about 0-1 of 
over the first one-hundredth part of the acceleration, and must not differ from |} 
by more than about 1 °% thereafter. iI] 

If protons are injected at 0-3 Me v., which is about the maximum for an interna} 
‘“‘oun”’, then ve must vary from about 0:27 Mc. to 9:5 Mc., i.e. by a factor o | 
more than 30. A circuit of low Q, which is tuned to about 1-5 Mc., will givdll 
an adequate response when driven over the lower frequency range. A facto;}) 
in frequency of about 8, which remains, can be obtained by mechanical tuning}} 
of the relatively low QO circuit through a cam of suitable shape, the frequenc 
being adjusted to the exact value required by electronic “ pulling ” of the oscillatom}! 
produced by the magnetic field itself. It is particularly important that the fre4 
quency shall be correct at the time of injection which corresponds with a magnetid}) 
field of about 170 gauss. A detailed account of the high frequency systemij| 
of this synchrotron will be given elsewhere. 


§6. THE INJECTION SYSTEM 


If a reasonable output is to be obtained from a synchrotron it is essential 
that as many particles as possible should be injected during the “acceptance” 
period of the cycle. As with the betatron the mode of injection and the sub-{{) 
sequent motions of the particles must be so designed as to ensure that the protons} 
do not collide with the gun system during subsequent revolutions. Besides}, 
the particle oscillations which occur in the betatron, there are further radial) 
oscillations in the case of the synchrotron, which are associated with the phase Hl 
oscillations. ‘This problem is subject to analysis (Gooden, Jensen and Symonds), \)) 
though it may be that some factors have been neglected and the conclusions }) 
from the analysis may be no more applicable than similar calculations made} 
for the betatron by Kerst and Serber (1941). However, as a result of the analysis }) 
it had been decided to place the ion source and initial accelerating system above | 
the orbital plane and to apply a vertical electric field which will make the orbits } 
spiral downward during injection at a rate sufficient to ensure that they miss 
the gun after the first revolution. Uncertainties in the analysis of the initial 
motions of the ions may mean that this system will need considerable modification 
before the maximum output is obtained. Observation of the paths of the protons 
after injection with steady magnetic fields, and of the paths of alpha-particles 
from radioactive sources with fixed magnetic fields, should make it possible | 
to correct the injection conditions, whether arising from position of the gun or | 


1 


. 
2 
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the inevitable deviations of the magnetic field from the correct form due to in- 
homogeneous properties of the iron at these low magnetizations. 


$7. LAE EXTRACTION SYSTEM 


___ In order to ensure that the protons are obtained in a definite beam, they must 
de deflected by an electric or magnetic field during a single revolution. The 
oroblem is much simpler than with the betatron or with small synchrotrons, 

as the period of revolution in the orbit at the maximum energy is much greater, 

wing to the large radius of the path. A deflecting voltage can be applied to 
1 relatively long electrode in a time short compared with the time of revolution 
n the orbit (107 sec.), by connecting it to a large capacity through a spark gap 
which is triggered to break down at the end of the acceleration cycle, the electrode 
circuit being suitably damped to prevent oscillations. For instance, a field of 
10° volts/cm. applied by an electrode 300 cm. in length would produce a deflection 
»f about 5 cm. in particles of enegy 10° ev. Such an electric deflection might 
ye combined with a magnetic shielding channel such as that described by Skaggs 
ind others (1946) for use with the betatron, especially as the long time of accelera- 
ion would permit the mechanical insertion of such a channel after the orbits 
aad settled down, thus avoiding the possible damaging disturbance of the orbits 
jue to distortion of the magnetic field during the injection period, when the 
nagnetic field is small. 


§8. THE VACUUM CHAMBER 


Acceleration systems which employ a varying magnetic field necessitate 
ise of a vacuum chamber, the walls of which cannot carry appreciable eddy 
currents which would upset the phase and shape of the field. ‘The so-called 
‘dough-nut”’ in the betatron is made of glass or ceramic and is coated on the 
nner surface with a thin shielding layer of silver or other metal, but this is not 
1 practical solution for a large synchrotron. Figure 4 gives a schematic view of 
he chamber proposed for the apparatus in Birmingham. Models are under 
onstruction and the final chamber may differ in detail from this. 

The acceleration space is formed of corrugated strips of stainless steel, the 
vidths of which are small enough to reduce the effects of eddy currents to small 
sroportions. The strips, which are radially disposed, are fixed rigidly to the 
yuter octagonal section, also of stainless steel, and are not in electrical contact 
xcept at this junction. The whole is rendered air-tight by stretching a sheet 
f non-porous rubber over the strips and clamping this tightly to the octagon. 
[he rubber is shielded completely from the beam by the interlocking corrugations, 
nd since these are short compared with the wavelength of the radio-frequency 
ccelerating field, the rubber is not subject to appreciable high frequency fields. 
Che flat faces of the octagon are closed with plates which carry the pump mani- 
olds, exit port, the insulated leads to the accelerating electrode, the source of 
rotons, deflecting electrode etc. The chamber is made in eight sections 
jolted together with suitable rubber gaskets in each joint, and exhausted by six 
il-diffusion pumps each 15 inches in diameter, in the manifolds of each of which 


sa liquid air trap. 
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The accelerating electrode is laminated to eliminate the effect of eddy currenti|} ! 
The advantage of this construction for the chamber is that it gives easy accedy y 
to the interior and allows of modifications to the electrode system etc. without 
removing the vacuum system from the magnet. Such flexibility is importa 
in equipment which is experimental in design, and where considerable modhip 
fication may be required as a result of practical experience. 


§9. SYNCHROTRONS FOR HIGHER ENERGIES 


The synchrotron can be extended to higher energies by increasing the radiu 
of the orbit and scaling up the other dimensions, keeping the same magneti 
cycle. Figure 5 shows the way in which the cost, power demand and radiu 


Stainless steel ports 
Lf 


im 


Insulated 

laminations 

sheet Corrugated 
aminations / 


—— 450 cm. 


Figure 4. Schematic view of vacuum chamber. 


vary with the energy. It is seen that while equipment may be built for energies 
of 2-3 x 10° ev. it would be prohibitively expensive to construct a synchrotron 
for 10'° ev., at any rate in Great Britain. If higher energies are needed another 

method of acceleration must be used. | 


§10. ACCELERATION OF ELECTRONS 
: 


It is impossible that energies as high as 109 ev. can be reached with electrons | 
in a synchrotron of this type because of the excessive loss of energy as radiation | 
by the particles due to their motion in a circle. This radiation loss can be cal- | 
culated (Schwinger, 1945 and Schiff, 1946) and at 10° ev., with p=450 cm., | 
it is of the order of 20000 ev. per revo'ution. Thus to obtain electrons with 
energies comparable with those which can be reached with protons, the particles. 
should be accelerated much more continuously, i.e. a large number of accelerating 
gaps would be needed with a voltage across each which is high compared with 
the nett rate of gain of energy, and driven at a correspondingly higher frequency. ' 


‘it is difficult to estimate the maximum electron energy which could be obtained 


py operating the present equipment with a constan telectrode frequency of about 


| 
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10 Mc., but it is probably in the region of 300-400 Me v. 
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Figure 5. Variation of cost power demand and radius with particle energy. 
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THEORY OF THE PROTON SYNCHROTRON 


By |. S. GOODEN, H. H. JENSEN anp J. L. SYMONDS 
Read 20 December 1946 ; MS. received 21 March 1947 


4BSTRACT. In the type of synchrotron for accelerating protons, the particle velocity, 
nd consequently the accelerating radio-frequency, increase with increasing particle 
nergy. In such a case the particle motion acquires properties which necessitate a careful 
ontrol of some of the physical variables. In particular, it is found that within the stable 
imits of phase, non-relativistic particles, to a first approximation, possess undamped phase 
scillations. The particles can be accelerated only so long as it is ensured that any factors 
ffecting the phase oscillation amplitude are sufficiently small. It is necessary, therefore, 
0 consider in some detail the physics of these oscillations, and in particular, of their 
lamping. 
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It is found that there are no less than eight significant forces which can affect tll} 
behaviour of the phase oscillation amplitude. Four of these forces can be adjusted to soni}! 
extent, the limitations being those of a practical nature. Thus it should be possible { 
accelerate protons in a synchrotron, if reasonable care is taken. | 

The problems of injecting the particles into a synchrotron working as such are cor 
sidered. In this connection the radial oscillations accompanying the phase oscillation} 
are described, and from this knowledge of the motion the time interval of injection | 
determined. 

Numerical data and graphs illustrating the results are given for the case of thi 
Birmingham synchrotron. Attention is focused throughout on the physical descriptio} 
of the motions, but detailed mathematical results are included. 


Si LNGRO Di Ganon 
General | 
HE proposal for accelerating extreme relativistic particles (electrons) by 
| the synchrotron was put forward by Veksler (1945), McMillan (1945) 
and Oliphant (1947) and has subsequently received considerablq) 
theoretical attention from many authors (Bohm and Foldy, 1946; Dennison ana 
Berlin, 1946; Frank, 1946). In sucha device, the particles (electrons) are moving 
with a velocity close enough to that of light to be considered as sensibly constant} 
In this case the properties of the particle motion make it unnecessary to contiti 
stringently most of the physical variables of the system. In particular, it is 
found that for a large range of phases, the phase oscillation amplitudes decrease 
moderately rapidly with increasing particle energy, and thus the factors affecting 
the phase oscillation amplitude do not have to be carefully controlled. It is 
convenient to use the principle of the betatron to accelerate the electrons to 
velocities sufficiently close to that of light, before the synchrotron operation is} 
commenced (Pollock, 1946). Then initial injection problems are identical with} 
those of the betatron (Kerst and Serber, 1941). 

In the type of synchrotron suggested by Oliphant and McMillan for acceler- 
ating protons, the particle velocity, and consequently the accelerating radio} 
frequency, increase with particle energy. In such a case the particle motion} 
acquires properties which necessitate a much’more careful control of some of 
the physical variables. In particular, it is found that within the stable limits | 
of phase (see below) the particles, to a first approximation, undergo undamped | 
phase oscillations. If the phase oscillation amplitude is allowed to increase, 
the phases eventually reach the unstable region and the particles are lost. The | 
particles can be accelerated only so long as any factors affecting the phase oscil- 
lation amplitude are sufficiently small. It is thus imperative to have a more 
thorough understanding of the physics of the phase oscillations and in particular 
of factors causing variations in the phase oscillation amplitude. ; 

Initial acceleration by a betraton action is not practicable with protons. It is 
not possible to inject protons with energies high enough for them to be accelerated 
only in the relativistic range of velocities where they are inherently stable. It 
therefore becomes necessary to investigate the motions of particles following 
their injection. In what follows these problems are considered for the Birming- 
ham synchrotron (Oliphant, Gooden and Hide, 1947). : 


5 
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tasic description of phase oscillations 


lf 


The phase oscillations occurring in a synchrotron accelerating extreme- 
elativistic particles have been described by Veksler (1945) and McMillan (1945). 
‘nce the physical properties of these oscillations constitute the most part of 
vhat follows, it will be convenient to mention here in detail some of the essential 


(2) (dB) 


Figure 1. (a) Accelerating voltage amplitude to illustrate phase oscillations. 
(6) Pendulum analogue. 


2atures of such an oscillation. The variation of the amplitude of the oscillations 
nd other refinements are treated in later sections, 

The basic action of the phase oscillations can be seen by reference to figures 1 
nd 2. It can be shown that the number of accelerating gaps is of no significance 
> the argument which 
ollows and so, for simplic- 

y, a one-gap system is ~~ 
ssumed throughout. Con- 
der firstly the case of ex- 
‘eme-relativistic particles, 4 
nd assume the particles 2 
avel in circular orbits. 
‘he voltage amplitude, 
pplied across the R.F. D 
scelerating gap, is made 
reater than the energy (in N\ 
olts) required to be added 
) a particle per revolution, 
. order to maintain it on 
1e central orbit. The R.F. 
so chosen that a particle Figure 2. Illustrating the progressive increase in radius 
joving on this orbit will ot a particle undergoing phase oscillations. 
ways arrive at the gap at 

certain constant R.F. phase. This phase is ¢,, so that the energy to be 
lded per revolution to maintain the particle on the central orbit is eV sin ¢,. 
his central orbit is called the stable orbit. A particle moving instantaneously 


Phase stable orbit 


Ro 
\ 
\ 
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on the stable orbit but arriving at the gap at a phase ¢y, say, receives exti 
energy and will thus increase its radius. This means that now the partic! 
will lose in phase each revolution because of its larger circular path. | 
will therefore change its phase on next arriving at the gap in the direction q 
¢,, gain excess energy and further increase its radius. ‘This process will contin Wd 
until the particle reaches an orbital radius and a phase such that the energy gail iH 
per rev. is just sufficient to maintain it on its orbit. Then, because of its large 
circular path, it still will be losing phase and, gaining less energy than necessarjf 
to maintain it in its orbit, will decrease its orbital radius so that the whole proces} 
is reversed. 

This action, when continued, sets up the phase oscillation and its accompanyin 
radial oscillation. Several useful relations should be stated here. (Notation 
is given in the appendix.) | 

(1) The change of phase per rev. (called “ phase velocity”) is directly proj 
portional to the difference between the orbital radius and that of the stable orbiti}} 


.me0 : ; : ; 
16. oe dR, where g is the number of revolutions undergone by a particle starting} 


from rest. 

(2) The change in radius per revolution of the particle (rate of change o 

radius) is directly proportional to the ratio of the excess energy received by thal}, 

particle per rev. to the total energy of the particle, i.e. 
oR ne eV, (sing —sin¢,) 


| 


0g Jen 
: a7d\ . OR 
(3) It follows that the acceleration of phase aq? is proportional to 3 ane 
q 
Ge eV, (sin¢g—s1 
consequently i varies as — smi) . Thus, as was first pointed out by 


McMillan (1945), the phase motion for a given particle energy is identical it 


a 


form with the angular motion of a simple pendulum under the additional influencell 
of a constant torque so that its stable equilibrium position is ¢, (see Figure 1 b).Hl 
There is also an unstable position at 7—¢,. This analogy is of consideralliall 
value and will be used quantitatively in another section. 

‘Thus there is a range of phases within which the phase can oscillate stably. } 
This range is bounded on the one side by the phase (7 —¢,) and on the other by\! 
the phase 43, which is given by the relation (7 —¢, + 4.) sin ¢, + cos¢, = 1 — cosy. | 
As in the pendulum case, the oscillations about 4, and the corresponding radiall] 
oscillations of the particle in the synchrotron will be asymmetrical. If the phase 
of the particle exceeds the stable limits it will cease to oscillate and will increase} 
continually. ‘The particle will then spiral inwards and hit the inside wall of the} 
synchrotron. ‘This motion corresponds to the pendulum swinging continuous! ! 
in a circle under the action of the constant torque when the bob is placed outsid 
the stable limits. 


In what follows reference will be made to the “ phase restoring force ” which, } 
on the above argument (see point (3) above), will be proportional to 


el, (sin¢d—sin ¢,) 
. E e 
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ll arguments concerning the conservation of energy of a pendulum have their 
alid analogy in the phase oscillation case. 

When the particle is non-relativistic, and the magnetic field is uniform, the 
yclotron conditions hold and there can be no phase stability. Furthermore, 
cause of the increased orbital radius of a particle which receives excess energy, 
he particle will enclose a larger amount of changing magnetic flux, be further 
ccelerated on this account and thus eventually hit the synchrotron walls. 

If now the magnetic field is made to decrease radially outwards (a condition 
vhich is necessary to ensure vertical stability) the particle, on gaining excess 
nergy (and velocity), will increase its radius more than when in a uniform mag- 
etic field. ‘The extra path thus introduced will cause the particle to change 
ts phase as it rotates, just as in the extreme-relativistic case. Thus phase 
tability is introduced. The effect of the induction forces is now to increase the 
mplitude of the radial oscillations accompanying the phase oscillations, but they 
annot prevent the oscillations from occurring. 

Thus there is little essential difference, in principle, between the non- 
elativistic and extreme-relativistic cases. However, large differences occur 
n the damping of the phase oscillations. 


| 2 ENE CAL LON 
article motions 

A particle injected into the synchrotron has, in general, two resulting radial 
yscillations. One is identical with the radial component of the oscillation 
iccurring in a betatron and is described by Kerst and Serber (1941). This 
vill be termed the “‘ injection oscillation”. The other radial oscillation is that 
ccompanying the phase oscillation and has just been described. 

In order to obtain a picture of the injection process, consider particles of 
iniform energy being directed continuously into the synchrotron. Neglect at 
irst the injection oscillations. ‘Then every particle will experience the phase 
nd radial oscillations as described in the previous section, provided it enters 
he gap during the stable region of R.F. phase. Of these, only particles with 
naximum radial oscillation amplitudes less than the half width of the accelerating 
hamber will continue their motion and be accelerated. At a certain time, 
luring a certain R.F. cycle, the particles entering will have their instantaneous 
wbit coinciding with the central stable orbit. For convenience this R.F. cycle 
3 called the zeroth R.F. cycle. Particles arriving during earlier or later R.F. 
ycles will have instantaneous orbits greater or less, respectively, than the stable 
wrbit. These R.F. cycles are called the —uth and +uth respectively. 

Consider particles entering during the stable phase range of the wth R.F. cycle. 
(hey will form a long bunch slightly inclined to the instantaneous orbit of the 
yarticle entering at the phase ¢, (see figure 3). Because all the particles are 
noving on an orbit smaller in radius than the stable orbit, they will all have the 
ame initial phase velocity and their phases will move up the voltage curve of 
igure 1. The particle arriving at phase ¢, will just begin to gain excess energy 
ind will therefore begin to increase its orbital radius. ‘Those particles in front 
f the bunch, receiving much more than the stable energy, will increase their 
yrbital radii rapidly, while conversely those at the back of the bunch will decrease 


| PROC. PHYS. SOC. LIX, 4 44 


682 4. S. Gooden, H. H. Jensen and F. L. Symonds ||| 


their orbital radii, but more slowly. Consider the point 0 which moves ala ti. 
the stable orbit with the phase velocity of the R.F. Then the bunch of particll] 
as a whole, will rotate around 0, roughly remaining tangent to the curve trac 
out by the particle entering at phase ¢,. Successive stages of this motion 4 
shown in figure 3. It is readily seen what determines the length of bunch whil| 
can be accelerated, and consequently the accepting phase range for the uth R, 
cycle. This is modified by the injection oscillations. The curve traced G 
by any particle is in general not simple, but for small amplitudes and for a ret 
angular reference system it becomes an ellipse. 


If now the injection oscillations are also considered, the resulting motion | 
a particle injected during the wth R.F. cycle will be as shown in figure 4. TH 


length of bunch accepted during a given R.F. cycle is given by the interce} 
of the instantaneous orbit of the particle arriving at phase ¢, on the mean cur’ 
traced out by the particle which just misses the walls of the chamber. Th 
determines the phase range of acceptance. The number of R.F. cycles acceptin hi 


| Phase Si 
orb yble wit 


Instantaneous Orbit 


S for u*“ RF. cycle 
Figure 3. Successive stages of the motion of Figure 4. Motion of a particle injected intaf} 
a bunch of particles entering during one the synchrotron relative to a_ stable 
R.F. cycle. particle. 


particles is obtained from this picture by determining when the instantaneoulf| 
orbit added to the injection oscillation amplitude just touches the synchrotro | 
chamber walls (or unstable region of magnetic field). Because of the rando 
phases of the various oscillations among the particles from all R.F. cycles, thj | 
bunches will mix together to give a large resultant bunch of roughly unifornif} 
density and of a shape given by the envelope of the particle motion shown al 
figure 4. | 

For a casei particle (as will be shown later) this big bunch wil] 
decrease in width as (kinetic energy)? but will not decrease in length. For thel 
Birmingham proton synchrotron the decrease in length, due to the relativistid] 
phase damping introduced in the latter half of the acceleration, is oniy abou | 
four times, whereas the width of the bunch is reduced to a few millimetres} 
For an extreme-relativistic electron accelerator, the decrease in length is pro-+ 
portional to (total energy)"1/* and the width decreases more rapidly than (tota! 
energy) °/*. 

Summing the number of R.F. cycles and the time intervals per R.F. cycle 
over which the particles are accepted, gives the total effective time interval, 
T, during which particles entering the synchrotron are eventually accelerated, 
For the type of injection system proposed for the Birmingham synchrotron 
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(Oliphant, Gooden and Hide, 1947), this time interval will. be of paramount 
importance in determining the number of particles which will be accelerated. 


Factors affecting the time interval of injection 


It has been seen that the effective time interval of injection is made up of two 
parts: (a) the number of RF. cycles accepting particles, (6) the phase ranges for 
each R.F. cycle over which particles can be accepted. These permissible phase 
ranges are limited by two conditions, The first limitation is that the R.F. phase 
at which a particle arrives at the gap must always be inside the stable phase range 
discussed in section 1. The second limitation is that the radial oscillation 
. from the phase oscillation must always lie inside the synchrotron. ‘These 
two limitations, in general, determine the permissible phase range for each R.F. 
cycle. It is evident that this phase range will be a maximum when the two 
ranges are made identical by adjusting the voltage amplitude on the accelerating 
electrodes (see below). 
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gure 5. Variation of injection interval with Figure 6. Variation of injection interval, T, with 
time of rise of magnetic field to 15000 accelerating voltage amplitude, V,: 
gauss : (a) D=15 cm: 
(a) For injection energy «_,=0°3 Me v. (6) D=20 cm. 


(b) -5=1 Mev. 
(c) See text. 


Both the number of accepting R.F. cycles and the accepting time intervals 
yer R.F. cycle are influenced by a large number of physical variables. The most 
mportant of these are the rate of change of magnetic field, the initial energy, 
he voltage amplitude applied to the accelerating electrode and the width and 
lepth of the accelerating chamber. . The influence of such variables in relation 
o design is now considered in detail. 


tate of rise of magnetic field 


Figure 5 illustrates the advantage to be gained by decreasing the rate of rise 
f the magnetic field. The conditions are those of optimum voltage amplitude, 
o that the increase in 7 obtained represents an increase of the optimum 
alues. The corresponding voltages are also shown. ‘The reasons for this 
haviour of the effective time interval T are two-fold. Firstly, as 0B/dt is 
educed, the time taken for the field to change the amount necessary to bring the 
istantaneous orbits from one side of the accelerating chamber to the other is 
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increased proportionately to (@B/dt) 1, and the time interval accordingly is i | 
creased. Secondly, as@B/dt is decreased, the energy to be added per revolutio} 
is decreased. This means that the voltage amplitude must also be reduced i) 
order to regain the optimum phase range. Because of this reduced amplitude 
the excess energy received by a particle at a given phase will be less than befor4| 
Thus particles arriving at a given phase (same initial energy) will not increas} 
their radii as much as before. This means that particles can be accepted ove} 
a larger phase range per R.F. cycle. The voltage is then reduced sufficientl i 
to optimize 7, thus making the increased phase range available. Obviously 
there is a limit to the increase gained in this way as ¢, approaches zero. Thi 
dotted curve in figure 5 shows the expected mean current determined on this 
basis for a continuously oscillating magnetic field as a function of the oscillating 
frequency. 


Initial energy 


The injection energy (e9) influences the effective time interval of injectio 
T in three ways, the total effect being that 7 increases roughly as thal} 
square root of the initial energy. This behaviour is illustrated in figure 5 whew ) 
the curves of T against 0B/dt are plotted for several values of the initial energyt 
It is thus best to design for as high an injection energy as is practical for the 


system proposed. There are other advantages to be gained by choosing a hig 

initial energy such as a reduction in the radio frequency change necessary for af 
proton synchrotron. 

The three effects of the injection energy, «9, on J are: 

(1) The greater the initial energy, the greater the initial velocity, and hence} 

the higher the frequency of the initial R.F. This means the time intervals o Hy 

l 


all given phase ranges are reduced in the proportion (<9) =. | 


(2) As «9 increases, so does the magnetic field required to give the same orbital}! 
radius. A greater absolute change in the magnetic field is needed to move the} 
instantaneous orbit of the particle from one side of the synchrotron chamber 
to the other. The rate of change of magnetic field is the same, so that a larger} 
time will elapse for this process (oce,*) and consequently the number of accepting }} 
cycles is increased (oce,?) and this will make the total effective time interval ‘‘ T” | 
greater. 

(3) From a similar argument it follows that the particles, since they undergo 
phase oscillations and the related radial oscillations, must now gain a greater | 
amount of excess energy to have a radial oscillation amplitude of the same size |} 
as before. This increases the accepting phase ranges proportionately to (€,)¥2. |} 

Combination of these three effects produces an increase in the effective time 
interval of injection proportional to ¢9, for small phase oscillation amplitudes. 


| 


Voltage amplitude | 


: 

The variation expected in T as a result of varying the voltage amplitude | 
applied to the accelerating electrode is shown in Figure 6. The existence of |} 
an optimum voltage has already been mentioned and is chosen so that the two |} 
limits of accepting phase range coincide. If the voltage amplitude decreases | 
from this optimum, the stable phase ¢, will increase and, the upper phase _— 
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reing 7 — ¢,, the accepting half range is 7 —2¢, and will steadily decrease to zero. 
f the voltage amplitude is increased from the optimum, then ¢, decreases and 
he upper limit, set by the radial oscillations, decreases rapidly. Then the accept- 
ng phase range goes asymptotically to zero for large voltage amplitudes. 


iffective width of the accelerating chamber 


By the effective width is meant the actual width minus twice the amplitude 
#f any radial oscillations other than those already mentioned. Such oscillations 
ise from the circular irregularities in the magnetic field coming from eddy 
jurrents, inhomogeneities in the iron or construction. ‘The effect of the effective 
vidth on T is illustrated in figure 6. It is seen that considerable advantage 
3 to be gained by increasing this width. 

The reason for this increase is not hard to see. A larger accelerating space 
neans more R.F. cycles can accept particles, the number of cycles being pro- 
ortional to the width of the chamber. Furthermore, the particles can now 
1ave larger radial oscillation amplitudes and this permits larger phase ranges. 
n the case of optimum voltage amplitudes this allows the voltage optimum to 
ncrease, thereby decreasing ¢, and increasing the stable limits of phase. The 
ncrease in phase allowed on this account will involve the injection oscillations, 
vhose amplitudes will be different for each instantaneous orbit. Thus the 
osition of the injector will modify the effective increase in phase range gained 
n this way. 


Jepth of accelerating chamber 


Besides the advantage of being able to tolerate larger vertical disturbances 
o the particles, increasing the accelerating chamber depth provides another 
dvantage in the case of the Birmingham synchrotron (Oliphant, Gooden, Hide, 
947). Here it is proposed that the stable orbital plane be lowered continuously 
uring the period of injection. ‘The amount the orbital plane has been lowered 
efore the particles return to the immediate neighbourhood of the injector 
etermines the effective thickness of the proton beam. ‘Thus a greater depth: 
f the accelerating space allows the orbital plane to be lowered by a proportionately 
reater amount. The depth should consequently be as large as can be tolerated 
n other grounds. The depth affects very critically the energy stored in the 
iagnetic field, other dimensions remaining constant as both the volume of space 
; increased and the magnetic field reduced for the same ampére-turns. It does 
ot affect the beam-current as strongly as does the width, and so a ratio of depth 
» width of about 1: 2 seems a good choice. 

Table 1 illustrates what effective thicknesses of injected proton beam can 
e obtained for different depths of accelerating chamber for the Birmingham 
ynchrotron. 


Table 1 
Depth of chamber (cm.) 75 10 15 
Beam thickness (mm.) 2 3 4-5 


wantitative results 


The general quantitative information concerning the injection process can 
> obtained without solving the phase equation at all. Remembering that there 
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is a relation between the phase velocity and the difference between the orbital 
radius of the particle and the stable orbit radius, the analogy of the conservationy: 
of energy of the pendulum bob can be employed. The magnetic field is her 
assumed to rise linearly in time. A departure from this condition makes littl 
difference to the magnitude of the results but considerably complicates thy i 
form they take. Then the maximum phase velocity and consequently thi 
maximum orbital radius can be determined for particles entering at differenti} 
phases and times. ! 


The first relation is, in fact: 


using the notation given in the appendix. If d9” is the limit (upper or lower 
of the acceptable phase range of the uth R.F. cycle, then, using the analogy just 
referred to, ¢)” is given by | 


|cos J, — Cos fo” — ($o” — $;) sin $.| is 


V2rmp(qo tu)? 
i cana 10> |x — stg | JP — (x)? (2) 
where 
2 V enp 
| Rn ay Jeet ae 


From this, by graphical methods of integration, the total effective time interval]! 
of injection T can be obtained. The number of accepting R.F. cycles ist 
given by 
2D(1 —n)egp 
N= eR, V, sind, St a PR aportevorers) (4) 
In the case when the phase lies on the approximately straight portion of the R.F. 
voltage curve, T can be integrated and becomes: 


(3:3)¢ of tent 92) [poeee) 
Tr. e' Re 


K( V, cos $4)? 2) oa (5) 
For the optimum choice of Vo, fo’ =7 — 4, and since 
27Ri?K 
0 Csind,’? | 2) (a eee (6) 


in this case, the optimum value of , is given by 
|2 cos 6, —(7—2¢4,) sin 4,| cosec 4, 


‘ ane ; ee SU Li ee Ds etetorens 4 
For the case when $ —$, < U Bee 7 } Be I we have 4 
24) {am (EPA) "Mad een 


which determines the optimum value of $y. 


§3. PHASE OSCILLATION AMPLITUDE BEHAVIOUR 


There are no less than eight significant forces which can affect the behaviour 
of the phase oscillation amplitude. In order to introduce these forces in the most | 
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‘onvenient way, those which cannot be externally varied are considered, firstly 
vy discussing the simpler case of extreme-relativistic particles and then by 
‘xtension to the case of non-relativistic particles. Intermediate regions follow 
immediately. ‘There are then left four independent adjustable forces which 
re considered in turn. ‘These latter can be employed to give a useful range 
if permissible variation of those factors which cause an increase in the phase 
mplitude. Finally, the effect of these various forces is considered quantitatively 
nd curves given to enable the value of the forces to be assessed. 

_ For an extreme-relativistic particle (i.e. sensibly constant velocity) accelerated 
oO a synchrotron whose magnetic field increases linearly with time and whose 
ccelerating voltage amplitude and R.F. are maintained constant, there is one 
lamping force together with two opposing (anti-damping) forces. 

The damping force can be explained in the following way. In the description 
f the phase and radial oscillations of section 1, it was shown that the particle 
eached a maximum or minimum orbital radius when the energy it received 
yer revolution was just sufficient to maintain it on this circular orbit. This 
yrbit marked the reversal of the phase force, as thereafter the phase acceleration 
shanges sign, since the change in phase per revolution begins to decrease. When 
1 particle is moving on a larger radius than that of the stable orbit, it will require 
1 greater energy increase per revolution to maintain it on that larger radius. 
(hus the particle will reach its maximum or minimum radius when its phase 
‘eaches ¢y (see figure 1), and it is at this point that the phase restoring force is 
‘eversed. This is the reason for the damping and the process is quite analogous 
o the damping of an oscillator in a viscous medium. An important observation 
o note here is that the rate of damping will be different for phase oscillations 
yf different amplitudes. So long as the phases remain on the approximately 
straight portion of the R.F. curve, the phase velocities, and therefore the damping 
orce, will be in proportion to the phase amplitude (cf. pendulum). Phase oscilla- 
ions with amplitudes extending beyond this approximately straight portion will 
1ave their maximum phase velocities less than proportional to the amplitudes, 
ind thus the damping rate will be less. This behaviour applies to all the forces 
ffecting the phase amplitude. 

A force which opposes this damping force is the one arising from the electric 
ield of induction (betatron force). For the Birmingham synchrotron with a 
nagnet yoke on the inside of the air gap, the changing return flux gives a de- 
elerating force acting on the particle. ‘The changing flux in the air gap gives an 
ccelerating force, but since only part of this flux is ever enclosed by the particle 
bit, the nett result is a decelerating force which decreases with increasing 
rbital radius. Consequently a particle increasing its orbital radius will require 
ess energy per revolution from the R.F. accelerating field to maintain it on its 
adius than on the previous argument. ‘The phase force is then reversed, not 
t ¢), but at an intermediate value, say at 4, in figure 1. ‘This opposing force is. 
ways a certain fraction less than unity of the damping force. The results of the 
bove discussion are not affected by the position of the return flux from the air 
oP: 

Another factor which increases the phase amplitude is the increase in energy 
f the particle. The action is not anti-damping in the sense of adding “ phase 
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energy”, but is analogous to “ conserving phase energy”. As the energy) 
of the particles increases, the change in radius experienced by the particle | 
receiving a given excess energy of amount de decreases in proportion to 1) | 
But it is this change in radius per revolution which determines the “ pha 
restoring force ” and thus this restoring force is reduced (ocl/H). The frequen | 
of the phase oscillation is reduced thereby (ock’ 1”) and to conserve “phase energ} 
the amplitude of the phase oscillation must increase (0of”/*).* | 
These three major factors give a resultant damping to oscillations oceurri: 
on the straight portion of the R.F. curve, proportional to E-™* (Veksler (1945 | 
McMillan (1945), Bohm and Foldy (1946), Dennison and Berlin (1946), Frat , 
(1946)). For larger amplitudes this rate of damping will decrease. | 
When a non-relativistic particle is accelerated, the R.F. must increase in std 
with the mean particle velocity. Although the same arguments as above ali 
apply to the non-relativistic case, this changing R.F. introduces another for; | 
which still further reduces the rate of damping. Since the rate of change of R. jf 
is chosen to keep in step with a particle maintained on the stable orbit, it follo 
that the frequency will not increase quickly enough for a particle on a radit 
greater than the stable orbit. Hence the phase of such a particle will experieng 
an extra acceleration, or in other words, the change in phase per revolutic 
of this particle will increase every revolution. This means that as a partic 
increases its radius (decreases its phase) it also experiences an increase in its phas#! 
acceleration, or phase force, on this account. ‘This action is just the oppositif/ 
to damping and so the resultant damping due to the previous three forces is stij / 
further reduced. It is shown quantitatively below that the resultant of all thes 
forces is to give no damping at all. Since their behaviour is dependent on thif 
maximum phase velocity, the variations in their effects on oscillations of differen] 
amplitudes will be the same and so the damping will be zero for all oscillatio: 
amplitudes. 
In the actual case of acceleration of protons to energies of about 1000 Mev. | 
the finite relativistic effects cause a small damping action during the latter par 
of the acceleration. 


Adjustable damping factors 


Four methods exist whereby the behaviour of the phase oscillation amplitude 
can be adjusted. ‘These are :—(a) changing the rate of change of R.F., (5) varying 
the voltage amplitude during acceleration, (c) varying the way in which thé 
magnetic field increases with time, (d) shaping the faces of the accelerating elec 
trode. Each of these will now be considered qualitatively and quantitatively. 


Further variation in R.F. 


From the argument given in the previous paragraph it follows that if the 
R.F. continually increases its rate of change more rapidly than to maintain a 
particle on any fixed radius, there will be an increase in the phase oscillation 
amplitude—and conversely. It also follows that this effect arising from the 
factor d°v/dt? will depend on the change in radius of a particle for a given 
energy change, and this in turn will depend on the way in which the magnetic 


* 
The quantitative results given here in brackets refer accurately only to small oscillation amplitudes. 
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ield falls off radially (i.e. on). For instance, if n=0, then any finite continuous 
shange to the R.F. will cause infinite anti-damping in the non-relativistic case, 
ind the larger n, the less will be this effect. On this basis, it is best to design 
or a large m and then a large tolerance on frequency variation can be allowed. 
_ Figure 7 shows quantitatively the continuous increase in R.F. in the case 
5f the Birmingham synchrotron, giving a loss of about 10% of the particles 
»y anti-damping action. ‘This increase in R.F. is plotted as a tolerance against 
he value of the magnetic field index n for different ways of increasing the 
nagnetic field in time (different values of s). 

The effect of this variable damping force is given later by equation (15). 
It should be noted that the rates of damping or anti-damping always decrease 
with increase of oscillation amplitudes, for reasons given above. 
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Figure 7. Variation of frequency tolerance Figure 8. Variation of the frequency 
due to anti-damping with magnetic field tolerance with time, allowing 
ieee as @) s=U3, (O) SI), (@) 5= 122, 10% loss of particles. Tolerance: 
(d) s=1°'5. 10% particle loss allowed. (a) for orbital shift, (6) for.anti- 


damping, (c) combined. 
Variation of voltage amplitude 


If the voltage amplitude is increased, then a particle arriving at an accelerating 
yap at a given phase will receive a larger excess energy, de, than previously. In 
act, d< is proportional to Vo, the voltage amplitude, and so the rate of increase 
yf radius is proportional to Vy. ‘Thus by increasing the voltage amplitude during 
he acceleration, a particle will progressively increase its rate of increase of radius, 
.e. its phase acceleration or phase restoring force (ooV)). ‘This means that 
he frequency of phase oscillation is increased proportionately to Vy"? and, to 
onserve ‘‘ phase energy”’, the amplitude of the phase oscillation must decrease 
is V, /4.* Although this gives a method whereby the phase oscillations can be 
lamped, it also means that the final width of the proton beam is larger, and this 
nay interfere with extraction. ‘The final width can be obtained from the relation 
yetween the radial oscillation and phase oscillation (equation 1). To obtain a 
easonable effect, a large increase in voltage is required and this implies a very 
arge increase in R.F. power. 


Manner in which the magnetic field increases with time 


Consider a cycle of the phase oscillations and let the magnetic field in the 
ir gap increase as B= Kt’, where t is the time and K a constant. Let s>1 for 


* See previous footnote. 
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the present argument this means that the energy required to be added per revall 
tion in order to maintain a particle in a given orbit (Rj) must increase as 7° | 
To maintain a particle at some constant stable phase will therefore necessita}}” 
an accelerating voltage amplitude, increasing as ¢#* 1+. This increase will 
finite over any one phase oscillation cycle and so the total excess energy gaing 
by a particle undergoing the phase oscillation will be greater than in the case ‘ ; 
constant accelerating voltage. Since the percentage increase in the magnetif 
field during this period is small, the particle will increase its radius more quick] 
than when s=1. ‘This means that it reaches its maximum radius, and hen 
the turning point of the phase force, at a greater phase difference from ¢, tha! 
previously. Hence increased damping results. The converse holds whe} 
s<1, which is the case of a sinusoidally increasing magnetic field. 
The effect of varying s on the rate of damping is given quantitatively b 4 
equation (12). Figure 7 illustrates how varying s can be used to allow tolerablf} 
frequency variations. 


Accelerating-electrode shaping 


Damping is also increased if the faces of the accelerating electrodes are sloped 
parallel to each other, at an angle to the radius vector, in such a way that a particl ) 
moving on a larger radius will arrive later in phase than otherwise. This will} 
cause the particle to receive less acceleration for the same radius than withou 
electrode shaping, an effect which, on the above arguments, will increase the damp} | 
ing. The quantitative value of such a system can be determined from equatior#} 
(17). ‘It is not certain. how the inevitable radial disturbances thus introduced ki 


will affect the motion, but the method is an easy one with which to experimentif 


1 a 


Quantitative analysis 


(1) Non-relativistic case.—Using the notation in the appendix, the phasa: 
equation for the non-relativistic particle can be written as: 


met {eer —fon| 1+ S89 52 gag] 
2(1—n)\a 0 0 =o 
er. Sree onic a a(t Soe 


(1— nag sind  ——— 2nsnp (¢—$1) 
+7 | odo + SOT: =} diy SO 51+ 2npq 


Hs SR gal 
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Here the ae theorem is employed, and /(2) is the fractional increase in 


R.F. above that required to maintain the Kiely in the stable orbit. It is defined} 
as 


RE Sra ss UE) ee eee (10) 
Neglecting f(t) for the moment, the ee becomes, putting g= x2, 
O° ste 1 (s—1)0¢ a 4V,enp sind Asn 
Ox? * x (s+1) dx (st+1)KRA1—2) © (6+1)—n)? ce 


where V)= V,t* is the voltage amplitude. 
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- It is readily seen that for s=1 the damping term disappears and the resulting 
squation is identical in form with that of an undamped simple pendulum with 
1 constant torque. Thus for all amplitudes there is no damping in this case. 

For small amplitudes when sin (6—¢,)=4—¢, and (¢—¢,)<¢,, the 
equation can be solved as a Bessel equation, the asymptotic solution being always 


KR 2 
valid. ‘The solution is then, putting sind, = IES Gus sR EDD SOS tin 
7 Vic (s+1)KR,2(1—n)’ 
 Non-relativistic: - 
is 
$=$,4+Gq*"*)sin{2(Cgjt+ah, ...... (12) 


where G and « are arbitrary constants. 


(2) Extreme-relativistic.—For the extreme-relativistic case it can easily be 
shown that the solution is 


1-28 
d=d+Gq * sin{2(Cygt+o, ..... (13) 
_ Vi pe cos d, 
ere oe Ke 


(3) General case-——In the general case intermediate between the non- and 
extreme-relativistic cases, and when s=1, the damping term can be shown to be 
siven by 

g 
prayel agutelseet/jer re, als) VAR eRe (14) 
ae g= kinetic eUSIY 
m,c 

Damping effect of frequency variations follows from the general equation in 
he-case that (¢—¢,)< 4, and sin(¢—¢,)~¢— ¢, by a Bessel solution. The 
yhase damping is then found to be as g*, where 

Lig 41—njgaf) _ ¢-4¢1 
a Ae eee oa (15) 

The damping effect of voltage amplitude increase has already been shown by 
jualitative argument to be given by the term V “4, i.e. due to this effect in the 
bsence of others the phase varies as 

b—o,—constey, “cos(Dgi*V17+%), 4 wa... (16) 
vhere D is aconstant. This can be confirmed by direct solution in many cases. 

The damping effect of variations of the magnetic field increase has already been 
iven by equations (12) and (13). 

The damping effect of electrode shaping is given by the relation g ”, where 

ps cot d, tan 0 
alae" i (eaaybeo Nes ee Ate anaey (17) 
there 6 is the angle between the radius vector and the electrode face. 
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§4. PERMITTED VARIATIONS OF THE RF. 


hase damping 
Since the R.F. varies by a iS factor, it is important to know the effects on 
1e particle motions of small deviations of this frequency from the required law. 
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It has already been shown that if the frequency increases by about 2 % too rapid] | 
then 10 % of the particles are lost because the phase amplitude increases. Figure 
gives the data on this effect for the Birmingham synchrotron. Figure 8 sho : 
how in a given case this R.F. tolerance is relaxed towards the latter part of th} 
acceleration because of the finite damping due to relativistic effects. 


Orbital disturbances 


It is readily seen, on the basis of the description of the particle motions give} 
in the section on injection, that if the R.F. does not correspond to a stable orb} 
in the centre of the chamber, then a smaller number of particles will be accepted 
In fact, the effective half width of the accelerating chamber is the shortest distance 
between the stable orbit and either synchrotron wall. Ifthe R.F. changes slowl| 
enough the particles can follow a change in the stable orbit. It then follows from 


order to move the stable orbit a fraction L of the chamber half-width, f(t) musj} 


obey the relation I} 
flt)< ee s1-a-1)(4 veel aiee (18) | | 


For this fraction L, it is safe to assume that not more than a fraction 1 —(1 — L)i} 
of the particles is thus lost. Figure 8 shows the tolerance permitted for thdlj 
Birmingham synchrotron when 10 % of particles are lost in this way. 

For rapid R.F. variations (random oscillations) the particles have difficult 
in following the variations in the stable orbit and so the permitted frequency 
variations are increased. ‘The general condition is given by 


- Fin 24) 2 AO + rep he) 


where F(q) is a particular solution of the equation 


a, s_1d¢ +f V,cenp cos ¢, \2 - amp oft) 


0q? s+1qoq° (s+ 1)KR,2(1—7) 0g 
1 i} 
Thus, for f(t) =k cos wq, say, and forw> 2g? it is found that ee = —2np. f(d)l 
and the inequality for these rapid variations becomes 
2nn*p a 
ke RH a-1(4 Ly a See (20) 


For the Birmingham synchrotron rapid variations in frequency can be very 
large indeed. 


Combined effects 


When these two effects of the R.F. are combined, the tolerance on the R.F., 
determined by allowing no more than 10 % of particles to be lost, will vary during 
the acceleration period. For the particular case of the Birmingham synchrotron, 
this variation in the tolerance is shown in figure 8. It is to be noted that the strict 


tolerance necessary at injection is relaxed by an order of magnitude in about 
1/50 of the total acceleration time. 
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ACPPEINGD DX 


Votation used :— 


a —$=phase of R.F. (see figure 1). 
¢, =stable phase. 
R=radius of particle orbit. 
R,=max. radius of magnetic field. 
Ry = (min. radius + max. radius). 
D=half width of accelerating space. 
_ v=radio frequency (R.F.). 
/(t)= relative variation in R.F. from the required law (see equation (10)). 
V,=voltage amplitude appearing on the accelerating electrodes. 
« = kinetic energy. 
€) = kinetic energy at injection (time t=2)). 
E=total energy. 
g=number of revolutions undergone by a particle starting from rest in the 
synchrotron, i.e. starting at zero time (¢=0). 
p=ratio of R.F. to particle frequency of revolution and is a positive integer. 
T =effective time interval over which particles entering the synchrotron 
are accepted for acceleration to the peak energy. 
t=time. 
ty) =mean time of injection. 
B= flux density in the air gap and varies as B= Kt (R,/R)”", where 
K=aconstant, determining the rate of rise of B, 
s=a positive index determining the way in which the magnetic field 
increases with time, 
n=a positive index, less than unity, determining the way the magnetic 
field varies with radius. 
x,=the radial coordinate of the injector, measured positively outwards. 


from Rp. 
“+ Ry=the radius of the instantaneous orbit of a particle entering at the wth 


R.F. cycle. 
u=the number of R.F. cycles following the one when the instantaneous. 


orbit has a radius Ry. 
Vy = velocity of particle in the stable orbit. 
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ABSTRACT. Weshow that in a dilute substitutional solid solution of one metal in another 
the diffusion of the solute atoms is determined by the compound activation energy €,+ €,Ba, 
where «a is the energy necessary for the formation of a hole next to a dissolved atom and 
sna the energy of activation for the hole to make one jump round that atom, provided! 
€sna—€sn > RT, where «gy is the energy of activation for the hole to diffuse away from. the} 
dissolved atom. 

This mechanism provides an explanation of the cases where diffusion of a foreign metal 
atom in a lattice has a lower activation energy than self-diffusion in the same lattice, gold| 
in lead being a conspicuous example. However, the assumption of next-neighbour inter- 
actions made in the description in this paper does not correspond to the facts of metallic} 
‘structure. The statistical argument is not invalidated by this, but the calculation of the} 


actual energies involved becomes a very difficult problem in quantum mechanics which has} 
not yet been solved. 


| 


OHNSON (1939) has given a semi-quantitative treatment of diffusion in dilute) 

metallic solid solutions by the mechanism of Schottky defects. He pointed | 

out that it might be energetically possible for a solute atom and a hole (i.e. a 

vacant lattice point) to adhere, and to wander together, with a comparatively 
low activation energy, through the matrix before separating. Suchaprocess could | 
explain the observed fact that the activation energy for diffusion of atoms dissolved 
substitutionally in a metal lattice is frequently less than the activation energy for | 
self-diffusion in the same lattice. | 

The object of this note is to make a more complete analysis of the problem for a | 
rather simple case, which, however, is not too far removed from experimental | 
conditions. We consider N, atoms of type A and Ng of type B (Ny <Ng) | 
arranged on a cubic close-packed lattice. ‘Then the problem is to determine the | 
diffusion coefhicient of the A atoms through the lattice, the movement of each A 
atom being by a jump into a neighbouring vacant lattice position. In talking | 
about the relation of an atom to its nearest neighbours, it is useful to take a unit cell | 
which is not face-centred but edge-centred, derived from the ordinary face- 
centred cell by a translation of half its edge parallel to an edge (figure 1). Let the | 
centre atom in the cell in figure 1 be surrounded by B atoms except for the point H, 
which is vacant. ‘Then there are four B atoms which lie next to the centre atom 
and to the vacant point, so in order to jump into the vacant position that atom has to 
squeeze through a gate of the form shown in figure 2, where the atoms are repre- 
sented as spheres of diameter equal to the distance between the centres of nearest 
neighbours. Evidently it is to be expected that a foreign atom, if of small radius, 
should require a lower activation energy for jumping into a neighbouring hole 
than one of the matrix atoms (A, and B,, figure 2). However, a B atom | to an 
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A atom, both being next to a hole, has to pass through an asymmetrical gate 
(Ag, figure 2), and may thus require a lower activation energy for the jump than a 
B atom not so situated. 

We may calculate the probabilities of the different possible jumps, in terms of 
the energy changes involved, by the reaction rate theory developed by Eyring and 
others. ‘This is done by supposing the system in an “activated state”? to move in 
an arbitrary small length 6 of the reaction coordinate about the maximum of 
potential energy. ‘Then the probability of a transition per unit time is given by 
the product of the probability of occurrence of this activated state and the thermal 
velocity in the reaction coordinate, divided by 8. 

If each atom is considered to vibrate in the average field due to the others, we 
can write down the partition function for an arbitrary configuration of the system 

(i.e. for arbitrary numbers of vacant lattice points and activated atoms on the way 


Figure 1. Figure 2. 
Black circles indicate points of the metal lattice, 
» white circles points of AH pair lattice. 
N.B.—One black circle has been omitted for 
the sake of clarity. 


into the vacancies), taking the pressure to be constant and zero. Then the 
equilibrium state is given by the maximum of the partition function. 

Suppose 7g holes have only B atoms surrounding them, while 2, have an A 
atom as a nearest neighbour. We suppose also that N, is so much less than Nz 
that the case of a hole having more than one A neighbour may be ignored. Of the 
Ny, let 2pp have an activated atom moving in. Of the my, let 2,4 have an activated 
A atom moving in, 4p an activated B atom not next to the A atom moving in, and 
Napa an activated B atom next to the A atom moving in. Let the energy required 
to remove a B atom from a position not next to an A atom, leaving a hole, be 
‘ep, and the energy to remove a B atom from a position next to an A atom be ¢€,. 
Also let egg, €aa> €aBa> €ap (= €pp, if we consider only next-neighbour interactions) 
be the activation energies for the processes with the corresponding subscripts. 

We neglect the changes in frequency of oscillation of atoms at the,surface of 
holes, B atoms next an A atom and atoms between which an activated atom is just 
squeezing. ‘These can be introduced if necessary in any particular case without 
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altering the combinatory factor in the partition function, so merely modify th}; 
multiplying factors, not the exponential terms, in the final expressions for the ratey} | 
B atoms are taken to oscillate with frequency vz in all directions, A with v, in a} 
directions, BB with vgz in both directions normal to the direction of the jum 
AA with v,, in both directions, ABA with v4,,4, in one direction and vapae in th 
other, AB with vgp in both. We assign arbitrary distances in the reaction te! | 


ordinates Opp, 44, ABA, AB(=BB) 
The partition function F for the system is then given by 


N!(N—13N4)! (124)! 12, 4”4Ba | 7748 


ae lames PRC it 
X (14 —Naa —Napa —Map)! (N—13N,4 —ng)} 


1 ] e —ngp —Napa—Map) Gas: ( RT ies 


oc —— eS — 
(7 —Mgp)!_] \Rvg, hrs hry 


RT \¥as RT? NABA » kT 3(Napt pp 
stow McComas) 


2 
hiss h VABA1VABAQ 


y, ("8 R I. 2 \2? aa (Feet ABA k rh ie 
h2 AA h2 a BA 


1 
exp { — El Fo + pew HM4€4 + (Mpp t Map )epp t+ Maaeaa t nsoxcinall 


where N=N,+N atty tna, £,=potential energy of crystal with no holes, 
‘provided the temperature is sufficiently high for specific quantal effects to be4 
neglected. This is the case for temperatures at which the interdiffusion of metals 
is sufficiently rapid to be of interest. mm,, etc. are the reduced masses for the 
motion in the corresponding reaction coordinates. 

For the equilibrium state F, and so In F, must be a maximum for variation of 


Np, Na, NBR, Maa, Mapa, Map. ‘The condition that this should be so leads to the. 
equations 
= (hie a Ve —e,,/kT 
Nin = ta 1g — hap = Ma pa)iaga ane oe > 
Vaa 
4,2 
B ep ./RT 
Napa =(M, —Ny, —Nap— Napa) Mapae “ABal™ 
VaBAILYABA2 
oe —epn/kT 
Nap =(Na —Ngg —Nap— Mapa) 2 :  mppe “Eee 
YBBR 
12v3 
183 
Npp = (Np —Npp) eras Npp- 
YBB 
Also 
12N,—n 
i AM, 
NS =y/x . eB ey /kT . Spee Se 
Ng-12N, +74 
and 


[Ng+Na+(1 +b 1/z)n,4] [Np — 12N,+(1 + 1/z)n,4] => * nalNp +(1 + 1/z)n, Je s/R?, 
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' where 
en A eee MARA AG Ve np — "pp 
| and 
| 2m, 
u,=6,. | —? 
dass Elie 


The solution of these equations is simple for VN, >N,, 12N,>,, conditions 
corresponding to the initial physical assumptions. The velocity in the reaction 
coordinate 7 is 


(a 
/ 2m,’ 


so we have finally for the equilibrium state ny = Npe—®s/®”, n, =12N,e-‘s/A?; 
and the numbers of jumps of different types taking place per second are 


12v? 4,3 
es B —epp/ RT q B raw ie 
Npp = Np ye eé “BB 5 Napa — na e *ABA! 
BB VABAIVABA2 
2 3 
v 7p 
ees A 2—e,4/kT Oia Been nikD 
Nyy=Ny = Casal’, Nipeny, 5 e BB. 
VAA VBB 


Evidently, when a jump of the type AB takes place, the hole moves away from 
the A atom, whereas when a jump of type ABA takes place the hole moves round 
the A atom, remaining next to it. We are interested in the latter process as 


facilitating diffusion. Its relative probability, 


tle =a 
ABA tT 748 
must then be rather large if the effect is to be important. If this is so, we must 
also expect 7, , to be very much larger than 73,4, so that when a hole arrives next 
to an A atom the latter will make many jumps between the two positions available 
for it before any other transition takes place. 

Then it appears that any of eight equally likely ABA transitions may follow, 
since any of the four next neighbours to the two positions concerned may jump into 
either position. Since there is now no point in distinguishing the position of the 
A atom and that of the hole, we may speak of an AH pair and denote its position by 
the midpoint of the line joining the two neighbouring lattice points which con- 
stitute it. Then (figure 1) the positions available for the AH pair are the centres of 
he faces of the cells of a cubic lattice, the edge of whose unit cube is half that of the 
sriginal atomic lattice. Each point in this lattice has eight nearest neighbours, 
ind is the centre of symmetry of those eight. By a succession of ABA transitions, 
he AH pair may wander through the lattice, jumping from one point to one of its 
1earest neighbours. 

Now since every point in this lattice is a centre of symmetry for its nearest 
\eighbours, to any jump of the AH pair corresponds an equal and opposite jump 
vhich lands it on an equivalent lattice point. ‘Thus to any given sequence of 7 
umps, represented by the ordered set of vectors (74, 72,.--+, Tyyrreey My evens 7) 
vhere every 7), has magnitude r equal to half the interatomic distance in the metal 
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lattice, corresponds the whole set of 2” equally likely excursions (£7, +72) -.-|)) 
+1 py veces £%peee+) +7»). Now corresponding to any permutation of the <ibl i 
of the other components, (is r,) may take the signs (+, +); (—,—), (4, hl 
(—,+). Thus if we take R?, where R= Xr, for each excursion, and sum over tl 
whole set, the product terms such as (7;, . 1) cancel in groups of four and the su} 
is 2” . nr®, so that R?=nr". 

This gives the mean square distance travelled by an AH pair in consequent i 
of n ABA transitions, since R? is the same for all initial excursions (71,...., 7% 
We require the mean square distance travelled by the A atom. This may initidll | : 
have come from either of two positions distant 7 on opposite sides of the centre ¢ 
the AH pair as first formed, and finally settles in either of two positions distant r o 
opposite sides of the final position of the centre of the AH pair. ‘Thus, by the sani 
argument as above, the mean square distance travelled by an A atom by th 
mechanism of AH pair formation, diffusion by m ABA jumps, AH pair dissociatio}} 
by an AB jump, is (1+2)r2. Now to a sequence of m ABA jumps precedial 
dissociation of the pair we must evidently assign a relative probability p”. So thi 
mean square distance travelled by an A atom each time a hole diffuses into | 
neighbouring position is | 


S(n+2)0" | 14 S(r+aypr | 
pies ge So 
ne Sn 
ee ae | 
gt SP 
= 7? ‘aes 


The frequency with which an AH pair is formed must equal the frequency with 
which a pair dissociates. The frequency of dissociation of AH pairs over thd 
. whole system is 7, ,, so the frequency with which a given A atom entersinto an AH 

pair is given by | 


Tye 
, oe =o, / RE eee Be 
Nap/Na = 12e al 5 me C; epp/ 's 


by this mechanism is 


N,' 1-p’ 
and the diffusion coefficient will be one-sixth of this; so 
4 
ah ye ————— Ca ee on e~'pplkT 
pe: 5 a —B e- atepp kT VABAI-YABA2 VER 
YBB ys 4 
—— e~ Sepik? 
YBB 


where a=interatomic distance in lattice, and so 


8 
0 Vv 
D=2a" = e~ Eatespa)/RT 
PABAL‘VABA2 
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The measured activation energy for this process, €, +€,pa, may be very much 
less than that required for self-diffusion of B atoms, which is eg + EBB: 

It may be observed that the mean square path of an A atom for a single collision 
with a hole is proportional to. ees—‘sna/k?, go should increase rapidly with 
decreasing temperature. This might lead to apparent anomalies in diffusion 
through thin metal films at relatively low temperatures in cases where the 
mechanism of diffusion discussed above is important. 
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ABSTRACT. ‘The design and construction of two pressure-insulated electrostatic 
generators similar to those of Van de Graaff and Trump are briefly described. Voltage 
tests with one of the generators with mixtures of nitrogen and freon under pressure have 
shown it to be capable of producing voltages in excess of two million. 


§1. INTRODUCTION 


generator at the Imperial College to give around two million volts potential 

for the acceleration of positively ionized particles. ‘The Medical Research 
Council had for some time also been considering a similar project for the provision 
of both high-voltage positive ions and electrons, for neutron, electron and x-ray 
investigations, but had been deterred from initiating such a programme on account 
of limited workshop facilities. It was therefore decided in the autumn of 1939 
to make two such generators at the Imperial College to a common design following 


I: the early summer of 1939 it was decided to instal a high-voltage electrostatic 


* Formerly at Imperial College, London. 
+ Formerly at Radiotherapeutic Research Unit, Medical Research Council, Hammersmith 


Hospital, London. 
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closely that of the pressure-insulated electrostatic generators of Van de Gra” 
and Trump. Work on both generators was started in the workshops of t]) 
Physics department at the Imperial College towards the end of 1939. In 19 “| 
however, the war brought this work to a standstill. At this time the high-pressuljy 
tanks had been completed and a number of parts, such as the equipotential hoo) 
and belt-guards, the insulators, upper electrode spinning and the charging-bs 
pulleys, had been designed and made. Such auxiliary equipment as the cor 
pressors, belts and the 15-h.p. motor for driving the charging belt had also bee . 
delivered. | 
In January, 1942, the Radiotherapeutic Research Unit moved to new quarte|) 
at Hammersmith Hospital, and it was found possible to resume work on the Medic 
Research Council’s generator, the upper and lower charging-belt pulley support 
charging-belt motor support and generating voltmeter being designed and mada 
the design of these latter parts was chiefly the work of Mr. J. W. Boag and Mr. il 
Howard Flanders, of the Radiotherapeutic Research Unit. Work on the Imperi| 
College generator was resumed in the early summer of 1945, the designs for t 
upper and lower pulley supports, driving-motor support and generating voltmet« 
being adopted in toto from the Medical Research Council generator. | 
Both generators have now undergone voltage tests under pressure, and it is t 
purpose of this paper to give the results of the tests on the I.C. generator and 
description of the generators in so far as they have followed a common desigri 
Ion-source equipment for the upper electrode is under construction, but t| 
different designs for each generator. Load tests will therefore be the subject 
future and separate publications. | 


q 


§2.4GENERATOR DESIGN 

A photograph of the Imperial College generator is shown in figure 1. Th 
hoops are formed by rolling ?-inch diameter tubing into rings 30 inches in diameter} 
each separated from the next by means of three textolite insulators. Each hoop i: 
provided with four belt-guards similar to those fitted to the Van de Graaff and 
Truinp generators, but they are so designed that their position can be adjusted afte 
the column has been assembled. Bakelite spacer tubes are fitted over the belt4 
guards on every-eighth hoop up the column. A photograph of one of the hoops an 
three textolite insulators is shown in figure 2. The upper three dozen hoops of the} 
I.C. generator are rhodium plated, while the same number of the M.R.C. generato | 
hoops are nickel plated to-:prevent corrosion. The lower hoops are polished prior} 
to assembling. 

The column is assembled on a flat base plate in order to have a minimum 
possible distance between the last accelerating electrode in the discharge tube and 
the target. ‘The driving motor is therefore contained in a small pressure chamber 
supported on the under side of the main base plate, in the manner indicated in| 
figure 3. This figure, which was completed in 1943, shows the lower pulley! 
support only schematically as this part had not then been designed. 

The upper electrode consists of an aluminium spinning and charge is conveyed 
to it by means of a Tilton endless-woven cotton belt. The upper belt pulley is 
supported on a fixed mount while the lower belt pulley is mounted on two canti- 
lever supports which can be adjusted so as to take up any slack in the belt. By 
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lifferential adjustment, on either cantilever, the belt can be made to run ina central 
dosition on the pulleys. The fulcra of these cantilever arms can be seen in the 
oreground of the photograph of figure 1. 

The column and electrode are some 9 feet high while the Tilton endless-woven 
elt is 19 feet long by 20 inches wide. 
| The uniform distribution of potential down the column is achieved by means of 
ismall current drain from the top electrode. This can be realized either by means 
yf corona gaps or resistors between adjacent hoops. 

The former method has been employed in the I.C. generator and the latter for 
he M.R.C. generator. In the case of the I.C. generator, a gap was chosen to give, 
vith negative point to plane, around 5 a. drain at atmospheric pressure, i.e. with 
he upper electrode at a positive potential of about 300kv. Resistors of 200 
negohms each between adjacent hoops were employed in the M.R.C. generator. 
Che corona gaps were constructed simply by soldering needles to paper clips, and 
an easily be slipped on or off one of the plane surfaces of a hoop, these surfaces 


onsisting of -inch thick brass sheet. 


Ss WONG, INBSANS 

In carrying out voltage tests, the generating voltmeter was used with a 
yalancing voltage to give zero output, the balancing voltage at the null point being 
bserved. This method will be described in a later publication. 

Aluminium liners have been provided for the upper and lower pressure tanks 
or both the I.C. and M.R.C. generators. ‘The I.C. generator was tested both 
vithout and with the upper liner, but not with the lower liner in position. The 
esults of tests in compressed nitrogen both without and with the upper liner using 
he I.C. generator are shown in figure 4. The results obtained for the maximum 
oltage as a function of pressure are not sensibly different in the two cases. The 
nly significant difference observed was that where sparks had been fairly generally 
istributed over the upper electrode without the liner they tended to terminate 
ome six inches from the lower rim of the liner when it was installed. This result 
ught indicate that it would be better-to polish the steel tank itself or to continue 
1e upper liner a foot or two into the lower section of the steel pressure tank. 
the charging currents (i.e. the lower spray comb currents) required at different 
ressures are shown in table 1. A short-circuit test of the current delivered to the 
pper electrode was also made for the highest pressure without the liner, a probe 
sing inserted through the corona-control port of the upper section of the steel tank. 
y means of this probe the upper electrode was short-circuited through a milli- 
nmeter to earth. On increasing the charging current to 550 wa. the short-circuit 
irrent from the upper electrode increased to 450wa. ‘Thereafter the short- 
rcuit current remained constant at 450 wa. with increase of the charging current 
15ma. The theoretical saturation current for such a belt should be in the 
ighbourhood of 1:5 ma., and the discrepancy may be accounted for by leakage 
rough the belt. It is to be hoped, therefore, that there will beanimprovementin 
e current available for use in the discharge tube as the belt dries with use. ‘The 
trent loss due to corona is, as indicated by the figures of table 1, not large. 

The voltage obtained at 1 atmosphere with nitrogen was observed always to be 
wer than that obtained with air at the same pressure. ‘This is in agreement with 


702 W. B. Mann and L. G. Grimmett 


‘Tablet 
| Voltage test without liner Voltage test with liner \ 
Pressure of | Spray comb Pressure of | Spray comb 
nitrogen current Voltage nitrogen current Voltage 
(Ib./sq. in.) (microamp.) (Ib./sq. in.) (microamp.) ii 
= anual el eee | & 
14 — O7164 1108 14 40 0°24 x 108 | r 
28 — 0°29 43 50 0°35 | 
42 =f 0:42 70 75 0°56 if 
53 = 0°48 97 90 0°72 1] 
69 | sad 0°56 124 100 0°85 ih 
84 LS 0°67 154 115 0:98 i 
102 =. 0°78 161 120 1:09 | 
ILS) 0:90 
126 0:94 
145 1°CO 
157 1°09 


the fact that the dielectric strength of air is greater than that of nitrogen on account 
of the presence of negative oxygen ions. 

Finally, measurements were made with the I.C. generator using mixtures 0 
nitrogen and freon to give increased dielectric strength. The results obtained are} 
shown in table 2 and figure 5. 


Table 2 
| 
Pressure of nitrogen Pressure of freon Spray comb current Volee 
(Ib./sq. in.) (Ib./sq. in.) (microamp.) 
14 8 100 0-95 x 108% 
14 12 120 t82 
14 14 100 1-18 
Doss 14 120 1-47 
44 14 140 1:61 
58 14 150 1:82 
Ue: 14 100 eas | 
84 14 120 1:96 | 
96 14 120 2°03 
108 : 14 160 2:20 


The upper electrode, which was only resting in position, appeared to become 
unstable at the highest values of voltage and an intense rumbling noise developed. 
With the upper electrode securely fastened to the column, however, there appears 


to be no reason why the (voltage, pressure) curve should not be continued to 
around 2:5 x 108 volts. 


. §4. CONCLUSION 
At the time of writing, the ion source, accelerating tube and vacuum pumping 
systems are not yet finished. The voltage supply for the ion source inside the 


) 
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upper electrode is now complete but is, as mentioned previously, of a different 
oe from that of the M.R.C. generator. Results for current output will there- 
fore be the subject of future, separate, publications; this present paper deals only 
|with those features of design which are common to both generators. Ofthe present 
authors, one (W.B.M.) has been associated with the project since itsinception 
in 1939 till the present time, with an absence of some four years on war work; the 
other (L. G.G.) was associated with the work from its inception in 1939 until 
|the autumn of 1944, besides being actively concerned for some time prior 
‘to 1939 with the question of providing such a high-voltage source for medica. 
work. In addition, Mr. J. W. Boag and Mr. P. Howard Flanders, of the Radio- 
therapeutic Re-earch Unit, have been associated with the work on the M.R.C. 
generator since 1942. 
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ABSTRACT. Exact parametric equations are deduced for the profiles of plano-aspheric 
lenses designed to produce axial stigmatism in a given axially symmetric pencil of rays. 
These formulae take an agreeably simple form in the special case where the point of 
stigmatism is at infinity. As an application, parametric equations are deduced for the 
corrector plate of the Schmidt Camera. 


$1. INTRODUCTION 


N many optical systems involving an aspheric surface, this surface, whose 
] essential function is to improve the performance over the whole of a finite | 
field, is designed so as to bring accurately to a focus the rays proceeding 
from the axial point of a selected object surface, which may be at infinity. 
Various exact and approximate formulae for the shape of such surfaces have 
been given in particular cases. In other cases, methods of successive approxi- 
mation have been used, since a straightforward application of Snell’s law leads 
to differential equations which are inconvenient to work with. 
Using the principle of equal optical path, we deduce, with the help of a result 
proved in the next section, exact formulae for the surface-profile needed to annul 
the zonal aberrations of a given wave front. ‘These formulae take an agreeably 
simple form in the special case where te point of stigmatism is at infinity. 
Although these formulae are exact, they involve an integral which in general has 
to be evaluated numerically. 
As an application, parametric equations for the plate profile in the classical 
Schmidt Camera are obtained which have a wider range of validity than the 
formulae given by B. Stromgren (1935) and by J. G. Baker (1940). 


§2. A PRELIMINARY RESULT 


Let OH be the ordinate at a point O on the axis of symmetry of a system 
of rays proceeding from an axial source. We first derive an expression for the — 
optical path difference between any two rays before reaching OH. 

We denote by W a wave front corresponding to the system. Any surface | 
which is orthogonal to all the rays is such a wave front, and the optical distance 
(O.D.) from the source to W is the same for every ray. Consider two neigh- 
bouring rays meeting W in A and C, and OH in B and D at heights A and h+8h 
respectively. Let w, denote the angle which the ray AB makes with the axis. 
Through B draw a line perpendicular to AB meeting CD in E. Finally let AB | 
be denoted by J, and CD by J,,5, (figure 1). | 


| 
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Then BE is a tangent to the wave surface passing through B, whence 
Ti4on—L, = — dh sin w, + O((8h)?). 
Dividing by 6h, and proceeding to the limit as 8h->0, we obtain 


Tah” % 
Tho SIN 1 
HO 
whence L=— | sin w, dh. 


Let Jj? be the optical path difference between two rays which reach OH at 
heights A, and hy. 


Chie. 
Then ie Py hye te Siendhm aaa Maat (2.1) 
§3. PLANO-ASPHERIC LENSES 


With the help of (2.1) we can determine the profile of the aspheric lens which 
will eliminate the zonal aberrations of a given incoming wave front. Only the 


Figure 1. Figure 2. 


case of aspheric lenses with one face plane is considered here, but it wiil be seen 
that the methods of §§3.1 and 4.1 (amounting essentially to the use of an ikonal) 
apply without change to the more general case where one face of the lens is of 
a given profile and the other face (the profile of which is to. be determined to 
give axial stigmatism) is the last refracting surface of the system.” | 
§3.1. We first examine the mathematically simpler case where the aspheric 
surface of the lens faces the point of stigmatism. Figure 2 shows a ray, PQRS, 
proceeding from the wave front W towards the point of stigmatism 5 ale 
meeting the refracting surfaces in Q and R. ‘The origin O is taken at the point 
where the axis intersects the plane face of the lens. 
D,,, the O.D. between P and §, has to be the same for every ray. We have 
: nt s—t 
COS W, | COS Ws” 


D,=1,+ 


and for the axial ray Do =1 + nto +5 — to, 
where ¢ and ¢, are the thicknesses of the lens at R and O, s denotes} the distance 


* This case has been treated also on the basis of the ikonal theory by Luneberg (1944). A 
lifferent method, based on successive approximation, is described by Herzberger and Hoadley 
1946); it is applicable also to the calculation of aspheric surfaces in the interior of a system. 

+ The case of a virtual image is also covered if s is allowed to take negative values. 
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OS, w,, w, and wy are the angles which PQ, QR, RS make with the axis (see i) oe 


figure 2), and 7 is the refractive index of the material of the plate. 
Equating D, to Do, we obtain 


nt s—t 


Ih + + (n=A)ig=s=0, 99 ee B3hiy 


COSW,  COSW, 
From the figure 
Sa 


ye tts Sako, 
C08 O81 (62 + (ht tan oy)" BE 
Substituting for cos w, in (3.11) we obtain 
Thy — 4 [= 2h ttn, (3.13) 
COS w, 
where = sine ( sin w ) Jdeaee (3.14) 


Rationalizing and rearranging (3.13) and substituting for J/ in terms of w.,* 


we find that ¢ satisfies the quadratic equation 


At? + 2Btcosws+C cos? w,=0, 
where 
A=n*— |) 


B=hsinw,+scosw,—n[s+(n—1)tp+n ie sin w, dh| 
C=[2s+(n—1)ty+n ['sinexdh][(—I)ty +n |" sine. dh]—2. | 


The roots of this equation are 


t= [B+ Ay, i= —7-*[—B AW) eee (3.16) 
where A=B?-AC.u i) eee B.12y 


It can easily be shown that only the solution ¢=¢, satisfies the physical conditions. 
From the figure, the radius r corresponding to h is given by 


r=h—ttanas, 
so that finally we have 
—teo 


t+ir=— [B+AM +h. (3.19) 


This equation gives the exact profile of the lens in terms of the parameter h. 
§3.2. The case when the plane face of the lens is nearer to the point of 
stigmatism can be dealt with in a similar manner. Let O now be the point of 


intersection of the axis with the aspheric face of the lens and let ¢ denote the 
thickness of the lens at Q (figure 3). 


tye nt Si 
Then D,=1,+ — 0 
COS,  COSWs | COS@z 


* Not w,, as might appear more natural ; the final solution takes a simpler form when ex- 
pressed in terms of ws. 


u = = - bas - 
ee ee —= 
SE Sa eS 2 - - - - : ; = 
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Equating D, to Do, we obtain 


gat nt ; Shy 1 rh A Z On| 
peer Si eee Oe Jio—s— | sinw, dh=0 years ese (3:21) 
From the figure 
| h—(t),—t)tanw,—ttanw, 
tan ws; = (a) 1 eS ee ens (3:22) 
also ALSO, = SIN Once ee AY 4. eres (sees) 


w, and ws; can be eliminated between (3.21), (3.22) and (3.23), to give the equation 

for ¢; it is easier, however, substitute for w, in terms of w,, insert values for 

the known quantities and solve the resulting equations by numerical methods. 
The corresponding radius r is given by 


r=h—(tfy)—t)tan@, = = = —— aewcee (3.24) 


§4. PLANO-ASPHERIC LENSES: OBJECT OR IMAGE AT INFINITY 
In the limiting case when soo, the lens converts into each other two ray- 
systems of which one is a parallel beam. 


Figure 3. Figure 4. 


§4.1. First we consider the case when the lens has its aspheric side towards 
the parallel beam. Dividing (3.15) by s and proceeding to the limit as s>o, 


we obtain 
2t cos w,(COs W2—n) + 2 cos? we[(n — 1)ty — 1h] =0 


or 
= ale 
pees Gall ea toed le ag ie (4.11) 
N — COS Ws 
and, as in §3.1, 

y=h—ttanas, j= j— —  § «senes (4.12) 
On substituting for J the complete solution can finally be expressed in the form 

ee ty) +n | sinw dh] +th (4.13) 

n is cos Wy 0 0 2 9) ee BSiec ee. acs . 
1 
where w,= sin! (; sin o), os (4.14) 


§4.2. The solution for the case where the lens has its plane side towards the 
parallel beam will now be obtained directly. 
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i} 


Since all the rays meet the plane face at right angles, it is a wave front (W’) || 
of the system (figure 4). 
The O.D. between the wave fronts W and W’ for the general ray is 


and for the axial ray is 


Dy = 19+ nto, 
whence 
ignt 
Ih+ +nt—nt,=0, 
Cos w, 
giving 
I? cosa, 421 
t=t)— PET | Pe ace ( b ) 
We also have 
r=h—(fg=1)tan@;:, | 9 aesaaee (4.22) 
Substituting for I} we finally obtain 
e!1 h 
rr = f eee Hie, Berke 4.23 
t+ir=t)t+ih+ AeoLa [ sin w, dh (4.23) 


“0 


§5.. METHODS OF CALCULATION 
In systems for which the explicit relation between w, and h cannot be easily 
A h., 5 
obtained, it is usually more practical to evaluate ih; sin w,dh by numerical 


integration from a ray trace, or from power-series expansions for sin a. 
By the application of the formulae deduced in this paper, the thickness of 
the aspheric lens and its corresponding radius can then be calculated for every 


value of the parameter h for which w, and f sin w, dh have been determined. 


If more values are required they may be obtained by interpolation or curve | 
fitting. 


§6. APPLICATION: THE SCHMIDT CAMERA 

We now apply equations (4.13) and (4.23) to find the profile of the figured 
surface of the Schmidt Camera. This system consists of a sperical mirror M 
and an aspheric plate P situated at its centre of curvature C. We first examine 
the arrangement (employed by Schmidt himself) in which the plane side of the 
plate faces the mirror (figure 5). 

The rays which enter in a direction parallel to the axis pass through P, are ~ 
reflected by M and focus at a point F near the paraxial focus of M. The figuring 
on the plate is such that it eliminates the axial spherical aberration of the system. 
We take the radius of the mirror as unity and denote CF by f. Further, we 
denote by 5 the distance CO (measured as positive towards the mirror), O being, 
as in §4.1, the point of intersection of the plane face with the axis. Finally we 


take as parameter of the ray-system the angle 4 between the axis and the line 
joining C with the point where the rays reach M. 


ee 
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From the geometry of the figure we find that 
sind —fsin2¢ 
COsu | COSC Omen wl tent ER SN EO 


ie sin 6(f +5) —fd sin 24 
ee trea iwe ee BR} ey ears 


j= eee i= Zfcose tf) 128 =f). ars (6.3) 


Ww, = tan! 


In substituting into (4.13) in terms of ¢ and equating real and imaginary 
parts, we obtain the following exact parametric equations for the plate profile 


Wy | | 


oS 


Figure 5. 


if, as before, ¢ denotes the thickness of the plate and 7 its corresponding zonal 
radius : 

[n2(1 —2fcos¢ +f?) — sin? 6(1 —2f cos ¢)"]*7[(m — 1)t) — 15] 
7 n?(1 —2f cosd+f?)'? — [n?(1 —2fcos 6 +f?) — sin? ¢(1 —2fcos ¢)?]"” 


Se (6.4) 
and : 
. , {[f+8—2f6cos b 
r=sing cos ¢d —f cos 2¢ 
~ w(1 — 2f cosh +f?) — [n°(1 — 2f cos $ +f?) — sin? (1 — 2fcos d)°]” ) 
Saree (6.5) 


where I} is given by (6.3). 

The focal length CF =f is usually chosen so that the chromatic aberration 
introduced by the plate is minimized. ‘There are several different ways in which 
minimum chromatic aberration can be defined. B. Stromgren (1935) has 
shown that if #,, represents the height of the neutral zone (i.e. the radius of the 
zone for which a ray parallel to the axis passes through the plate undeviated) * 
and h, the aperture radius, then to minimize (in Seidel approximation) the 
greatest angular departure from flatness over the whole plate, f should be chosen 


* In terms of hyn, f=3(1—/n~)"”, as can be easily deduced from the figure. 


i) 
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so that h,,/h,=0-866. With this choice of f the maximum deviation of the rayjit 


parallel to the axis in the convergent sense is (again neglecting higher-ordea 
terms) the same as the maximum deviation in the divergent sense. Lucy (1940% 
showed that we minimize the integral of all deviations over the whole area o 
the aperture by giving the ratio h,,/h, a value approximately equal to 0-79. 


To eliminate primary coma, the distance 5 from C to the point O where 


the plane face meets the axis should be approximately equal * to )/n. 


The camera may also be designed with the aspheric surface of the plate ¥ 


facing the mirror.t In this arrangement the aspheric surface passes through C 
(figure 6) so that w,, hand J’ are given by (6.1), (6.2) and (6.3) withé6=0. Then 


on substituting in (4.23) in terms of ¢ and equating real and imaginary parts 


we obtain the following equations for the plate profile, equivalent to (8) andj 
(10) of Lucy’s paper (1941): 


Figure 6. 
t= 1 ~ Zoos b= feos 2g)(I —2f cos p + fi)’ — (2—fy(cos —feas 2g) 
0 n(cos¢—f cos 26) —(1—2fcos¢ + f2)¥2 oseeee( 0.6) 
and 


sing 
r= aE post | F—(1-2fe0s9) 
(2. cos $ ~ feos 2¢)(1 — 2feos p+ (Ea (2 —f)(cosd —fcos 2p) 
n (cos —f cos 2d) —(1—2fcos¢ + f2)12 i} 
wees 5. Osmp) 


For most astronomical purposes, the power-series expansions for the Schmidt 


Camera given by B. Stromgren (1935) and extended by J. G. Baker (1940) are | 


sufficiently accurate and are simpler to work with than the formulae of this section. 
For sufficiently wide-aperture systems, however, these formulae are no longer 


* In Lucy’s paper the plate is incorrectly placed with its plane face passing through C (i.e. 8=0) 
Equations (6.4) and (6.5) become equivalent to Lucy’s results if 8 is given thi a 
+ A procedure apparently adopted by some authors for the sake of 
In the astronomical case it has the effect of producing sharp “ ghosts ”? unless the plate is given 


a slight overall “ bending’. Such a bending has little effe i i 
nk ct on the image errors, but it i 
the practical construction of the plate. : = : on ae 


s value. 


mathematical convenience. |} 
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_adequate. As J. G. Baker (1940) remarks: ‘for such extreme cases either a 
_ differential correction or else an integration based on ray-tracing formulae must 
be carried through”. In the present section we have provided formulae suited 
_to such extreme cases. 
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CORRIGENDA 


“The fundamental concepts concerning surface tension and capillarity”’, 
by R. C. Brown (Proc. Phys. Soc., 59, 429 (1947)). 
Page 436, equation (4): insert minus sign in front of ‘‘p,t’’. 


Page 445, equation (12): for “ —ygig)” read “‘ —yygy ”’. 
Page 445, beginning of seventh line below the figures : for “‘ —yyz,)”’ read “yyg)”’. 


“The short-period time-variation of the luminescence of a zinc sulphide 
phosphor under ultra-violet excitation’, by Mary P. Lorp, A..L. G. REEs 
and M. E. Wise (Proc. Phys. Soc., 59, 473 (1947)). 


Page 473, insert ‘‘ Material Research Laboratory”? before “‘ Philips’ Lamps Ltd ’’. 

Page 477, line 3, insert after “present”. “‘ The phosphor also contained 0:-48% magnes- 
ium, which does not cause activation.”’ (The authors thank Mr. C. G. A. Hill for 
this information.) 


REVIEWS OF BOOKS 
Theory and Application of Mathieu Functions, by N.W.McLacuian. Pp. xii+401. 
(London: Geoffrey Cumberlege, at the Oxford University Press, 1947.) 
42s. 


Mathieu functions satisfy the differential equation 


d2 

pep eos ey O |e eae (1) 
just as Bessel functions satisfy 

ay Ah ahy n* 

—+- —+|1-——-—)y=0. 

dz a z dz ( ee “4 


In both instances the equation defines y as a function of z and of certain parameters 
(a and q for the former, m for the latter), and we have to include the case where z is pure 
imaginary. For both equations we then write the solution as a function of 2/7 and call 
it a modified function. | 

In the case of Bessel equation, there can only be two independent solutions, and the 
general solution is a linear combination of these. Yet we are familiar with the fact that 
particular combinations are of such frequent occurrence, and such general usefulness, 
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that we treat them as independent solutions of equal standing, so that we have not onl 
Jn and Yy, but also ber and bei, ker and kei, H,® and H,'), Ky and Np as well as ty 
and we expect a reader to be familiar with all of them. 

The Bessel functions are much better known than those of Mathieu, both in the sens 
that many people are familiar with the properties of them, and also in the sense that mor 
of their properties have been sought out and placed on record in mathematical literature| 
This arises from a combination of many causes, of which the greater intrinsic complexit 
of the study of Mathieu functions, and the fact that applied mathematicians had not calles 
urgently for them, are doubtless important. The instrinsic difficulty arises in part fror3 
the fact that there are two parameters, and in part from the fact that there is a trigonometri} 
instead of an algebraic term in the differential equation. Applied mathematicians di« 
not ask for them, they would say, because their investigations did not lead that way; but 
we may suspect that they tended to avoid investigation which would have called fol 
Mathieu functions, just because their properties were not fully catalogued and particularl 
because there were no tables of them—a fact which in its turn may be traced back, at leas| 
in part, to the existence of the multiplicity of parameters. 

Nevertheless, there is a literature, and Dr. McLachlan has performed a really 
stupendous task in sorting out and presenting afresh, and in a co-ordinated manner, thaf 
whole theory of the functions. Naturally, he has had to fill in many of the gaps, and hasiy 
done so with a modesty which makes it difficult to pick out for mention his own origina| | 
contributions. 

As with the Bessel functions, it is found desirable to define and work with a numbed 
of different fundamental pairs of solutions, and these are here systematized under a notatior} 
which makes it fairly easy to keep their special peculiarities in mind. These functions, 


however, possess one property which has no analogue in Bessel functions, though it has 
analogies in other equations familiar to the physicist. If we seek a solution of (1) whic 

shall be periodic in zg (as occurs naturally, if z is an angle), we find that there must be 2 

relation between aand gq. In other words, there are then characteristic values of a, imposed} 
by the very nature of the solution. This is a situation familiar in wave nie hes where} 
the requirement that a solution of Schrodinger’s equation shall be regular at infinity} 
imposes characteristic values on the energy. Dr. McLachlan gives separate considératianh 
to solutions of this periodic type, and puts workers much more deeply in his debt b | 
considering in adequate detail the problem of numerical calculation of the solutions and o 1 
the characteristic numbers. ; | 

Two of the most useful types of solution appear to be those obtained by expansion 
in terms of trigonometric functions on the one hand and in terms of Bessel functions on | 
the other. The general properties of orthogonality, so important for fitting solutions} 
to boundary conditions, are treated, and asymptotic expansions are fully dealt with. 
A most valuable appendix, due to the late Prof. Ince, gives a table of the characteristic | 
numbers. Ince, in fact, did a great deal of work on these functions, and published | 
relatively extensive tables which are not reproduced in this book, though references are | 
supplied. 

Not only has Dr. McLachlan given us the whole corpus of useful recorded knowledge 
of these functions, but he discusses also the physical problems in which they play a 
prominent part. One such problem arises when the wave equation in elliptic co-ordinates 
is separated. For the one variable, the result is an ordinary Mathieu equation, and for the 
other a modified one, and it was in this connexion that Mathieu was first led to study the 
functions. Lunar theory leads to a differential equation which is a generalization of 
Mathieu’s, but the theory of the two .is very similar, and MacLachlan includes a chapter 
on the subject. Other physical applications have mostly arisen in recent years—Oseen’s 
hydrodynamic equation, the theory of frequency modulation and of wave guides—but 
a striking exception is the detailed explanation of Melde’s experiment with a tuning fork, 
where the string maintained in oscillation by it has a frequency which is a sub-multple 
of that of the fork. 

Iti is clear that the contemporary development of physics will cause a demand for these 
functions. It is at least probable that this book will encourage the examination of pheno- 
mena in which these functions are involved, and which, without it, would have been set 
aside for future examination. J. H. AS 


